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SUMMARY
Two b a sic  co n fig u ra tio n s  o f n o n -ro ta tin g  tu rb in e b lade have been  
considered  and th e  e f f e c t s  o f shear f l e x i b i l i t y  and rotary  in e r t ia  
in v e s t ig a te d . In th e  f i r s t ,  s im p ler , co n fig u ra tio n  which i s  th a t o f  
th e  s in g le  b la d e , w ith  p re tw is ted  form, th e  e f f e c t s  o f  a h igh  
.th ic k n e ss /le n g th  r a t io  i s  a lready w e ll  e s ta b lis h e d . For th is  reason  
th e  in v e s t ig a t io n  con cen tra tes on e s ta b lis h in g  a technique o f  
c a lc u la t io n  which i s  both r e l ia b le  and econom ical o f  computer tim e, and 
which a t  the same tim e can reasonably  be extended to  examine th e second  
and more complex blade system .
T his second arrangement i s  th a t  in  which a number o f  id e n t ic a l ,  
even ly  p itch ed , b lades are in terco n n ected  at t h e ir  t ip s  by some form 
o f  band or shroud. This c o n fig u ra tio n  i s  co n v en ien tly  re fe rred  to  as
a "blade package". C ertain s im p lif ic a t io n s  are made so as to  l im it
the number o f independent v a r ia b le s  and thus not d e tr a c t from th e  
fundamental in q u iry  as to  the e f f e c t  o f  th ic k n e ss . C onsequently  
f le x u r a l - to r s io n a l  coupling  has been ignored which means th a t  the  
in d iv id u a l b lad es have been tr e a te d  as o f  aero in c id en ce  and w ithout 
p r e tw is t .  In compensation f le x u r a l / lo n g itu d in a l  cou p lin g  has been  
in c lu d ed , as has a more r e a l i s t i c  m athem atical model o f  the shroud  
band than t h a t . adopted by e a r l ie r  in v e s t ig a to r s  such as Smith ( r e f .  7 )*  
The in h eren t tendency o f  c a lc u la te d  freq u en cies  to  be low ered when th e  
e f f e c t s  o f  th ick n ess  are included  tends to  become o f f s e t ,  and, in  some 
c a se s , swamped by th e f a c t  th a t the e f f e c t iv e  len g th  o f  a shroud band 
segment i s  s ig n i f ic a n t ly  l e s s  than th e p itch  o f  the b lad es in  a " th in -  
lin e "  model.
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Experim ental Examination o f  tw o m odels, s im u la tin g  packages 
each o f f iv e  b la d es , confirm s r e s u lt s  o f  the th e o r e t ic a l  a n a ly s is  
w ith in  the l im it s  imposed by th e  absence of an accurate p r e d ic tio n  o f  
th e  e f f e c t  o f  a ju n ctio n  between a s e n s ib ly  th ick  b lade and the  
ad jacen t bands.
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INTRODUCTION
Aims o f  the in v e s t ig a t io n
(1) To determ ine the e f f e c t  o f  shear f l e x i b i l i t y  and o f  
ro tary  in e r t ia  on th e  c a lc u la te d  freq u en c ie s  and the a s so c ia te d  modal 
shapes o f  various tu rb in e b lade c o n fig u r a tio n s .
( 2 ) To attem pt to  improve upon e x is t in g  means o f  num erical 
a n a ly s is  w ith  a view to  ach iev in g  comparable accuracy w ith  l e s s  
computing tim e.
(3 ) To a s se s s  th e  su ccess  o f  the a n a ly s is  in  r e sp e c t o f  
t e s t  p ie c e s  s im u la tin g  c e r ta in  b lade c o n fig u r a tio n s .
J u s t i f ic a t io n  o f th e  approach
Since 1922 when Timoshenko ( r e f .  1) p ublished  an improvement 
on th e  equation  o f  motion o f a uniform beam by a llow in g  fo r  e f f e c t s  
a r is in g  from a h igh th ic k n e ss /le n g th  r a t io ,  con sid erab le  in t e r e s t  has 
been shown in  t h is  f i e l d ,  but l i t t l e  ev idence e x i s t s  o f  p r a c t ic a l  
a p p lic a tio n s  to  e ith e r  non-uniform  beams or to  redundant s tr u c tu r e s .
S in g le  turb ine b lades are non-uniform  in  most c a se s , because o f  ta p er  
and/or p re tw is t and blade packages in  which in d iv id u a l b lad es are 
in tercon n ected  a t t h e ir  t ip s  by shroud bands in trod u ce fu rth er  co m p lex itie  
A ttem pting s o lu t io n s  o f  the f le x u r a l  problem fo r  a l l  but th e  fundam ental 
mode in v o lv ed , or so i t  appeared in  th e  e a r ly  y ea rs , a ccep tin g  the  
assumption o f  a m athem atical model including a t  l e a s t  f iv e  d is c r e te  
m asses. I f  p r e tw is t  was to  be in clud ed  the number o f  equations o f  
motion would r i s e  to  a t  l e a s t  10, and i f  th e  ro tary  in e r t ia  was to  be 
included  20 equations would be n ecessa ry . The a v a ila b le  methods o f  
c a lc u la t io n  d id  not encourage workers to t a c k le  th is  so r t o f  problem  
l i g h t l y .
What i s  su r p r is in g  i s  th a t  the appearance in  1944 o f  
M ykiestad's ( r e f .  4 ) ex ten sio n  to  the f le x u r a l problem o f  H o lzer 's  
( r e f .  5) so lu t io n  to  the c lo se -c o u p led  system s ( to r s io n a l  or lo n g itu d in a l  
system s) contained  no immediate referen ce  to  e i th e r  p r e tw is t  or to  th e  
in c lu s io n  (w ith  n e g l ig ib le  in crea se  in  com plexity) o f  shear f l e x i b i l i t y  
and ro tary  in e r t ia .  As i s  obvious in  M ykiestad's p resen ta tio n  he 
expected  th a t r e la t iv e ly  na ive operators w ith sim ple desk computing 
a id s would perform many r e p e t it io n s  o f  a sim ple rou tin e which cou ld  be 
co n tr o lle d  by the use o f  a tem plate to lo c a te  the co rrec t e n tr ie s  fo r  
each c a lc u la t io n . However w ith th e development o f  th e  e le c tr o n ic  
computer, techn iques in v o lv in g  th e r e p e t it io n  of sim ple ar ith m etic  
op eration s are id e a l ,  and fo r  t h is  reason , a t  the o u tse t  o f  the cu rren t  
in v e s t ig a t io n ,  i t  was considered  th a t in  a l l  p r o b a b ility  M ykiestad's  
method would be th e  b est to  adopt. (This i s  not t o  say th a t th ere  
would be no room fo r  improvement, nor was i t  assumed th a t  g rea t econom ies 
could not a ls o  be found in  resp ect o f d is c r e te  mass s o lu t io n s .  In f a c t  
as the in v e s t ig a t io n  proceeded i t  appeared th a t  worthwhile economy o f  
computer tim e-would be achieved  by adopting a force-and-moment model 
rath er than a m ass-a n d -in ertia  model, and t h is  in  turn su ggested  th a t  a 
s im ila r  tim e and c o st  red u ction  should  be sought in  resp ec t o f  the m atrix  
s o lu t io n  of the la rg e  number o f  sim ultaneous equations a r is in g  from th e  
d is c r e te  mass m odel).
No attem pt has been made in  t h i s  current in v e s t ig a t io n  to  improve 
upon Timoshenko's fundamental treatm ent o f  th e  th ick  beam. His b a s ic  
assumption th a t u n stra in ed  tra n sv erse  s e c t io n s  through a beam remain 
f l a t  under v ib ra to ry  co n d itio n s has been r e ta in e d , even a lthough  th is  i s  
ob v iou sly  a s im p li f ic a t io n .  Other workers in  t h i s  f i e l d  a ccep t t h i s  
approximation and guard a g a in st  c r i t ic is m  by d escr ib in g  the treatm en t o f  
"Timoshenko beams" ( e .g .  Hermann, ( r e f .  2)) by "Timoshenko theory" ( e . g .  
Anderson, ( r e f .  3 ))*
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With th e  in tro d u ctio n  o f a n o n -n e g lig ib le  th ic k n e ss , experim ental 
work req u ires th a t  beams la rg e  enough to  permit the p o s it io n in g  o f  
su ita b le  transducers are consequently  s u f f i c i e n t ly  m assive to  req u ire  
la rg e  f ix tu r e s  and la rg e  e x c ite r s*  W hilst th is  i s  unfortunate i t  has 
been ap p recia ted  from the o u tse t  th a t  attem pts a t  e x p e r im e n ta l/th e o r e tic a l  
c o r r e la t io n  must be made, and th a t  th e  d i f f i c u l t i e s  must be overcome*
I t  i s  subm itted  th a t th e preceding four paragraphs j u s t i f y  th e  
development o f  a program of in v e s t ig a t io n  o f  th e  form o u tlin e d  above 
under "Aims’1, but even so c e r ta in  r e s t r ic t io n s  have been imposed which  
can only  be j u s t i f i e d  by appealing t o  t h e  need to  r e s t r i c t  th e  number o f  
param eters,
R e s tr ic t io n s  on th e in v e s t ig a t io n
The fo llo w in g  l im ita t io n s  have been a p p lied  to  the treatm ent 
o f  s in g le  b lades
(1) The cro ss  s e c t io n s  have th e  n e u tr a l axes fo r  f le x u r e  and 
to r s io n  concurrent; t h i s  i s  probably one o f  the most severe  departures  
from p r a c t ic e , few a e r o fo i l  s e c t io n s  employed in  turbine design  p o sse ss  
t h is  property; hov/ever as the main concern i s  in  d e te m in in g  the changes 
in  the f le x u r a l problem when in c lu d in g  the e f f e c t s  o f th ick n ess  i t  i s  
argued th at to r s io n a l coupling may be n e g le c te d .
( 2 ) As a r e s u lt  o f  (1 ) th a t the common n eu tra l a x is  be s t r a ig h t .
(3 ) Without s ig n if ic a n t  lo s s  in  g e n e r a lity  the cro ss  s e c t io n s  
have been r e s t r ic t e d  to  rec ta n g u la r  form in  order th a t  the form  fa c to r  
in t e r - r e la t in g  the sh ear  f l e x i b i l i t y  to  the f le x u r a l  f l e x i b i l i t y  remains 
co n sta n t. At the same time the p re tw is t  o f  the axes o f  th e r e c ta n g le  
has been taken as con stan t along th e  len g th  o f  the b la d e .
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(k) The m a ter ia l i s  assumed to be homogeneous.
When con sid er in g  blade packages the r e s t r ic t io n s  ( l )  to  ( 4 ) 
have been reta in ed  and th ere  are the fo ilo w in g  a d d itio n s
(5 ) In order t o  e lim in a te  to r s io n a l coupling i t  i s  now 
n ecessa ry  to  have zero p r e tw is t ,  and a l l  b lad es are tr e a te d  as id e n t ic a l  
in  dim ensions and m a te r ia l.
(6 ) The un stra in ed  lo n g itu d in a l axes o f  th e  b lad es are cop lanar, 
p a r a l le l  and eq u isp aced . P r a c t ic a l  packages have the axes r a d ia tin g  
from the ax is  o f  the tu rb in e , but again i t  i s  the purpose to  make 
comparisons which are u n lik e ly  to  be s ig n i f ic a n t ly  d if f e r e n t  when a sm all 
"fan” e f f e c t  i s  in trod u ced .
(7 ) R e a l is t ic  packages have what may be d escr ib ed  as h a lf  le n g th  
bands ou tr igged  from th e  t ip s  o f  th e  two extreme b lades o f the package.
I t  was decided  to omit th ese  two ex ten sio n s  o f  the band from t h is  
in v e s t ig a t io n  m erely to  perm it a degree o f  stream lin in g  in to  the computer 
program. T his was a t  a tim e when the computer was such th a t  the  
a v a ila b le  core store  precluded any fu r th e r  com plexity  in  th e  a n a ly s is .  
Although subsequently  a much b ig g er  s to r e  became a v a ila b le  on th e  computer, 
t h is  d id  not happen u n t i l  the doubts a r is in g  from th e  ju n c tio n s  between  
blades and bands had become apparent, and at th is  stage i t  was con sid ered  
th a t any improvement in  the model by in c lu d in g  the h a lf-b an d s would be 
d i f f i c u l t  to  su b s ta n t ia te .
(8 ) A ll  bands are id e n t ic a l  in  th e ir  dim ensions and in  th e  way
in  which th e  ju n ctio n  w ith  each b lade i s  made, and in  a d d itio n  are o f  th e  
same m ateria l as th e  b la d es.
( 9 ) The ro o ts  o f  the b lad es are f u l l y  e n c a s tr e .
-  11 “
With the t h e o r e t ic a l  a n a ly s is  r e s t r ic t e d  as in  ( l )  to  (10 ) above, 
the experim ental work has i t s e l f  been r e s t r ic t e d .  I n i t i a l l y  a s in g le  
th ic k  c a n t ile v e r , w ithout p re tw ist has been examined fo r  th e  f i r s t  fou r  
or f iv e  modes o f  v ib r a t io n  w ith  th e  purpose o f a s se ss in g  the s u i t a b i l i t y  
o f  the measuring apparatus. Subsequently two packages o f  f iv e  sim ple  
b la d es , shrouded by means o f  welded segm ents, have been te s te d *  The 
two t e s t  assem blies nom inally d i f f e r  on ly  in  resp ec t o f  the th ic k n e sse s  
o f  th e  components. Again th e  in v e s t ig a t io n  i s  aimed a t  exam ining the
t
f i r s t  f iv e  groups o f  n a tu ra l freq u en cies  and o f  the a s so c ia te d  modal 
p a tte r n s .
P resen ta tio n
There are fou r  n a tu ra l d iv is io n s  o f  the work, and th e t h e s is  
i s  presented  in  th is  form. There i s  a lso  a f in a l  s e c t io n  co n ta in in g  
a d d it io n a l exp lanatory  n o te s ,  ta b le s  o f  r e s u l t s ,  graphs and re fe ren ces  
to  o th er  work.
The fou r  main d iv is io n s  o f  th e  d isc u ss io n  a r e : -
(1 ) The so lu t io n  o f  the sim ple th in  uniform beam w ithout 
p retw ist by variou s num erical methods.
(2 ) The a p p lic a t io n  o f  the more su c c e ss fu l methods o f  (1 ) to  
the th ic k , p re tw isted  s in g le  b la d e .
(3 ) The ex ten sio n  o f  the a n a ly s is  to  the s im p lif ie d  blade  
package as d escr ib ed , w ith  variou s attem pts a t in te r p r e t in g  the ju n ctio n  
between band and b la d es .
(4 ) Measurement o f  the p ro p ertie s  o f the two t e s t  packages.
A ppendices;
NOTATION
A Cross s e c t io n a l  area o f  beam
B S u b stitu tio n  fo r  bending moment; (X11 /E I ) .(L /N )^
Cp -jj(cosh V + cos V)
CM . ’ i ( c o s h  Y  -  cos V) ::
D S u b s titu tio n  fo r  s lo p e ; X1• (L/N)
1
E 1 Young’ s modulus
F Shear force  at z
G Modulus o f  r i g id i t y
H R atio o f  major second moment o f  area to  minor second
moment o f  area; I^ /l.j
I  Second moment , o f  area o f  cro ss  s e c t io n
J I n e r t ia  o f  beam; s p e c i f i c a l ly  A J i s  th e  moment o f  in e r t ia
o f  an elem ent o f  mass Am
K E ffe c t iv e  shear s t r e s s  d is tr ib u t io n  fa c to r
L Length o f  beam
M Bending moment a t z
N . Number o f e lem en ts(eq u a l su b d iv is io n s  o f  beam)
P A xia l t e n s i l e  fo rce  in  beam a t z
A,j C o e ff ic ie n t  used w ith  U to  d esoribe a l in e a r ly  vary ing
in t e n s i t y  o f  load in g  on an elem ent
II . C o e ff ic ie n t  used w ith  U to  d e fin e  a lo a d in g  on an elem ent
which l in e a r ly  v a r ie s  th e  bending moment w ithout a f f e c t in g  
shear foro e
3 . S u b stitu tio n  fo r  shear foroe; (X11’/E l) .(L /N )^
4r(sinh V -  s in  V)
Thickness o f  beam
Magnitude o f  uniform d is tr ib u t io n  o f  load in g  on an elem ent
2 —D im ensionless frequency parameter; L.(m<i) /E IL )4'
D im ension less parameter; (V/N)^
Amplitude o f x
Primes denote d if f e r e n t ia t io n  w ith  re sp e c t to  z 
Polynom ial in  q d e fin in g  t h e ■ r o ta t io n  o f  the cross s e c t io n  
a t z about a p r in c ip a l a x is  (r  = 1 ,2 )
Amplitude o f  lo n g itu d in a l d isp lacem ent a t  z
Polynom ial in  q r e la te d  to  lo n g itu d in a l d isp lacem en t, exp ressed  
in  terms o f ro ta ty  in e r t ia  as I j  Y  ^ (r  = 1 ,2 )
Polynom ial in  q o f degree p (p = 0 , 1 . . . )
Polynom ial, d erived  from a^, (n /L ) and b ^ . . . . .b ^  ^
Cosine o f  an g le  between two v e c to r s  d e fin in g  modal shapes
N atural frequency o f  v ib r a t io n  o f  beam 
—1( f a c t o r ia l  r)
Dimensions d e fin in g  the ju n ctio n  between a b lad e and an 
adjacent band in  a package 
T ota l mass o f  beam 
Number o f  b lad es in  a package 
R atio o f  d is ta n c e  from ibeginning o f  elem ent to  le n g th  o f  elem ent 
R atio  o f  d is ta n ce  from beginning o f  beam to  le n g th  o f  beam, z/L
p  _ 1  .
( v - q 2) 8
Time - ' ;
zV/L
D isplacem ent o f  beam a t z a t  tim e t  
D istance measured a long beam from one end
S u ffic e s  used s p e c i f i c a l ly  to  denote v ib r a tio n s  in  p lan es  
d efin ed  in  terms o f  the p r in c ip a l axes o f the cro ss  s e c t io n ,  
fo r  example ,X^ and
2 2D im ensionless con stan t; (T/L) /1 2  or l/(A L  )
D im ensionless con stan t; KE/&
Small }
) changes in  . . .
I n f in ite s im a l )
2 -D im ensionless parameter; (mO L/EA)2
Roots o f  the c h a r a c te r is t ic  equation  fo r  the uniform  
th ic k  beam
P re tw ist o f  cross s e c t io n  a t z r e la t iv e  to  datum a t z = 0  
C ircu lar frequency o f  v ib r a tio n
Square m atrix formed from the in flu en ce  c o e f f i c i e n t s  o f  a 
lumped mass model ■
Square m atrix analogous to [ir]u sed  w ith  d is tr ib u te d  mass model
Column m atrix formed from W ' M
Square m atrix o f  order 3n formed from th e  c o e f f i c ie n t s
o f  th e  equations in te r r e la t in g  th e  v a r ia b le s  used to  
d e fin e  th e d isp lacem ents o f  a b lade package
3 x 3  m atrix con ta in ed  in  or d er iv ed  from [ o ]  (r  = 1 to  7)
Square m atrix used w ith  lumped mass model in  whibh i s  th e
mass o f  the r - th  lump and M = 0
• rs
Square m atrix formed from w M D a 1
Column m atrix in  whioh X  ^ equals v ib ra to ry  am plitude or r - t h  
mass o f  a lumped model; f o r  a d is tr ib u te d  mass model X^
equals th e amount o f  th e mod. .1 shape con tr ib u ted  by th e  
polynom ial b^
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PART 1 -  THE THIN UNIFORM BLADE WITHOUT PRETWIST
1.1 In trodu ction
I t  i s  th e  aim o f  t h is  a n a ly s is  t o  e s ta b lis h  a num erical 
technique s u ita b le  fo r  the ev a lu a tio n  o f  freq u en cie s  and modal 
shapes f o r  both s in g le  tu rb in e b lades and fo r  blade packages, 
p a r t ic u la r ly  tr y in g  to  show the r e s u lt  o f  in c lu d in g  e f f e c t s  due 
to  a r e la t iv e ly  h igh th ic k n e s s /le n g th  r a t io .
There are good reasons fo r  assuming th a t in  p r a c t ic a l  c a s e s ,  
where on ly  a l im ite d  number o f  n a tu ra l modes would be o f  in t e r e s t ,  
th a t a frequency s e le c t iv e  method such as th a t developed by 
Myklestad ( r e f .  A ), which in  i t s e l f  i s  a lo g i c a l  ex ten sio n  o f  th e  
method used by H olzer ( r e f .  5) fo r  c lo se -c o u p le d  system s, w i l l  
prove to  be most s u ita b le .  N e v e r th e le ss , i t  i s  e s s e n t ia l  to  
d is t in g u is h  between the m athem atical model used to  d escr ib e  the  
system , and th e a r ith m etica l method used fo r  so lv in g  the problem.
A ta b u la tio n  method based on M ykiestad’ s recommendations would 
assume a system in  which a l l  the mass had been con cen trated  in to  
d is c r e te  ".lumps” w h ils t  the e l a s t i c  system  in  between i s  reduced  
to  a number o f  l i g h t  uniform beams. T his model cou ld  ju s t  a3 e a s i l y  
be expected to  be so lv e d  by s e t t in g  up a n ecessary  number o f  
sim ultaneous equations o f  m otion, s u ita b ly  rep resen ted  by a m atrix
V
equation , where i t  i s  required to  e x tr a c t  the e ig o n -v a lu e s  and 
e ig e n -v e o to r s  o f a square m atrix . Even a t t h is  p o in t th ere i s  a 
ch o ice  between it e r a t io n  and red u ction  as one method, or m atrix  
r e la x a tio n  as another. For t h i s  reason m atrix methods have been  
t e s te d  in  p a r a lle l  w ith  ta b u la tio n  m ethods. Some v a r ia t io n s  o f  the  
s e le c t io n  o f  th e  "lump" s iz e s  in  th e  d is c r e te  mass model have been
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examined, and in  g en era l i t  seems th a t the sim ple s tra ig h tfo rw a rd  
even ly  spaced, equal lumped d is tr ib u t io n  i s  as conven ient as any, 
the accuracy o f  the r e s u lt s  being improved by tak ing more d is c r e te  
m asses.
A second approach was to  modify M ykiestad's model in to  a 
fo rce  system ra th er  than a mass system  and to  see i f  any sav in g  o f  
computer tim e was a ch iev ed . In f a c t  fo r  some beams th ere  was a 
saving  which was w e ll w orthw hile, whereas fo r  o th ers any sav in g  was 
m arginal. The analogous m atrix so lu t io n  no lon ger becomes an 
a lte r n a t iv e  method o f  so lv in g  the same model, as i s  th e  case  w ith  
the d is c r e te  mass approach. Rather i t  becomes a case o f search ing  
fo r  a system  of fu n c tio n s  which w i l l  serve as g e n e r a lise d  coo rd in a tes  
in  order th a t the m atrix may be w r itte n  w ith  th e maximum economy.
In fa c t  no r e a l p h y sica l id e n t i ty  cou ld  be r e ta in e d  fo r  the fo r c e  
model developed  fo r  the ta b u la tio n  method and fo r  th e  hybrid " fo r c e -  
mass" model which e v e n tu a lly  was evolved  f o r  the m atrix method. 
C onsequently v a r ia t io n s  in  th e  num erical accuracy began to  appear.
In trod u ction  o f  shear f l e x i b i l i t y  has l i t t l e  or no e f f e c t  
on the com plexity  o f  the s o lu t io n ,  and fo r  the blade w ith  zero p r e tw is t  
rotary  in e r t ia  p resen ts  no grea t d i f f i c u l t i e s  but i t  w i l l  be shown 
in  Part 2 th a t although some o f  th e  tech n iq u es e s ta b lis h e d  in  t h is  
opening s e c t io n  are r e ta in e d  fo r  the th ic k , p re tw isted  beam f o r  
comparative purposes, i t  becomes obvious a t  an e a r ly  sta g e  th a t  the  
ta b u la tio n  methods have one g rea t advantage over m atrix methods which  
can probably be expressed  sim ply as a measure o f the fa c to r  requ ired  
fo r  the number o f  op eration s ca rr ied  out when the number o f  d egrees o f  
freedom i s  doubled. For tab u lar methods th e  fa c to r  i s  2 but fo r
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m atrix methods the fa c to r  i s  A. Hence i f  i t  can be e s ta b lish e d  
th a t there i s  l e s s  than a two to  one d is p a r it y . in  th e e f f ic ie n c y  
o f  a ta b u la r  method r e la t iv e  to  a m atrix method fo r  a beam w ithout 
p r e tw is t , then  when the a d d it io n a l p lane o f  f le x u r e  i s  in troduced  
due to  p r e tw is t  the ta b u la r  method must prove advantageous. For 
t h i s  reason i t  was decided  to  spend an a p p rec ia b le  tim e d evelop in g  
v a r ia n ts  o f  M yklestad1s method and o f  m atrix methods fo r  the  
s im p lest o f  beams w ith  th e  in te n t io n  o f  sav in g  tim e when studying  
the more com plicated  system s.
Because the essen ce o f  parts 1, 2 and 3 o f  th e  t h e s i s  
i s  th a t o f  f in d in g  convenient num erical so lu t io n s  to  a number o f  
problem s, a n a ly t ic a l  treatm ents are presen ted  in  th e  main body 
o f  t h is  work, ra th er  than as appendices.
1 .2  The M yklestad model m odified  to  c a te r  fo r  th ic k  beams
The con ven tion a l model shown in  F ig . 1.1 fo llo w s  from  
the process o f  subd iv id ing th e  beam in to  a conven ient number o f  
adjacent p a r ts ; h a l f  o f  the mass i s  con sid ered  to  be 
concentrated  a t each end o f the part and the l i g h t  p o rtio n  o f  
beam which remains i s  tr e a te d  as having a uniform f le x u r a l  
co n sta n t, E l.  Because each ju n ctio n  has two a s so c ia te d  
co n cen tra tio n s o f  mass, i t  i s  conven ient to  co n sid er  th e  model 
fo r  each s tep  as having a mass o f  &m a t z ,  but no o th er  mass 
a t  z + £ iz .
c o n t 'd  . . .  p . 19
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z
U nstrained  a x is
Am
S tra in ed
a x is
X 'cos (J t
x  + Ax 
= (x +Ax) cos cot
Mcos cjt
Figure 1.1 V ariab les used to  d efin e  motion o f  a ty p ic a l  
elem ent o f  the M yklestad model.
\
Figure 1 .2  A ddition  o f e lem en ta l in e r t ia  to  M yklestad  
model fo r  a n a ly s is  o f th ic k  uniform beam.
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When i t  becomes appropriate to  con sid er th ic k  beams i t  i s  
m erely n e c e ssa iy  to  in c lu d e  an in e r t ia  con cen trated  a t  z , whose 
magnitude would l o g i c a l l y  be (T2/1 2 )  i f  i t  i s  adequate to  
rep resen t the mass as i\m . As w i l l  be developed la t e r  th ere would 
appear to  be a case fo r  in tro d u cin g  a d is c r e te  in e r t ia  fo r  the th in  
uniform beam c a se , so w ith ou t p reju d ice  i t  w i l l  be assumed th a t  an 
in e r t ia  o f  magnitude i s  p laced  as z .
A cting a t  z w i l l  be, fo llo w in g  d ’Alem bert’ s p r in c ip le ,  an 
in e r t ia  fo rce  and an in e r t ia  coup le, t h e ir  r e sp e c t iv e  magnitudes 
being:
-  m, .d^x . ■ , .  ' .  m  th e  x -d ir e c t io n  and
d t2
-  J .  d2:x
in  th e  x * -d ir e c t io n  
d t2
I f  th e  s u b s t itu t io n  x = X cos Cat i s  made i t  i s  seen  th a t  
a l l  d e f le c t io n s ,  s lo p e s ,  fo r c e s  and couples con ta in  cos as a 
fa c to r  which n ot norm ally being zero may be c a n c e lle d  through when 
s e t t in g  up th e  equations o f  eq u ilib riu m  and o f  e l a s t i c  c o m p a t ib il ity .  
(N ote: the p r in c ip le  th a t in  a free  v ib r a tio n  th e  m otion may be
con sid ered  as -the sum o f a s e r ie s  o f  separate motions in  which a l l  
parts have th e same frequency and pass through t h e ir  mid p o s it io n  
s im u ltan eou sly  i s  accep ted  here as being fundamental; i t  i s  fu r th e r  
accepted  th a t when determ ining th e  v a r io u s  component fr e q u e n c ie s , th a t  
only  one i s  considered  a t a t im e . T his makes th e use o f  F cos COt  
and M cos OJt as the shear fo r c e  and bending moment a t  z a c c e p ta b le ) .
The eq u ation s o f eq u ilib riu m  and o f  e l a s t i c  c o m p a tib ility  
fo r  M ykiestad’ s model are w r itten  as fo llo w s :
fo r c e :  F + A F = F + G32 .&in.X (eq u ation  1*1)
moment: M + AM = M + (F + A f ) . A z (eq u ation  1*2)
r o ta t io n :  X' + ax*  = X' + (M +AM).&z -  (F + A F ) . ( A z ) 2 /E l
I t  2
~  (eq u ation  1*3)
d isp lacem ent:
x + a x  = X + X’ . A z  +|(M + AM) . ( A z ) 2- ( F  + A F ). ( A z ) t / s i
2 3
(eq u ation  1*4)
The in tro d u ctio n  o f  the d is c r e te  in e r t ia  J a f f e c t s ,  o n ly , 
the moment eq u ation , whereas th e in tro d u ctio n  o f  sh ear f l e x i b i l i t y  
a f f e c t s ,  o n ly , the d isp lacem ent eq u ation . These eq u a tio n s , th u s , 
become
2moment: M + AM = M + (F + A f ) . A z  ~Cd . A J . X '  (eq u ation  1 . 5 )
d isp lacem ent:
x + A x  = x + x '  A z  +f(M -fA m) . ( A z) 2- ( f  + A f ) . ( A ^ )  V-3I
. * 2 3“
-  (F + & F ) . A z . (K/GA> (eq u ation  1 . 6 )
The m odified  equations r e a d ily  y ie ld  th a t due to  Timoshenko, 
given  in  Ref .  1.
R e-arranging equations 1 . 1 ,  1*5# 1*3 and 1*6 and d iv id in g  
by A s, n otin g  th a t in  the l im it  A m /A  z tends to  m/L  and / U /  .‘fr ­
iends to  (m/L.) (T ^ /12), g iv e s  the fo llo w in g  s e t  o f eq u ation s:
2
fo r c e :  F' = U  . (m/L)'"^total (eq u ation  1.7)
moment: M' = F -  Q2 . (n /L ) • (T2/1 2 )  (eq u ation  1.8)
r o ta tio n :  *rot a-tP * = (eq u ation  1.9)
d isp lacem ent: t o t a l  = ^ 'r o ta t  ~ F*(X/&A) (eq u a tio n  1.10)
N ote: i t  has been n ecessary  to  con sid er  th e  d isp lacem ent
equation  as having been con stru cted  from two superimposed e f f e c t s ,  
bending and sh ear, so that th e term which i s  a f fe c te d  by A j  i s  a 
fu n ctio n  o f  the r o ta t io n  o f  the cross s e c t io n  and i s  c o r r e c t ly  
tr e a te d  by ex c lu d in g  an e f f e c t  due to  th e  ra te  o f  change along  
the beam o f  the d isplacem ent due to  sh ear.
By e lim in a tin g  F,M and ^*ro^a  ^ f ^ 131 equation  1 .7  to  1.10  
le a v in g  X = X as th e  on ly  v a r ia b le ,  the c h a r a c te r is t ic  equation
uO"C8.«L
i s  obtained in  the form:
E I*xlV + nuCJ2 . (K.EI + t5).X»» -  m c&2 . (1 -  m(Q2 . K.T2 ).X = 0
L GA 12 ~ L L G-A.12
(eq u ation  1 . 11 )
The id e a l  a n a ly s is  o f the th in  uniform beam
In part 2 o f  the work equation  1.11 i s  d e a lt  w ith  in  f u l l ,  
but i n i t i a l l y  d isc u ss io n  i s  con fin ed  to  a th in  beam. W h ilst i t  
has been conven ient and lo g ic a l  to  s e t  up and examine the minor 
m o d ifica tio n s  requ ired  to  extend M ykiestad's o r ig in a l  work to  c a te r  
fo r  th ic k n e s s , such e f f e c t s  are not considered  fu r th e r .
In equation  1.11 ro tary  in e r t ia  e f f e c t s  can be e lim in a ted  
when T ^ O ,  and s im ila r ly  shear f l e x i b i l i t y  i s  e lim in a ted  by l e t t i n g
qms» . The c h a r a c te r is t ic  eq u a tion ,th u s, becom es:
^1V “ mO2 . X = X1V -  (V /L ^ .X  = 0 
EI.L
The in tro d u ctio n  o f  the d im ension less parameter V r e s u lt s  
in  a more compact eq u ation . Furthermore u sin g  a ta b u la t io n  
tech n iq u e, such as d escrib ed  by M yklestad, i t  i s  n ecessa ry  to  
search  through a range o f freq u en cies u n t i l  a , s e t  o f  equations  
s a t is fy in g  a l l  the end c o n d itio n s  o f  the beam are s a t i s f i e d  and i t  
has been found th a t th e v a r ia b le  V i s  a convenient one fo r  use 
w ith  autom atic computing f a c i l i t i e s .
The req u ired  frequency i s  e a s i l y  obtained  from the search  
v a r ia b le  V by n o tin g  th a t the s u b s t itu t io n  made in  eq u ation  1 . 12  
leads to :
f  = = v f .  r  e i
211 2U (. mi.3
The gen era l form o f  the s o lu t io n  o f  equation  1 . 12  i s  
r e a d ily  reduced to  th e  com bination o f  tr igon om etr ic  and o f  h y p e r b o lic -  
tr igon om etr ic  fu n c tio n s  o f  th e len g th  parameter z , and may be 
w ritten  as
X = a , . cosh (Vz) + ap . cos  (Vz) + a ^ .s in h  (Vz) + a . s in  (Vz)
1 L L L L
These fu n c tio n s  may be s a t i s f i e d  fo r  a t o t a l  o f four pre­
determ ined co n d itio n s o f the beam. For th e  cases under c o n s id e r a tio n  
the co n d itio n s  are r e s t r ic t e d  to  the ends o n ly , where i t  may be 
taken w ithout l o s s  o f  g e n e r a lity  th a t  supports e x i s t  w hich may be  
taken as having two l in e a r ly  e l a s t i c  p r o p e r t ie s . That i s  to  say  
th a t the sh ear fo rce  a t th e  end o f  a beam i s  p ro p o rtio n a l to  th e
I 2■J (eq u ation  1 . 13 )
(eq u ation  1.12)
d e f le c t io n  and th e bending moment a t the end i s  p rop ortion a l to  
th e r o ta t io n . In order t h a t  th ese  w id ely  v a r ia b le  end co n d itio n s  
may be p resen ted  fo r  s o lu t io n  w ith  the minimum o f r e p e t i t io n  o f  
a n a ly s is  i t  i s  appropriate to co n stru ct a s e t  o f  fou r sim ultaneous  
equations r e la t in g  the co n d itio n s (X,X*,M,F)_ to (X,X*,M,F) the
U Ju
s u f f ix  in d ic a t in g  th e v a lu e  o f  z a t the end under c o n s id e r a t io n .
the fou r co n d itio n s fo r  any part o f  th e  beam and i t  i s  r e c a lle d  
th a t su c c e ss iv e  d if f e r e n t ia t io n s  w ith re sp ec t to  z o f  the 
ex p ression  fo r  X w i l l  g iv e  ex p ressio n s fo r  X*, M/EI, and F /E I.
At th e same time the ex p ression s w i l l  have in troduced  fa c to r s  o f
A s e t  o f  new v a r ia b le s  to  rep la ce  X*, M and F in  order  
to  provide a l e s s  cumbersome s e t  o f  equations i s  su g g ested , th e se  
being
Equations 1 .7  to 1 .10 con ta in  the r e la t io n s h ip s  between
(V/L) w ith  r  tak in g  the va lu es 1 , 2  and 3 .
D = L . X ’ ; B = L2 . X “  = L^M ; S = L ^ . X 1 ** = l V  ;
E l E l
(These t 3'-pes o f v a r ia b le s  have been used fo r  a l l  the num erical 
work ca rr ied  out on th e s in g le  be§m a n a ly s is  a n d .th e ir  4use does not
a f f e c t  th e  p h y s ic a l concept of the r e a l  system )
One o th er  v a r ia b le  i s  used in  th e fo llo w in g  d e r iv a tio n :
u = Vz/L
I t  i s  now p o s s ib le  to  w r ite  the fo llo w in g  fou r eq u ation s:
X = a . cosh  u + a cos u + a s i n h  u +tt- s i n  u 1 (eq u a tio n  1 . 14)
D/V = a^sinh u -  a s in  u + a n o s h  n +  a COS U  (eq u a tio n  1 . 15 )
B/V2 = a . cosh  u -  a^cos u + a .s in h  u -  a . s i n  u 1 Z 3 4 (eq u a tio n  1 . 16 )
(eq u a tio n  1 . 17)
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At z = u = 0 i t  i s  seen th a t:
a1
a2
a3
V
and
X
— ±  fm45B ^
D/V
B/V2
sA 3 _ L
1 1 0  0 
0 0 1 1
1 -1
0 0
0 0 
1 -1
X
D /V
B/V2
s/v3 (eq u ation  1 el 8 )
 a t z = L , u = V. thus i t  fo llo w s  th a t:
cosh V cos V sin h  V s in  V
sinh  V - s in  V cosh V cos V
cosh V -c o s  V s in h  V - s in  V
sin h  V s in  V cosh V -c o s  V
1 0  1 0  
1 0 - 1 0  
0 1 0 1 
0 1 0 - 1
" x  ~
D /V
V
B/V2
s A 3.
M
M M
M M (eq u ation  1*19)
The square m atrix on th e  r ig h t  hand s id e  o f  equation  1 ,19  
i s  ob ta ined  by making use o f  the fo llo w in g  shorthand r e la t io n s h ip s : -
CP = U cosh V + cos V)
°M = U cosh V - COS V)
SP = U sinh V + s in V)
SM = U s in h V - s in V)
I t  was argued above that ex tern a l c o n s tr a in ts  would be 
l im ite d  to  the ends o f  the beam, and to  l in e a r ly  e l a s t i c  supports,
This s im p lif ic a t io n  s e t s  up a range o f  co n d itio n s which i s  
con sid ered  too wide fo r  immediate in v e s t ig a tio n *  The e l a s t i c  
con stan ts of the supports are taken on ly  a t the extreme v a lu e s ,  
zero or i n f i n i t e ,  and, th u s, i t  fo llo w s  th at the end co n d itio n s  
a r e :
e ith e r  X = 0 , S /  0 or X /  0  , S = 0 
and
e ith e r  D = 0 , B / 0 o r D / 0 , B  = 0
There are thus fou r  typ es  o f end con d itio n :
clamped in  which X = D = 0
pinned in  which X = B = 0
guided in  which D = S = 0
fr e e  in  which B = S = 0
These are th e  four common c la s s i f i c a t io n s  used in  beam 
a n a ly s is  under s t a t ic  lo a d in g . In p a r t ic u la r  in  th e  c l a s s i f i c a t i o n  
o f  s t r u t s ,  and in  o th er s t a t i c s  problems a l l  fou r  c o n d itio n s  are  
f e a s ib le .  Under dynamic co n d itio n s  clamped, pinned and fr e e -e n d s  
are r e a l i s t i c  approxim ations, but i t  i s  d i f f i c u l t  to  c o n s id er  a 
guided system  which does not a u to m a tica lly  imply the in tr o d u c tio n  
o f  a m assive con cen tra tion  a t th e  end. N ev erth e less  any beam 
which i s  sym m etrically  supported m ust, from th e  nature o f  th e  
r e lev a n t eq u ation s, v ib r a te  in  symmetric or in  skew-symmetric modes. 
Consequently in  the symmetric modes o f  v ib r a tio n  the mid p o in t w i l l  
e x h ib it  a d isp lacem ent corresponding to  a d e f le c t io n  w ith ou t s lo p e ,  
th a t i s  each h a l f  o f  the beam w i l l  behave, in  such a mode, as would 
a beam o f h a lf  the le n g th  and in  which one end c o n d it io n  has been 
converted  to  "guided". In the same way fo r  the skew-symmetric
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modes the m id-point w i l l  be a po in t of co n tra flex u re  w ith  no 
disp lacem ent and no bending moment, th a t i s  each h a l f  o f  th e  beam 
w i l l  behave as would a beam o f  h a lf  the le n g th  and in  which one 
end co n d itio n  has been converted  to  "pinned11. These p r o p e r tie s  
have been u t i l i s e d  in  en ab lin g  autom atic computing p ro cesses  to  
be checked fo r  accuracy in  th a t many o f  th e  freq u en cie s  f o r  one 
beam co n fig u ra tio n  are e a s i ly  r e la te d  to  freq u en cies  fo r  o th er  
c o n fig u r a tio n s .
N otw ithstanding the p u rely  academic in t e r e s t  o f  the  
guided end, r e a l  problems w i l l  perm it ser io u s  c o n s id era tio n  o f  
the th ree remaining typ es o f  end c o n d itio n  and, in  consequence, 
s ix  b a s ic  c o n fig u r a tio n s . I t  was on th ese  s ix  b a s ic  beams 
th a t most o f  the work was ca rr ied  out w ith a view  to  improving on 
M yklestad’s tech n iq u e .
1 Numeri cal  so lu t io n s  to  the uniform th in  beam
Num erical va lu es  may be ob ta ined  e ith e r  by use o f  the  
a n a ly s is  presen ted  in  th e  fo reg o in g  s e c t io n  o f  work (S e c tio n  1 . 3 )  
or by num erical means such as th a t  due to M yklestad where some
sim ple model i s  used in s te a d  o f  th e  continuous uniform  beam. I t
*
must be p o in ted  out th a t even th e ex a c t a n a ly s is  req u ir es  a 
num erical techn ique f o r 1 s o lu t io n , and in  t h is  in v e s t ig a t io n  
com plicated im p lic it  equations have been tr e a te d  as req u ir in g  some 
form o f  i t e r a t iv e  s o lu t io n  which r e s u l t s  in  th ere b e in g  a degree  
o f  erro r  in  some o f  the s o lu t io n s .  The same method o f  i t e r a t io n  
has been used fo r  ev a lu a tin g  exact v a lu es  as has been adopted fo r
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a l l  the ta b u la tio n  methods o f  c a lc u la t io n . S ince the r e s u lt s  
obtained  agree to  b e tte r  than s ix  s ig n if ic a n t  f ig u r e s  w ith  v a lu es  
computed by e n t ir e ly  d if f e r e n t  tech n iq u es , the accuracy o f  the  
method i s  confirm ed.
Equation 1 ,19  may be used to  e s ta b l is h  va lu es  fo r  V,X,D,B
and S s a t is f y in g  co n d ition s a t z = 0 and a t  z = L. These v a lu e s
are then used in  equation  1 .1 8  to  enable a .» a  -a , and a, to  be1 2  3 4
determ ined and hence the modal shape or o th er fu n c tio n s  may be 
eva lu ated  from equations 1.14' to  1*17. As a ty p ic a l  example o f  
th e  method co n sid er  the clam ped-free c a n t ile v e r  beam. At z = 0  
the co n d itio n s are X = D = 0 . At z = L, they  are B = S = 0 .  
Equation 1 .19  i s  condensed to :
B/V2Cp sp
M s/v- (eq u ation  1 .2 0 )
S o lu tio n s  o f  equation  1 .20  are p o s s ib le  on ly  i f  the  
determ inant o f  the (2 ,2 )  m atrix i s  zero , th a t i s
Cp.Cp = Sp.S^, which expands to  g iv e  the requirem ent
th a t:
cosh V .cos V + 1 = 0 (eq u a tio n  1 .2 1 )
With th is  equation  s a t i s f i e d  fo r  some value o f  V, i t  
fo llo w s  th a t (B/V2 )/(S /V ^ ) = Cp/~S^ and w ithout any lo s s  o f  
g e n e r a lity  i t  may be assumed th a t:
B/V2 = ACp and S/V3 = 4SM .
th a t:
S u b stitu tin g  th e se  v a lu es  in to  equation 1*18 i t  fo llo w s
•> -
V
= 1 0
a2 = -1 0
a3
= 0 1
= 0 -1
-2  S.M
and con seq u en tly  the ex p ressio n  f o r  th e modal shape may be seen  
to  be:
X = (cosh  V + cos V )(cosh  u -c o s  u) -  (s in h  V -  s in  V )(s in h  u - s i n  u)
(eq u a tio n  1 ,2 2 )
and the o th er fu n c tio n s  are r e a d ily  ob ta in ab le  by d i f f e r e n t ia t io n .
T ables fo llo w in g  below g iv e  th e  exact s o lu t io n s  fo r  the  
te n  p o ss ib le  com binations o f  end c o n d it io n s .
The Tables are:
T .1 .1  Values o f  the frequency param eter, V.
T .1 .2  C o e ff ic ie n ts  d e f in in g  the modal shape.
Numerical so lu t io n s  ap p lied  to  models o f  th in  uniform  beam
1 .5 .1  S o lu tio n  by ta b u la tio n  method o f  th e d is c r e te  mass model
Equations 1.1 to  1 .J+. can be made use o f  t o  o b ta in  th e  
so lu t io n  o f  th e  d is c r e te  mass model by a th ree  s ta g e  procedure 
as f o l lo w s : -
( i )  Two l in e a r ly  independent e s t im a tes  o f  the v a lu e s  
o f  (X,X* ,M ,F)z_q are made which are c o n s is te n t  w ith  the  
known end co n d itio n  f o r  2 = 0 .  I t  i s  n ecessary  fo r  a 
conven ient autom atic process th a t th e se  i n i t i a l  v a lu e s  o f  
the four b a sic  parameters be r e ta in e d  throughout th e  r o u t in e .
c o n t* d . . .  . p . 31.
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T ab le  T .1 .1
V alues o f  th e  F requency  p a ram e te r, V i ■ • '
These a re  g iv en  f o r  a l l  p o s s ib le  com binations o f  end 
c o n d itio n s  s e le c te d  from  clam ped, p in n ed , g u id e d , f r e e .  F o r ev e ry  
case  i s  g iv e n  th e  im p l ic i t  e q u a tio n  d e f in in g  V, th e  f i r s t  f iv e  non­
zero  s o lu t io n s  to  4  s ig n i f i c a n t  f ig u r e s  and an a d e q u a te ly  a c c u ra te  
fo rm ula  govern ing  h ig h e r  s o lu t io n s .
Ends E q u a tio n V2 V3 \ y
Vr
Clamped
Clamped cos V = sech  V 4 .730 7.853 11.00 1 4 .1 4 1 7 .2 8 TC(r + i)
Clamped
P inned ta n  V =+tanh V 3.927 7 .069 10.21 1 3 .3 5 1 6 .4 9 H ( r  + i )
Clamped
G-uided ta n  V = -ta n h  V 2.365 5 .498 8.639 11.78 1 4 .9 2 1 t(r  -  i )
Clamped
Free cos V = -sech  V 1.875 4 .6 9 4 7.855 11.00 1 4 .1 4 TT(r -  i )
Pinned
P inned s in  V = 0 3.142 6.283 9.425 12.57 15.71 TC(r)
P inned
G-uided cos V = 0 1.571 4 .712 7 .8 5 4 11 .00 1 4 .1 4 ir (r  -  i )
Pinned
F ree ta n  V = ta n h  V 3.927 7 .069 10.21 13.35 16-4-9 H ( r  + i )
G-uided 
. G-uided s in  V = 0 3 .142 6.283 9.425 12.57 15.71
G-uided
F ree ta n  V - - ta n h  V 2.365 5 .498 8.639 11 .78 14 .92 * l(r  -  i )
.
F ree  
| F ree cos V = sech  V 4 .730 7.853 11.00 14 .1 4 17 .28 U ( r  + J )
Table T .1 .2
C o e ff ic ie n ts  d e fin in g  th e  modal shape
This ta b le  should be used in  conduction w ith T .1 .1  which g iv e s  the  
v a lu es  o f  the frequency param eter, V, fo r  variou s end c o n d itio n s  o f  
beams.
The symbols fo llo w  the n o ta tio n  o f  s e c t io n '1 .3  and'are deduced from  
equation  1 .18  and 1 .1 9 , fo r  s u b s t itu t io n  in  equation  1.12*.
X = a^cosh u + a^cos u + a ,s in h  u + a, s in  u
1 2 3 if
u = Vz/L
End co n d itio n s a l S2 a3
Clamped-Clamped CM "CM
hi
CO1
SP
Clamped-Pinned s? -S„op "CP CP
Clampe d-G-uided
cp - CP - SM SM
Clamped-Free
cp -Cp SM
Pinned-Pinned 0 0 0 1
Pinned-G-uided 0 0 0 1
Pinned-Free 0 0 cos V cosh V
G-uide d-G-uided 0 1 0 0
Guided-Free cos V cosh V 0 0
Free-Free c„M CM “CP -°p
N o te: These v a lu es
in d ic a te  th e  r a t io s  
o f  th e  term s. They 
.are not in tended  to  
form norm alised  
v e c to r s .
Co = iKoosh V + cos V); C = -^-(cosh V -  cos V")
ir M
3 = -§-(sinh V + s in  V ) ; Sp = ^ (s in h  V -  s in  V)
( i i )  A frequency i s  assumed, based on any in form ation  
which may be a v a ila b le  to  a s s i s t  in  making a c lo s e  guess  
to  the requ ired  v a lu e . In the ro u tin es  adopted in  t h is  
in v e s t ig a t io n  a l l  so lu tio n s  are i n i t i a t e d  by u sin g  a 
frequency corresponding to a va lu e o f about 1 .0  fo r  the  
parameter V, i t  being known from the exact s o lu t io n s  th a t  
a l l  uniform beam co n fig u ra tio n s  have the f i r s t  non-zero  
roo t in  V g rea ter  than 1 .0 .  With t h is  assumed freq u en cy , 
equations 1.1 to  1.4- are used rep ea ted ly  so th a t ,  in  e f f e c t ,  
T ables o f  X,X‘ ,M and F are c a lc u la te d  f o r  each o f  th e  two 
s e t s  o f  i n i t i a l  v a lu e s . The f i n a l  va lu es fo r  each s e t  
are obtained  and a t e s t  i s  made to  e s ta b lis h  w hether a 
su ita b le  com bination o f  th e  two s e t s  o f  i n i t i a l  v a lu es  would  
have r e s u lte d  in  a s e t  o f  f i n a l  va lu es  s a t is f y in g  the end 
co n d itio n s  fo r  z = L. I f  t h i s  can be done then th e  s e le c t e d  
frequency i s  a s o lu t io n  to  the problem.
( i i i )  I f  th e  ta b u la tio n  does n ot produce f in a l  v a lu e s  which  
s a t i s f y  th e req u ired  end co n d itio n s  then i t  i s  n e c e ssa r y  to  
employ a “resid u a l"  parameter which g iv es  a measure o f  th e  
e rr o r . R ela tin g  th is  erro r  to  previous errors f o r  e a r l i e r  
assumed freq u en c ie s  en ab les sta g e  ( i i )  to  be rep ea te d .
The requirem ents o f  s ta g es  ( i )  and ( i i )  are s a t i s f i e d  
w ithout d i f f i c u l t y .  There are , however, two problems to  d ea l 
w ith  a t stage ( i i i ) .  M yklestad recommends th a t th e  r e s id u a l  
parameter or fu n ctio n  be d efin ed  by forming a l in e a r  
com bination o f  th e  two ta b u la tio n s  so th a t one o f  th e  end
co n d itio n s  i s  s a t i s f i e d  and tr e a t in g  the error  in  the second  
end co n d itio n  as th e  r e s id u a l fu n c tio n .
For example, suppose th a t the two s e t s  o f  i n i t i a l  
v a lu es  have y ie ld e d  (X,X*,M,F)t „ and (X,X* ,M,F) 0 andJb ,1 1j $
th e  term ina l co n d itio n  i s  th a t o f ,  sa y , a fr e e  end req u ir in g  
th a t  = 0 .  I t  would then be requ ired  to  f in d  two
c o e f f i c i e n t s ,  c  ^ and c^ such th a t a^M  ^  ^ 2 = ^ ^eav^ 1®
an error in  F^ o f  sl^ jj -j + a2^  2 * ^  ear ly  p art o f
t h is  in v e s t ig a t io n  a techn ique such as th is  was fo llo w e d .
I t  i s  e s s e n t ia l  to  s t ip u la t e  another r e la t io n s h ip  betw een
and i f  the d e f in it io n  o f  th e  r e s id u a l fu n c tio n  i s  to  1 2
be adhered t o .  I t  was argued th a t  i t  was im p r a c tic a l to  
make, say , a  ^ always u n ity  as t h is  would le a d  t o  d i f f i c u l t i e s
should i t  happen th a t ^ was ^  was a r b it r a r i ly  d ecid ed
to  make a  ^ + a, = 1 , and hence th e  error in  F became :
Such a technique would have been s a t is f a c t o r y  u sin g  
desk c a lc u la t io n  and thus being ab le  to  account f o r  the  
behaviour o f  the error by p lo t t in g  the r e s u l t s .  With 
autom atic computing, however, a spurious s o lu t io n  appeared
o f  in te r p r e ta t io n  o f  th e  r e s id u a l error  was to  make use o f  th e  
search  method known as "the ru le  o f  f a l s e  p o s it io n " •
when Mj.  ^ £ tended to  0 ,  This was because the method
Frequency v a lu es  were assumed a t s u ita b ly  sm all in t e r v a ls ,  
even ly  spaced in  terms o f the d im en sio n less  param eter V, u n t i l  
the error  changed sign* The zone between th e  l a s t  two 
gu esses was then searched  u n t i l  a s e n s ib ly  zero erro r  was 
found* In fa c t  the spurious ro o ts  were generated  "by a 
change in  the s ig n  o f  the denominator o f the r e s id u a l,  and 
c o n s t itu te d  p o les  rath er than zeroes* I t  was some time 
before i t  became obvious th a t  an adequate parameter to  use as 
th e r e s id u a l error fu n ctio n  was th e numerator o f  the  
expression* With h in d sig h t i t  should  have been im m ediately  
lo g i c a l  to  w r ite  the term inal requirem ents in  m atrix  form as
M.
F.L,1
L,2
L,2
whence i t  fo llo w s  th a t th e on ly  n o n - tr iv ia l  s o lu t io n  req u ir es
th a t d et
F F L,1 L,2
0
Two tech n iq u es were developed  la t e r  which were much 
more e a s i ly  ap p recia ted  fo llo w in g  the many f a l s e  s t a r t s  w ith  
t h e "sp uriou s r o o ts" • One o f th ese  techn iques i s  an 
im portant improvement in  th e "rule o f  f a l s e  p o s it io n " , and 
the o th er  i s  th e  need to  suppress i n f i n i t e  r e s id u a ls  which 
ten d  to  a r is e  in  th e batch con fig u ra tio n s*
Although th e  M yklestad model has been d e fin ed  above 
i t  i s  n ecessa ry  to  r e fe r  to th e  fa c t  th a t  th e end s te p s  
d i f f e r  from the remainder* When s e t t in g  out an a lgor ith m
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fo r  tr a n s fe r r in g  data through the t a b le ,  in  order to  c a te r  
f o r  the g en era l beam, a su b d iv is io n  i s  used in  which the  
o v e r a ll  le n g th  L i s  tra v ersed  in  N equal s t e p s .  Each s te p  
len g th  o f  beam has a mass m/N which i s  d iv id ed  eq u a lly  in to  
two d is c r e te  m asses each o f  m/2N a t  the ends o f  th e  s te p .  
Two contiguous s te p s  perm it the concept o f  masses o f  n/N a t  
a l l  ju n ctio n s  between s te p s ,  but w ith  masses o f  h a l f  th a t  
amount at th e  en d s . I f  the system  i s  tr e a te d  as having N 
id e n t ic a l  s te p s  then two s l ig h t  m o d ifica tio n s  are requ ired:
-m/2N +m/2M
n/N n/N * n^ /N n/N
F ig . 1 .3  A ddition  o f  ’’dummy1’ masses to  preserve symmetry.
F ollow in g  the approach o f  s e c t io n  1 .3 ,  i t  i s  
conven ient to  use o th er v a r ia b le s  in  p lace  o f  X‘ ,M and F.
The step  le n g th  = L/N may, th u s, be removed from the  
algorithm , as may the f le x u r a l  co n sta n t, E l,  by w r it in g :
D = (L /N ).X ’ B = (L /N )2 J4/EI ,* S = (L/N)3 .F /E I
I t  i s  then  reasonab le to  rep la ce  th e  term Am 
which appears in  equation  1.1 by a fu n ctio n  o f  the search  
v a r ia b le , V, and th e  number o f  s t e p s ,  N. A s u ita b le  v a r ia b le  
i s :
W = (V/K)if .
I f  th ese  new v a r ia b le s  are in se r te d  in to  eq u ation  1.1
(m u lt ip lie d  by (N/L)^EI ) ,  equation  1 .2  (m u lt ip lie d  by 
2
(N/L) / E l ) ,  equation  1 .3  (m u lt ip lie d  by (N /l ) ) and equation
1 .4  the fo llo w in g  s e t  o f  eq u ation s r e s u l t s : -
S + As = S + W.X
B + &B = B + (S + As)
d '.+Ad = d + (b +Ab) -  £(s +As)
X + Ax = X + D + i(B + Ab) -  -^ (S + As)
I f  in  th e computing the sequence i s  a lt e r e d  by 
op eratin g  upon equation  1 .26  b efore equation  1 .2 5  then  an 
extrem ely convenient algorithm  i s  ob ta ined  in  which th e  
r ig h t  hand s id e s  o f  the ex p ress io n s  on ly  co n ta in  th e most 
r e c e n t ly  computed va lu e o f  X ,S,B  and D, in  th a t  sequence. 
However, in  order to  perm it comparison between t h is  
fundamental a lgorithm  and th ose  developed  l a t e r ,  i t  i s  
n ecessa ry  to  p resen t the equation  s e t  1 .23  to  1 .2 6  w ith  
a re-arrangem ent o f  t e r n s . A lso , in  order to  accommodate 
th e  two masses shown in  F ig . 1 .3  as being added to  th e N 
id e n t ic a l  step s i t  i s  im portant to  see  th a t  th e f i r s t  s te p  
b eg in s with a shear fo rce  (eq u iv a le n t to  S) which d i f f e r s  
from the true i n i t i a l  v a lu e , and s im ila r ly  th e N -th , or  
l a s t ,  s te p  ends w ith  a va lu e  fo r  S which d i f f e r s  from the  
true term inal or f in a l  v a lu e .
The sim ple uniform beam as analysed  by th e  M yklestad  
method can thus be p resen ted  as a m atrix in  the form ;
“s -  iw.x~ =
IrsOOr N "s -  i w j f
B 1 1 0  w B
D 1 1 1 Iff D
X «■■■ L _?  i 1 1 + iw_
(equation 1.27)
(equation 1«23) 
(equation 1.24) 
(equation 1.25) 
(equation 1.26)
. The (4  x  4 ) transform ation  m atrix on th e r ig h t  hand 
s id e  o f  t h i s  equation  can be compared w ith  the corresponding  
" exact1’ transform . Equation 1 .19  which d e f in e s  th e  tr a n s­
form ation fo r  a s in g le  s t e p  rep resen tin g  th e  whole beam, may 
be rew ritte n  by tak in g  th e  le n g th  to  be ( i / N ) .  A quicker  
and sim pler approach i s  to  l e t  the M yklestad equation  1 .27  
be examined fo r  th e  case  in  which N = 1•
The two m atrix equations w i l l  have id e n t ic a l  in t e r ­
p r e ta tio n s  fo r  the s e t  (X ,D ,B ,S) and i t  i s  a lso  seen  th a t
W = v V
Expanding th e  v a r ia b le s  CL, CL, S_ and S„ in  termsP M P M
o f  V the fo llo w in g  s e r ie s  are obtained:
CP = 1 + vV 4» + V8/8 ! . . . .  + V r^/ ( 4 r ) !  . . . . . .
= V2/2 !  + V6/6 !  . . .
sp = V + Y5/5 I  ..............
SM = V3/3 !  + V7/7 !  . . . . ..........+ - 1 ) !
which when su b s t itu te d  in to  equation  1 .1 9 , w ith  the order  
o f  th e  equations rev ersed , and th e eq u ation s in  S,B and D 
m u ltip lie d  by V^, T?2 and V r e s p e c t iv e ly  g iv e s  an 
a lte r n a t iv e  form f o r  th e (4  x  4 ) m atrix a s:
I GP
SjA
v 2
•3
0 0 0 
1 1 0  0 
1 1 0
SM V^ GM V3Sp“
CP V>SM A l
CO CP V"SM
V s2 S p A °P
w. p f f . f  f  1  2 1 w2*
f 5 fk 3 2 I +
I ' 6 V
f  f  4  3
Lf 7 f 6 f  f  3 4 -
5i
i f s f 7 f 6 f s ]
j f 9 f 8 f 7 f 6 |
!f io
I f 9 f 8
f 7
I
If -1I 1 f 10 f 9 f 8«
+ e t c .  (term s in  IT*, (eq u a tio n  1 .2 8 )
On in sp e c t io n  i t  w i l l  be seen  th a t a l l  terms o f  
h ig h er  than 1 s t  order in  W are m issin g  from th e  M yklestad  
model and although the zero order m atrix i s  c o rr ec t  th e r e  are  
con sid erab le  errors in  th e  f i r s t  order term s.
I f  N i s  made la r g e , then  obvious3,v „a b e t te r  ap p rox i­
mation w i l l  be o b ta in ed . I t  i s  the immediate purpose to  
d ev ise  a model which w i l l  g iv e  a good r e s u lt  w ith ou t r eq u ir in g  
th a t  N must be uneconom ically  la r g e .  For th is  purpose i t  i s  
n ecessary  to  e s ta b lis h  the erro rs  induced fo r  the variou s beam 
co n fig u ra tio n s  u sing  the M yklestad model w ith  a range o f  
v a lu es  fo r  N. The r e s u lt s  o f  th ese  c a lc u la t io n s  are g iv en  
in  T ables T .1 .3  and T .1.4- fo r  both freq u en c ie s  and modal 
sh ap es.
* NOTE: fo r  b r e v ity  th e  n o ta tio n  f  has been used
to  denote l / ( r ) !
T ab les  T .1 .3
E r ro rs  in  c a lc u la t in g  th e  fre q u e n c y  p aram ete r V f o r  s ix  
c o n f ig u ra t io n s  o f  t h i n  un ifo rm  beams u s in g  M yklestad1s model
These T ab les a re  p re s e n te d  in  two s e c t io n s  (a ) f o r  c o n f ig u ra t io n s  in
•which one end i s  f r e e ,  and th e  o th e r  i s  f r e e ,  p inned  o r clam ped and (b)
f o r  c o n f ig u ra t io n s  in  w hich b o th  ends a re  p inned  o r clam ped.
—2T .1 .3 ( a )  e r r o r s  p ro p o r t io n a l  to  (n o . o f s te p s )
(a.,1) F r e e - f r e e  ends
Mode number 1 2 ... 3 4 ........ . 5 .........
"E x ac t11 V 4.7300 7.8532 10.9956 14.1372 17 .2 7 8 8
N ( s te p s )  10, 
20 
30 
2*0 
50
4.6589
4.7118
4.7219
4 .7 2 5 4
4.7271
7.6576
7.8023
7.8305
7.82*04
7.8450
10 .6210
10 .8965
10.9511
10.9705
10.9795
13.5332
13.9738
14.0637
14.0957
14 .1106
16.3951
17.0353
17.1691
1 7 .2 1 6 8
17.2391
P e rc e n ta g e  e r r o r  
in  freq u en cy  
tim es
-311 -523 -731 -939 -1147
( a , 2 ) P in n e d -f re e  ends
Mode number 1 2 3 4 5 I
“E x a c t11 V 3 .9266 7 .0 6 8 6 10 .2102 13.3518 16 .4934
N ( s te p s )  10 3.9012 6 .9 8 6 9 10.02*04 13 .0604 16.0376
20 3 .9 2 0 2 7.0478 10.1669 13.2776 16 .3794
30 3.9237 7.0593 10.1909 13.3188 16.4428
40 3.9250 7 .0634 10.1993 13.3332 1 6 .4 6 5 0
50 3.9256 7.0653 10 .2032 13.3399 16.4752
P erc e n ta g e  e r r o r  
in  freq u en cy  
tim es  N2
-131 -236 -340 -445 -550
T .1 . 3 (a ) concluded
T ab les  T .1 .3
( a , 3) C lam ped-free ends
Mode number 1 2 3 4 5
"E xact" V 1.8751 4-. 694-1 7 .8548 10.9955 14-1372
IT ( s te p s )  10 1 .8 7 0 8 4-6572 7.7540 10.7977 13.8055
20 1.8740 4-6848 7 .8 2 9 2 10.94-53 14.0538
30 1.874-6 4-6899 7.84-34- 10.9732 14-1001
40 1.874-8 4-6918 7.8483 10.9830 14- 1164.
50 1.874-9 4-6926 7 .8507 10.9875 14-1238
P erc e n ta g e  e r r o r  
in  freq u en cy  
tim es N2
-4-6 -159 -261 -366 -4-72
T .1 .3 (b )  e r r o r s  p ro p o r t io n a l  to  (n o . o f  s te p s  ) ^  
( b , l )  P in n ed -p in n ed  ends
Mode number 1 2 3 4 5
"E xact" V 3.14-16 6 .2 8 3 2 9.4248 1 2 .5 6 6 4 1 5 .7 0 8 0
K ( s te p s )  10 3.14-16 6.2828 9.4216 1 2 .5508 1 5 .6 5 0 8
20 3.14-16 6 .2 8 3 2 9.424-6 12.5656 15.7056
50 3.14-16 6 .2 8 3 2 9.424-8 1 2 .5 6 6 4 15.7079
P ercen tag e  e r r o r  
in  freq u en cy  
tim es
-7 -109 -552 - 1 8 4 8 -4 2 1 8
(b ,2 )  C lam ped-pinned ends
Mode number 1 2 . . . . . . 3........................ 4  5
"E xact"  V 3 .9 2 6 6 7 .0 6 8 6 10 .2102 r 13.3518
.
1 6 .4934
IT ( s te p s )  10 
20 
50
3 .9266
3 .9 2 6 6  
3 .9 2 6 6
7 .0 6 7 8
7.0685
7 .0 6 8 6
10.2046
10.2099
10 .2102
13.3265
13.3507
13.3517
16.4048
16.4901
16.4933
P e rc e n ta g e  e r r o r  
in  freq u en cy  
tim es  N^ *
-15 -182 -749 -2280 -5182
T ab les  T .1 .3
T .1 .3 (b )  concluded  
(b ,3 )  Clamped-clamped ends
Mode number A\ 2 3 4 5
"Mxact" V 4 .7300 7.8532 10.9956 14.1372 17.2788
N ( s te p s )  10 
20 
50
4.7299
4 .7300
4 .7300
7.8517
7.8531
7.8532
10.9862
10.9952
10.9956
14.0972
14.1357
14.1371
17.1462
17.2745
17.2793
P e rcen tag e  e r r o r  
in  freq u en cy  
tim es
-36 -270 -1180 -3410 -7912
N otes on th e  above T ab les
(1) The s u b d iv is io n  in to  "second" and " fo u r th "  o rd e r  e r r o r  g roups i s  
dependent upon th e  p re sen ce  o f  a f r e e  end .
2(2) V/ith one f r e e  end th e  f a c t o r  (fi e r r o r  in  fre q u e n c y ).N  i s  - 3 3 *3V 
ex cep t f o r  th e  f i r s t  mode o f  th e  c a n t i l e v e r  where th e  f a c t o r  i s  
abou t - 23^ .
(3) Mith two f r e e  ends th e  f a c t o r  i s  s t i l l  p r o p o r t io n a l  to  V, b u t  i s  
now -66.5V .
(4 ) N ith  n e i th e r  end f r e e  th e  co rre sp o n d in g  f a c t o r  i s  (% e r r o r  in  
freq u en cy ).!* ^ , b u t in s te a d  o f  b e in g  p r o p o r t io n a l  to  V a v a lu e  o f  
ap p ro x im ate ly  -.075«V^* a p p e a rs .  T h is l a t t e r  f ig u r e  has ab o u t
£ o010.V^* v a r i a t i o n  o v e r th e  15 f a c t o r s  exam ined, b u t  t h i s  v a r i a t i o n  
i s  w ith in  th e  l i m i t s  im posed by ro u n d in g -o f f  in  th e  com p u ter.
(5) In  g e n e ra l  th e  above fo rm ulae  f o r  e s t im a t in g  th e  e r r o r s  a r e  t y p i c a l  
f o r  20 to  50 s t e p s ,  b u t th e  a c t u a l  e r r o r s  f o r  N = .10 a re  s l i g h t l y  
g r e a t e r .
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T ab le  T .1 .4
E r ro rs  in  c a l c u la t in g  th e  Modal Shape f o r  s ix  c o n f ig u ra tio n s  
o f  th i n  un ifo rm  beams u s in g  M yklestad*s model
D e f in i t io n  o f  e r r o r :  i f  th e  mode o f  th e  r - t h  freq u en cy  i s  n o rm a lise d
f Land d e f in e d  as an am p litu d e  o f  X a t  z th e n  I X X dz = 0 ( i f  r  /  s )r  J  r  s
^ = 1 ( i f  r  = s ) .
A lso  an ap p ro x im atio n  to  th e  r - t h  mode, X may be w r i t t e n  as 2* c X ,
a s=0 s 3
I f  X i s  i t s e l f  n o rm a lised  th e n  i t  fo llo w s  th a t  £»c  = 1 . C i sa s r
2 2 2 found  from  # X X d z . Hence c / / \ = 1 -c = c ( s a y ) .
q a r  s { s p r j  r  e
T h e re fo re  f o r  any s / r ,  |c s|  ^  an(I  i s  c o n se q u e n tly  ta k e n  h e re  as
th e  m easure o f  th e  e r r o r  i n  modal sh ap e .
The s ix  c o n f ig u ra tio n s  composed o f  beams w ith  f r e e ,  p in n ed  o r  clam ped
en d s, as  in  T ab les  T .1 .3 (a  and b) su b d iv id e d  a c c o rd in g  to  th e  p re se n c e  o r
absence o f  a f r e e  end . With a f r e e  end th e  v a lu e s  o f  c a r e  found  to  v a rye
-2as  N and a re  g iven  in  T .1 .4  f o r  N = 10 . I f  n e i th e r  end i s  f r e e  th e
-6v a lu e s  o f  c^ a re  in  g e n e ra l p ro p o r t io n a l  to  .N , b u t in  many c a se s  th e
e r r o r s  a re  o b scu red  by (1) th e  ro u n d -o f f  in  th e  com puter and (2 ) th e  need  
to  s u b s t i t u t e  n u m e rica l f o r  a n a l y t i c a l  in t e g r a t i o n .  The v a lu e  o f  c G
g iven  i s  a l s o  f o r  N = 10.
Mode number 1 2 3 4 5
f r e e - f r e e  ends 0 .0156 0.0561 . 0 .1 1 0 4 0.1755 0 .2 4 5 7
P in n e d -f re e  ends 0 .0146 0.0489 0 .0 9 9 6 0.1629 0 .2 3 2 6
C lam ped-free ends 0 .0 0 0 6 0.0217 0 .0601 0 .1142 0 .1787
P in n ed -p in n ed  ends 0 0 0 0 0
Clam ped-pinned ends 0 0 0 .0 0 0 3 0.0017 O.OO63
Clamped-clamped ends 0 0.0001 0 .0 0 0 5 0 .0022 0 .0070
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1 .5 .2  M athem atical model fo r  ta b u la tio n  so lu tio n
A so lu t io n  o f th e  th in  uniform beam may, as has been  
shown by sim ple th eory , be ob ta ined  from a s in g le  s te p  
transform ation  which cou ld  be ca rr ied  out in  terms o f  
tr igon om etr ic  and h yp erb o lic  tr igon om etr ic  fu n c t io n s . In  
f a c t ,  fo r  th e  h igher v a lu es  o f  V th e  ev a lu a tio n  o f terms 
such as cosh  V and s in h  V i s  l i k e l y  to  become a p rocess  
prone to erro r . These sim ple ex p ress io n s  are con verted  to  
con sid erab ly  more com plicated  forms when the s o lu t io n  o f  
the Timoshenko equation  i s  req u ired  fo r  the th ic k  beam.
Hence an approach based on eq u ation  1 .28  was adopted in  which 
no p h y sica l model was co n sid ered . The ta b u la t io n  method 
was in v e s t ig a te d  fo r  th e  uniform c a n t ile v e r  using  a tr a n s ­
form ation m atrix r e ta in in g  terms in  i P , and T his
was purely  an e x e r c is e  to  confirm  th e  lo g ic  o f  the p rocess  
and i t  was hoped to  e s ta b lis h  a precedent fo r  a s im ila r  
method o f  d ea lin g  w ith th ic k  beams. The lo g ic  o f  the  
method was confirm ed by the fa c t  th at th e  V va lu es  were 
obtained  to  an accuracy o f  c lo s e r  than 1/10000 in  th e  f i f t h  
mode o f  v ib r a tio n  u sin g  on ly  4  s t e p s ,  whereas w ith  M yklestad*s 
model the same V -value could  on ly  be obtained  to  ten  tim es  
th a t  error u sin g  50 s te p s . As w i l l  be dem onstrated in  l a t e r  
s e c t io n s ,  the c a n t ile v e r  i s  one o f the co n fig u ra tio n s  suoh
th a t when u sing  d is c r e te  mass models errors in  V a r is e  
-2p rop ortion a l to  N . T his means th a t about 150 d is c r e te  
masses would be req u ired  to  produce th e  same accuracy  as can 
be ob ta in ed  w ith  a p u rely  m athem atical model u sin g  4  s t e p s .
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U nfortun ately  i t  has not been p o s s ib le  to  e s ta b l is h  
a s im ila r  model, or tran sform ation  m atrix , capable o f  
handling  the Timoshenko equation  w ith ou t in v o lv in g  fa r  more 
terms o f  in creased  com plexity , and, as i s  developed in  
s e c t io n  1 .6 ,  the h y p o th e tic a l model was abandoned in  favour  
o f  a more p h y s ic a lly  j u s t i f i a b le  technique which cou ld  w ith  
confidence be ap p lied  d ir e c t ly  to  any beam problem.
1 .5 .3  O ther s o lu t io n s
I t  cannot be s tr e s s e d  too  fr eq u en tly  when co n sid er in g  
M yklestad1s method that the approxim ation l i e s  in  the m odel. 
I f  an e l a s t i c a l l y  mounted system  o f  masses happened to  be 
d efin ed  e x a c t ly  by d is c r e te  masses connected  by l i g h t  le n g th s  
o f  uniform beams then M yklestad*s method would be e x a c t .  
C onversely, although a ta b u la tio n  method y ie ld s  an ex a ct  
a n a ly s is  o f  an in ex a c t model, th ere  are o th er methods w hich  
w i l l  ach ieve  the same accu racy . W ithin th e  scope o f  t h is  
in v e s t ig a t io n  on ly  one o th er type o f s o lu t io n  has been 
con sid ered . The v ib r a tin g  system  i s  considered  to  be 
p e r fe c t ly  rep resen ted , in  r e sp e c t o f  modal shape, by a f i n i t e  
number o f  g e n e r a lise d  c o o r d in a te s . Equations o f  m otion are 
then e s ta b lish e d  fo r  each coord inate and th e  fr e q u e n c ie s ,  
e igen  v a lu e s , and modal sh apes, e ig en  v e c to r s ,  are ob ta in ed  
from th e  c o e f f i c ie n t  m atrix o f  the co o r d in a te s .
With d is c r e te  mass models the g e n e r a lis e d  co o rd in a tes  
must d escrib e th e d isp lacem ents o f  a l l  o f  the m asses, and 
hence i t  fo llo w s th a t the order o f  the m atrices in v o lv e d  i s  
the same as th e number o f  m asses.
For the c a n t ile v e r ,  the accuracy o f  an i t e r a t iv e  
so lu t io n  fo r  the e ig en -v a lu es  and e ig e n -v e c to r s  was t e s t e d  
u sing  th e o r ig in a l  Myklestad model w ith  both 10 and 40  
step s  and, th u s , m asses. The r e s u lt s  were found to  be in  
agreement to  5 s ig n if ic a n t  f ig u r e s ,  both fo r  ro o ts  in  ¥  
and modal shape, w ith the ta b u la tio n  method r e s u lt s  fo r  
th e f i r s t  5 roo ts  in  V,
For th e  remainder o f  th is  d isc u ss io n  o f  d is c r e te  mass 
models no d is t in c t io n  i s  drawn between th e  two b a s ic  methods 
o f  s o lu t io n .
I t  i s  n o t unusual fo r  lumped-mass, l ig h t - s p r in g  models
to  be adopted f o r  the so lu t io n  o f q u ite  advanced system s.
Good examples are th ose  g iv en  by Schirmer in  1952 ( r e f .  1 5 ) ,
which are reproduced by Jacobsen and Ayre ( r e f .  16) when
co n sid er in g  not on ly  th e  tra n sverse  v ib r a tio n s  o f  th ic k
beams, but more p a r t ic u la r ly  wave propagation . L eckie
and Lindberg ( r e f .  17) in troduce to r s io n  sp rin gs con n ectin g
d is c r e te  r ig id  b ars, th e  mass o f  the bars being e i th e r
d is tr ib u te d  or  con cen trated  at the ends according to  th e
p a r t ic u la r  m odel. In th e  same work Leckie and Lindberg
d iscu ss  the v a r ia tio n  o f  error w ith  th e number o f  d is c r e te
masses or bars and shows th a t  w ith  the c a n t i le v e r  the error  
-2responds on ly  as N whereas the sim ply supported beam 
-4responds to  N . The m athem atical note in  th e  appendix  
dem onstrates th a t f o r  th e te n  co n fig u ra tio n s  r e s t r i c t e d  to  
end co n d ition s o f f r e e ,  pinned, clamped or guided th e error  
i s  reduced as N ^ u n less  e ith e r  end i s  f r e e ,  and th en  th e  
order o f  improvement reduces to  that o f  the in v e r se  sq u are.
As in  th e  case o f  th e  work by Leckie and Lindberg, any 
improved model or method must be seen  to  put a l l  c o n fig u ra tio n s  
on a par w ith  regard to  accuracy. As the c a n t ile v e r  was 
already seen  to  be o f  low accuracy, and as t h i s  i s  a ls o  th e  
co n fig u ra tio n  norm ally v is u a l is e d  fo r  th e s in g le  tu rb in e  or 
a x ia l  flow  compressor r o to r  b lad e , much o f  the in v e s t ig a t io n  
in to  improved models was developed fo r  th ese  end c o n d it io n s .  
Subsequently th e tech n iq u es employed were t e s t e d  a g a in s t  
oth er c o n fig u r a tio n s , and a lso  fo r  the th ic k ,  s in g le  b la d e , 
w ithout p r e tw is t . T ables T .2 .1 ,2  in c lu d e  v a lu es  o f  V 
ob ta in ed  f o r  a number o f  d is c r e te  mass models f o r  th e  th in  
beams, and fo r  two d if fe r e n t  th ic k n e s s /le n g th  r a t io s  when 
shear f l e x i b i l i t y  and ro tary  in e r t ia  e f f e c t s  are in c lu d ed .
Some co n sid era tio n  should be g iven  a t th is  stage  to  
attem pting to  balance the d e s ir a b i l i t y  o f  a ch ie v in g  a g iven  
accuracy a g a in st the ex tra  e f f o r t  in v o lv ed  in  o b ta in in g  such  
a s o lu t io n .  Y/hen i t  i s  considered  th a t  the v a lu es  o f  
frequency g iven  by the V -  va lu es deduced from M yklestad’s 
ten-m ass model fo r  th e  f i f t h  n a tu ra l mode o f  v ib r a t io n  show 
an error o f  l e s s  than 10^ in  th e  w orst c a se , th a t  o f  the  
f r e e - f r e e  beam, i t  cou ld  be asked i f  any b e t te r  approxim ation  
would have any value in  p r a c t ic e . M anufacturing to le r a n c e s  
on a c tu a l b lades used in  gas tu rb in es  are such th a t  f in is h e d  
b lad es are accepted  on the b a s is  o f  being w ith in  1% o f  
nominal frequency fo r  th e  fundamental mode. C er ta in ly  t h is  
accuracy would be ach ieved  w ith  M yklestad's model o f  10 s t e p s . 
With p re tw isted  b lades o f  non-uniform  cross  s e c t io n ,  which 
must be con sid ered  in  a p r a c t ic a l  c a se , more than 10 s te p s  
might w e ll  be requ ired  in  order th a t the geom etry o f  th e
-  “
blade cou ld  be s a id  to  have bsen f a i r l y  rep resen ted .
C onsequently i t  i s  l i k e ly  th a t th e  s im p lest approach to  
rep re se n ta tio n  o f  th e  ty p ic a l  turb ine b lade i s  more than  
adequate. There i s  s t i l l  a need, however, to  develop  
methods o f  h igh  accuracy a g a in s t  the time when components 
may be made to  a g r e a te r  p r e c is io n , and when the end f ix in g  
co n d itio n s may be d efin ed  more p r e c is e ly .  This does not 
perm it a ta r g e t  accuracy to  be d efin ed  fo r  t h i s  in v e s t ig a t io n ,  
and as a r e s u l t ,  errors are compared method fo r  method, and 
the ab so lu te  magnitudes are not taken  as being  o f  immediate 
p r a c t ic a l  s ig n if ic a n c e .
1 .5 « 4  Other so lu t io n s  u sing  d is c r e te  masses 
( a ) Mass p laced  a t  cen tre o f step
M yklestad1 s ch o ice  of model, th a t o f  lumping the  
mass o f  a step  e q u a lly  a t  the ends, needs some j u s t i f i ­
c a t io n . For the case o f  a uniform  c a n t ile v e r  u sin g  a 
one step  model the M yklestad process i s  e f f e c t i v e l y  
d ea lin g  w ith  a s in g le  degree o f  freedom  system , namely a
l ig h t  beam carrying a mass a t th e  fr e e  end. T his problem
±
w i l l  be found to  y ie ld  a va lu e  o f  V o f  ( 6 ) *  or approxim ately  
1 .57  as a g a in st  th e  "exact" so lu t io n  o f  1.875*** The 
model, th u s, g iv e s  a value o f  frequency 16% below  the  
exact v a lu e . I f  the approxim ation o f  one s te p  i s  made to  
the sim ply supported beam (o r  any o th er co n fig u r a tio n  w ith  
zero d isp lacem ent a t both ends) th ere  i s  no s o lu t io n  u s in g  
masses concentrated  a t  the ends o f  the s tep  y ie ld in g ,  in  
e f f e c t ,  a h igh  value fo r  V. Hence some mass must be 
placed  a t the m id-point o f  a sim ply supported system  and, 
i f  a l l  the mass i s  p laced  a t the ce n tr e , V i s  found to
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be (48 )*  = 2 *63 ®.. whereas fo r  the fundamental mode 
the exact value i s  3 ® 1 4 2 ... I t  i s  worth n o tin g  th a t  i f  
a two s te p  system  i s  co n sid ered  fo r  the sim ply  supported  
beam u sin g  con cen tration s a t  th e  ends o f  each s te p  th ere  
i s  s t i l l ,  e f f e c t i v e ly ,  a s in g le  mass a t the c e n tr e , but 
in  t h i s  case th e s o lu t io n  g iv e s  V = ( 96 ) 4 = 3 *>138...
I t  i s  n o t im m ediately obvious to  what ex ten t th e  
improvement in  V i s  due to  th e doubling o f  N ra th er  than  
to  the rev ers io n  to  M yklestad*s model, but i f  the  
c a n t ile v e r  i s  tr e a te d  as a s in g le  step  w ith  th e  mass 
concentrated  a t the m iddle, V i s  found to  be ( 24 )^ = 2 .2 2 . .  
I t  i s ,  th u s, in s u f f ic ie n t  to  c a lc u la te  th e beam fr e q u e n c ie s  
on th e  b a sis  o f  o v e r -s im p lif ie d  models o f  one or two 
step s*  The c a n t ile v e r  has been analysed  fo r  10 and 40  
s te p s  w ith  the masses con cen trated  a t the m idpoints o f  
the s t e p s .  I t  i s  found th a t fo r  the f i r s t  fo u r  n a tu ra l 
modes th e error in  V i s  - .5  o f  the corresponding erro r  
u sin g  masses lumped a t the ends. (See Table T .1 .5)®
(* ) Masses p o s it io n e d  as fo r  Simpson*s Rule
. The r e la t io n s h ip  between th e  M yklestad model 
and th e  c e n tr a l ly  p laced  mass su g g ests  th a t i f  a nevr model 
fo r  each s te p  was con stru cted  w ith  a view  to  b u ild in g  in  
a degree o f  compensation an exa ct s e t  o f  V v a lu es  should  
be o b ta in ed . The mass con cen tration s a t  the b eg in n in g , 
cen tre  and end o f  a g iven  step  are ( . 5 , 0 , . 3 ) fo r  
M yklestad*s model and ( 0 ,1 ,0 )  fo r  the c e n tr a l m odel. The 
errors o f  the two methods are in  th e  r a t io  o f  about 2. : -1  
fo r  the c a n t i le v e r .  Hence by tak in g  a mass d is tr ib u t io n
c o n t’d « . . .  p .50
xao ie  To'i.p
Lumped mass m odels o f  the  t h i n  un ifo rm  c a n t i l e v e r
P e rcen tag e  e r r o r s  in  th e  freq u en cy  p a ram e te r, V, f o r  th e  f i r s t  
f iv e  n a tu r a l  modes o f v ib r a t io n
A ll  th e  models p re s e n te d  h e re  f o r  com parison  have N e lem en ts  o f  
eq u a l le n g th  and th e  mass o f  each  elem ent i s  c o n c e n tra te d :
(1) M yklestad , a t  th e  ends o f th e  e lem en t
(2) M idpo in t, a t  th e  c e n t r e  o f th e  elem ent
(3 ) Simpson, so  t h a t  two c o n se c u tiv e  e lem en ts have t h e i r  t o t a l  
mass lumped w ith  tw o - th i rd s  a t  th e  ju n c t io n  and o n e - s ix th  
a t  each end
(4 ) f i f t h  o rd e r ,  so t h a t  f iv e  c o n se c u tiv e  elem en ts have th e  
t o t a l  mass and th e  1 s t  to  $ th  o rd e r  moments o f mass 
c o r r e c t ly  s im u la te d  by lum ping a t  th e  ju n c tio n s  and th e  
extrem e ends
(5 ) T e n - s p e c ia l ,  so th a t  a sy m m etrica l arrangem ent g iv e s  th e  
c o r r e c t  t o t a l  mass and a l s o  g iv e s  e x a c t v a lu e s  f o r  th e  
f i r s t  f iv e  v a lu e s  of V.
Mode Number 
S lem ents N
1 2 3 4 3
M yklestad 10 - .2 3 - .7 9 - 1 .29 -1 .8 0 -2 .3 3
M idpoint 10 + .12 + .40 + .63
CO00m+ +1.02
Simpson ( 1 ) 10 - .0 3 - .0 3 - . 0 4 + .08 +2.41
f i f t h  o rd e r 10 .00 - .0 6 + .33 +2.12 -3 .4 6
T e n -s p e c ia l  (2 ) 10 .00 .00 .00 .00 .00
M yklestad '2 0 - .0 6 - .2 0
CvJN'S.1 3e1 “ .59
M idpoint 20 + .03 + .10 + .16 + .2 2 + .2 6
Simpson (1) 20 - .0 3 - .0 3 - .0 5 - .0 1 - .0 9
f i f t h  o rd e r 20 .00 .00 -.0 1 - . 1 2 + .2 9
T e n -s p e c ia l (2 ) 20 .00 .00 -.0 1 + .03 1 « 0 vo
N o tes : ( l )  th e  com puter program  f o r  the "Simpson" models te rm in a te s
s e a rc h  when s u c c e s s iv e  e s t im a te s  o f V d i f f e r  by l e s s  th a n
T ab le  T*1*5
Lumped, mass m odels o f  th e  th in  unifo rm  c a n t i l e v e r
P e rcen tag e  e r r o r s  in  th e  fre q u e n c y  p a ram ete r,V , f o r  th e  f i r s t  
f iv e  n a tu r a l  modes o f  v ib r a t io n
N o tes: 0 ,0 5 ^ . Hence some o f  the e r r o r s  f o r  t h i s  model
in  th e  above t a b le  m ight be l e s s  th a n  shown*
(2) in c re a s in g  N f o r  "T e n -s p e c ia l"  in c re a s e s  
e r r o r s •
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o f  o n e-th ird  from the f i r s t  model and th e rem aining two- 
th ir d s  from th e  second a high order o f accuracy should  
be exp ected . T his requ ires th a t each step  has masses 
o f  (1 ,2f , l ) / 6  which w i l l  be recogn ised  as the m u lt ip lie r s  
used fo r  summations and in te g r a t io n s  by Simpson*s R ule.
The r e s u lt s  fo r  the c a n t i le v e r  are g iven  in  Table T .1 .5 .
In Part 2 o f  th e  th e s is  when con sid er in g  variou s d is c r e te  
mass and d is c r e te  in e r t ia  models o f  beams in  which shear  
f l e x i b i l i t y  and ro ta ry  in e r t ia  are in c lu d ed , r e s u l t s  are 
obtained  fo r  th e  Simpson model o f  o ther end c o n d it io n s .
The r e s u lt s  are presented  in  Tables T .2 .1  and T .2 .2  and 
show th a t in  gen era l the improvement found fo r  th e  
c a n t ile v e r  i s  not rep eated  w ith o th er  end c o n d it io n s .
( c ) S p ec ia l ch o ice  o f  d is c r e te  masses
With h in d sig h t i t  i s  p o ss ib le  to  say th a t  the  
improved r e s u lt s  ob tained  in  c e r ta in  modes w ith  th e  
"Simpson”-model were fo r tu ito u s  in  th a t th ey  were ob ta in ed  
on ly  fo r  th e  co n fig u ra tio n  i n i t i a l l y  s tu d ie d , namely th e  
c a n t ile v e r .  A ll  th ree  d is c r e te  mass models con sid ered  
have the t o t a l  mass o f  each s te p , and th e  f i r s t  moment 
o f  mass of the step  c o r r e c t ly  rep resen ted . The second  
moment o f  mass i s  (a ) overestim ated  by p la c in g  th e  masses 
at the ends, (b ) underestim ated by p la c in g  i t  a l l  a t  th e  
cen tre , ( c )  c o r r e c t ly  u sin g  the nSimpson”-m odel. A
p h y sica l model cou ld , th u s, be dev ised  in  which th e  
co rr ec t s im u la tion  o f  moments was ca rr ied  fu r th e r . The 
moment o f  order p o f  a d is tr ib u te d  mass, may be d e fin ed
as (m/L) zP dz th e  a x is  fo r  th is  moment
-*o
being through z = 0 . In th e  case o f  d is c r e te  m asses
p a r t ic u la r  th e  Simpson model o f  10 s tep s  was r e a l ly  
eq u iv a len t to  5 s tep s  subdivided  to  enab le th e  zero , 
f i r s t  and second moments o f  mass to  be c o r r e c t ly  
rep resen ted . R eta in ing th e concept o f  b e in g  ab le  to  
examine the modal form a t in te r v a ls  o f  0 .1  L two o th er  
models are p o s s ib le .  The f i r s t  i s  a model o f  two major 
d iv is io n s  fu r th er  subdivided  in to  f iv e  equal s t e p s ,  
masses being p laced  a t  th e  ends and ju n ctio n s  o f  s tep s
"fcll
so th a t fo r  p = 0 to  5 the p order moment o f  th e  
d is c r e te  masses i s  the same as the p order o f  a 
uniform ly d is tr ib u te d  mass.
The second would req u ire  to  be one in  which th e
whole beam i s  subdivided  in to  10 s tep s  w ith  m asses p laced
"tilso th a t fo r  p = 0 to  10 th e  p order o f  the d is c r e te
*tllmasses equals the p order o f  a uniform ly d is tr ib u te d  
mass.
s te p s  o f  th e  f i f t h  order model are in  the r a t io  19:75*50:50  
7 5 :19> but th e  corresponding p roportions fo r  a te n th  order  
model requ ired  th a t some o f  the masses should  be n e g a t iv e .  
Such an obvious departure from the true s t a t e  o f a uniform  
beam i s  n ot a cce p ta b le . Hence a model w ith  " T e n -sp e c ia l-  
s te p s ” was d ev ised  in  which e lev en  lump m asses, one a t  
each end and one a t  each ju n c tio n , s a t i s f i e d  th e  fo llo w in g  
th ree c o n d it io n s . (1 ) The t o t a l  mass o f  the lumps must
th e  corresponding moment i s Z ikm .(rL/N)P. In
The masses e s ta b lish e d  fo r  the f i v e  c o n secu tiv e
equal the t o t a l  mass o f  the c a n t i le v e r .  (2 ) The 
d is tr ib u t io n  should  be sym m etrical. (3 ) The f i r s t  f iv e  
so lu t io n s  in  V should  agree w ith  the f i r s t  f i v e  v a lu es  
fo r  th e  exact th eo ry . These masses were computed by 
c a lc u la t in g  the e f f e c t  o f  sm all v a r ia t io n s  in  each  mass 
in  turn in  determ ining the v a lu e  o f  V, s ta r t in g  w ith  
th e o r ig in a l M yklestad model and assuming th a t the 
r e s u lt in g  changes in  V would be l in e a r .  From th e se  
r e s u lt s  a new s e t  o f  va lu es  o f d isc r e te  mass was d er iv ed  
and the process rep ea ted . A th ir d  s e t  o f  mass v a lu e s  
was produced which gave no d iscern a b le  errors in  V.
R esu lts  fo r  a l l  f iv e  d is c r e te  mass m odels are  
compared in  Table T .1 .5*  fo r  both 10 and 20 s t e p s ,  showing 
the errors in  V fo r  the case  o f  a c a n t i le v e r .
No 10 s tep  model was adequate fo r  the f i f t h  
va lu e o f  V, except th e "ten s p e c ia l  steps"  m odel, which  
was predeterm ined and o f  th e  2 0 -s te p  models o n ly  th e  
Simpson-model was c o n s is t e n t ly  b e t te r  than th e M yklestad  
m odel. Two reasons emerged fo r  r e je c t in g  the "ten  
s p e c ia l  steps"  m odel. F ir s t  was the non-standard  
behaviour in  th a t th e errors worsened w ith  an in c r e a s in g  
number o f  groups o f t e n - s t e p s ,  th a t i s  to say by rep ea tin g  
the sequence o f  s p e c ia l  m asses. Secondly an attem pt was 
made to  so lv e  th e  th ic k  b la d e , in c lu d in g  e f f e c t s  o f  sh ear  
and ro tary  in e r t ia  r e ta in in g  the same masses and adding 
lumped in e r t ia s ,  in  the same proportions and th e r e s u l t s  
were l e s s  accurate in  comparison w ith  the o th er  models
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used .
In Part 2 o f  the t h e s i s  so lu t io n s  o f  ten  
co n fig u ra tio n s  o f  end co n d itio n s  are g iven  fo r  th ree  
th ick n e sse s  o f  beam in  which shear f l e x i b i l i t y  and ro ta ry  
in e r t ia  e f f e c t s  are in c lu d ed .
1.5*5 Errors in  modal shape
W hilst the error in  frequency parameter V can be 
used as a measure o f  one model compared w ith another, the  
subsequent errors in  modal shape may n o t be ig n o red . In  
Table T .1 .A  the modal errors are g iv en  fo r  the M yklestad  
model used to  eva lu ate  the s i x  c o n fig u ra tio n s  o f  a uniform  
th in  beam in  which th e end co n d ition s are f r e e ,  pinned or  
clamped. A note w ith  the Table ex p la in s  how th e erro rs  have 
been computed.
An a lte r n a t iv e  method o f  deducing a measure o f  the  
modal error i s  as fo llo w s :  assume th a t  the modal d e f le c t io n
a t  a d is c r e te  m ass, m^  i s  g iven  as x^ by th e  model whereas
th e exact va lu e would be x  . In both cases assume th a tre
th e  modes have been norm alised  so th a t
The error fu n c tio n  which i s  now con sid ered  i s  based  
on th e  w eighted  sum o f  the error  squared, th a t  i s  to  say:
and 2 m *x r  re (eq u a tio n  1 .2 9 )
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I f  t h i s  w eighted  sum i s  d iv id ed  by two, and th e  square 
ro o t taken  to  restore th e  order o f  the e r r o r s , th e  ex p ress io n  
used in  co n stru ctin g  Table T* 1 *2*. i s  o b ta in ed , excep t th a t  
as exp la in ed  in  th e  Note w ith  the ta b le  th e  concept o f  
num erical in te g r a t io n , by w eighted  summation, i s  rep laced  
by a n a ly t ic a l  in te g r a t io n .
I t  i s  m islead in g  to  p resen t the modal error  in  term s 
o f  modal co n ten t by rep resen tin g  th e computed mode, x ,  as a  
summation o f  components each p rop ortion a l to  the n a tu ra l or  
ex a ct modes, x ^ x ^ x  • • •  e t c .  corresponding to  th e n a tu ra l
frequency parameters , V^, V^, e t c .  Assuming the  
exact modes to  have been n orm alised , the con ten t o f  th e  p th
r Lmode i s  found by ev a lu a tin g  / x .x  .dz or  making the
O'
eq u iv a len t summation in  the case o f  a lumped parameter
system , which fo r  th e mode s e le c te d  would mean ev a lu a tin g
Z m .x  .x  . T his modal con ten t i s  r e la te d  to  th e  fu n c tio n  r  r  re
used in  th e  p resen t a n a ly s is  in  th a t  (mod&l co n ten t) = 1 -  
(error  fu n c tio n ) . I f  the err o r  fu n c tio n  used in  the ca se  
o f  th e computation o f  th e  5th  mode fo r  th e uniform f r e e - f r e e  
beam u sin g  M yklestad*s model w ith  10 s t e p s ,  and found to  be 
•2457 • • •  had been eva luated  as modal con ten t th e f ig u r e  o f  
•9395 would have been ob ta in ed . Suppose th a t  by u sin g  
some oth er method o f c a lc u la t io n  the error fu n c tio n  had been  
eva lu ated  a t  h a l f  the value obtained  above namely .1 2 2 8 .
Then the f a c t  th a t th ese  errors are on ly  h a l f  th e o r ig in a l  
i s  ob viou s. I f  however the modal con ten t was computed fo r  
the second example i t  would be .9849 which appears m is le a d in g ly
c lo s e r  to  u n ity  r e la t iv e  to the o r ig in a l f ig u r e  o f  .9395*  
The note a ttach ed  to  Table T .1 .4  i s  developed from a 
measure o f  th e  unwanted modes ra th er  than from the exact  
modes.
Apart from th e  ch o ice  o f method o f  d e f in in g  error  
in  modal shape, th ere i s  l i t t l e  to  comment to  make except  
to  say th a t  in  g en era l, w ith  lumped m odels, i f  one method 
produces l e s s  erro r  in  V than does another method, then  
th ere  i s  a lso  an improvement in  th e modal shape. The 
g r e a te s t  advantage i s  obtained  when d ea lin g  w ith  beams 
which have zero am plitude a t both ends in  th a t  w ith  ten  
or more s tep s  the lumped system s are extrem ely accu rate in  
determ ining V. Extrem ely accurate modal shapes are a lso  
ob ta in ed . See Table T .1 .4  fo r  th e M yklestad model u s in g  
10 e lem en ts.
Methods in  which a d d it io n a l eq u ilib r iu m  equations are used to  
d efin e  the tr a n s fe r  acro ss  an elem ent
Equation 1 .27  i s  the b a s is  o f  the ta b u la t io n  method fo r  
so lu t io n  o f th e  uniform  beam v ib r a tio n  problem u sin g  N equal 
elem en ts, and in  p a r t ic u la r , u sin g  th e model su g g ested  by 
M yklestad.
The in d iv id u a l equations in  th e m atrix o r ig in a te  from  
equations 1.1 to  1 .4  which are deduced from th e c o n d itio n s  shown 
in  Figure 1 .1 .  F igure 1 .4  i s  a m odified  form o f  F igure 1.1  
making use o f  the m odified  v a r ia b le s  X ,D ,B ,S .
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A s te p  or elem ent i s  considered  su b jected  to  a d is tr ib u te d  
load  as in d ic a te d  by F igure 1 .4  where th e in t e n s i t y  o f  the lo a d  i s  
d efin ed  by v a r ia b le s  U and Q, which are com patible in  typ e w ith  
th e v a r ia b le s  B and S.
M od ifica tion  o f  Equations 1.23 to  1 .2 6  g iv e s :
S + £ k S = S + U +  Q/2! ' (eq u ation  1 .30 )
B + A b = B + S + U/2! + Q/3 (eq u ation  1 .3 1 )
D + A D  = D + B + S /2! + U/3! + 0 /4 ! (eq u ation  1 .3 2 )
X + &X =.X + D + B/2! + S /3 ! + U/4! + Q/5! (eq u a tio n  1 .3 3 )
I f  Xp i s  used to  denote the value o f  the am plitude a t
a d ista n ce  pL/N from th e  b eg inn ing  o f  the elem ent,
Xp = X + p.D + p2 .B /2 ! + p ^ .S /3 ! + p^.U A ! + p5 .Q /5! (eq u a tio n  1 „34)
An elem ental le n g th  o f  the beam elem ent denoted  by $p w i l l  
co n tr ib u te  an in e r t ia  fo rce  o f  (m .Q /L ).X ^ . Sp to  the system  and
dynamic c o m p a tib ility  i s  m aintained by s e le c t in g  U and Q such th a t  
the t o t a l  fo r c e  on th e  elem ent and the l i n e  o f  a c t io n  o f  th is  fo rce  
deduced from U and Q i s  th e  same as the fo r c e  and th e l i n e  o f  
a c tio n  deduced from equation  1 .34* The l in e  o f  a c t io n  may be 
obtained  in  terms o f  the magnitude o f  th e  fo rce  and i t s  f i r s t  
moment about the beginning o f th e  elem ent.
The d eterm ination  o f  "the t o t a l  fo rce  on an elem ent 
req u ires th a t:
U + Q/2 = (X + D/2! + B/3! + S /4 ! + U/5! + Q/6!).W  (eq u a tio n  1 .3 5 )
c o n t’d . . .  p . 58
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Figure 1 .4  Element under a load  o f  l in e a r ly  
varying in t e n s i t y .
and s im ila r ly  by tak in g  moments
U/2 + Q/3 = (X/2 + D/3 + B/8 + S/30 + U /144 + Q/8l*J0.) .W (eq u ation  1
2 h*s u b s t itu t io n  fo r  W = (m<#> /E l )  . ( i /N )  being made.
1 .6 .1  S o lu tio n  in  which each elem ent i s  assumed to  be su b jec ted  
to  a un iform ly  d is tr ib u te d  load
In an endeavour to  sim u late r e a l i s t i c  co n d itio n s  
along an element^Q i s  taken to  b e  zero and o n ly  one o f  th e  
equations 1 .35  and 1 .36  needs to  be so lv ed , and lo g i c a l l y  
t h is  sh ou ld  be th e equation  based on lo a d  ra th er  than  
moment. Hence a f te r  s l ig h t  re-arrangem ent eq u ation  1 .35  
becom es:
U = l i w r *  (X + D/2! + B/ 3! + S /W ) (eq u a tio n  1
The va lu e o f U i s  ob ta in ed  fo r  the elem ent and 
equations 1 .3 0  to  1 .33 ev a lu a ted , Q having been e lim in a te d .
Examining equation  1 ©3jl i t  i s  apparent th a t  
inadm issable r e s u lt s  w i l l  be ob ta ined  should th e denominator 
o f  the r ig h t  hand s id e  tend  to  zer o . Hence i t  must be 
ensured th a t W remains sm all in  r e la t io n  to  120.
S ince i t  i s  in tended  th a t N w i l l  be 10 or more in  
order to  produce s u f f i c ie n t  p o in ts  to  d e f in e  the modal 
shape, and s in c e  v a lu es  o f  V are not req u ired  beyond th e  
f i f t h  mode fo r  th e clamped-clamped beam, where V  = 17*2 
i t  i s  seen  that V/N w i l l  n ot exceed  1 .72  . . .  C onsequently  
w ith  th ese  va lu es  W = (V/N)^ w i l l  n o t exceed  about 9* which  
i s  con sid ered  to le r a b ly  sm all in  r e la t io n  to  120.
Equation 1 .3 lt may be expanded in  terms o f  W by
w r itin g
U = (W + W^/5! . . . ) . ( X  + D/2! + B /3! + S / k l )  (eq u a tio n  1 .3 8 )  
and i f  th is  equation  i s  su b s t itu te d  in to  equations 1 .3 0  to  
1 .33  a tran sform ation  i s  produced o f  the form:
&
s + As" = [ A } .
«----
CO1
B + Ab B
D + A d D
XW + Axm _ X '
where i s  the fou rth  order square m atrix g iv en  by:L 4
0 0 0
1 0 0
1 1 0
1
2 1 1
+ (term s 
W2 e tc )m
(eq u a tio n  1 .3 9 )
where fo r  b r e v ity  has been used to  denote l / ( r ! )
I f  equation  1 .39  i s  compared w ith  equation  1 .2 8  i t  i s  seen  
th a t errors o f  order W occur, as was th e case w ith  the  
M yklestad model, but th a t  th ere  is  a co n sid era b le  improvement 
in  th a t w ith  the M yklestad model on ly  1 term ou t o f  16 was 
co rr ec t  and w ith the method p r e se n tly  b ein g  d isc u sse d  7 terms 
are c o rr ec t  out o f  16 . This may be c l a r i f i e d  i f  th e fo u rth  
order square m atrix g iv in g  the c o e f f i c ie n t s  o f  order W are 
s e t  out to  3 decim al p la ces  fo r  th e  exact s o lu t io n ,  th e  
M yklestad model and the p resen t method.
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Exact m atrix . Matrix deduced M atrix deduced fo r
from M yklestad the p resen t s o lu t io n ,  
model.
I t  i s  somewhat su r p r is in g , th e r e fo r e , th a t  th e  b e t te r
approxim ation to  the m atrix a f f e c t in g  terms o f  order W was
not f u l l y  a p p recia ted  when num erical r e s u lt s  were ob ta in ed .
B r ie f ly  th o se  beams w ith n e ith e r  end free  were ev a lu a ted
w ith  s u b s ta n t ia l ly  g rea ter  errors fo r  10 s te p s , them w ith
th e  M yklestad model, and improvement was on ly  e f f e c t e d
according to  N in s te a d  o f  th e  p revious N . Beams
in corp ora tin g  a fr e e  end showed on ly  sm all improvement fo r
any fr e q u e n c ie s , and fo r  some freq u en cies  were s l i g h t l y
- 4
l e s s  a ccu ra te , th e  errors rem aining p rop o rtio n a l to  N .
The n ecessa ry  a n a ly s is  to f in d  e x a c tly  why th e  apparent 
improvement in  th e  tr a n s fe r  c o e f f i c ie n t s  a f f e c t in g  term s 
in  W was not 3hoY«i in  t h is  case has not been c a rr ied  o u t,
but some e f f e c t  may l i e  in  th e  fa c t  th a t  w ith  th e  M yklestad
model some o f  the c o e f f i c ie n t s  are h ig h er  and some lov/er 
than fo r  the exact s o lu t io n , but in  the case o f  the p resen t
so lu t io n  a l l  errors are h ig h . In f a c t  many o f  th e  errors
are g r e a te r  than w ith  th e M yklestad model. T h is e f f e c t  i s  
more apparent i f  the errors in  the c o e f f i c ie n t s  are g iven  
as:
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Errors in  m atrix fo r  
M yklestad m odel.
Errors in  m atrix fo r  
the p resen t s o lu t io n .
Errors in  c a lc u la t in g  V fo r  th e  f i r s t  f iv e  n a tu r a l 
modes o f th e  s ix  co n fig u ra tio n s  o f  a th in  beam w ith  f r e e ,  
pinned or clamped ends are g iven  in  Table T .1 .6  and c o r r e s ­
ponding errors in  modal shape in  Table T .1 .8 .
1 .6 .2  A so lu t io n  in  which each elem ent i s  assumed to  be su b jec ted  
to  a d is tr ib u te d  load  varying l in e a r ly  in  in t e n s i t y
In th is  method o f  s o lu t io n  both equations 1 .3 5  and 
1 .36  are made use o f  and con seq u en tly  va lu es o f  U and Q 
are computed from the v a lu es  o f  X,D,B and S a t th e  b eg inn ing  
o f  each elem ent.
R e-arranging eq u ation s 1 .35  and 1 .36  the fo llo w in g  
p a ir  o f  equations i s  ob tained:
— i f - 1 -120j \2W
1 ) (  1 _  
144j{,3W
720j
— 1840J
24
jL
30
■»X
D
B
su ^
(eq u a tio n  1 .4 0 )
For equation  1 .40  to  be m eaningful th e  determ inant 
o f  th e  ( 2 x 2 )  m atrix on th e r igh t-h an d  s id e ,  b e fo re  ta k in g  
the in v e r se , must n ot approach zer o . This r eq u ir es  th a t W
i s  sm all compared w ith  26 , which may be shown by e v a lu a tin g  
the determ inant and examining the r e s u lt in g  q u ad ra tic .
In s e c t io n  1.6*1 i t  was argued th a t W would not exceed  9* 
and con seq u en tly  th e  equation  1.2*0 would not be i l l -  
co n d itio n ed .
In th e  num erical a n a ly s is  equation  1.2+0 has been  
used in  the form g iven  fo r  ev a lu a tio n  o f  U and Q but in  
order to  develop  an e x p ress io n  s im ila r  to  equation  1 .39  
fo r  e stim a tio n  o f  errors i t  i s  n ecessa ry  to  note th a t  th e  
expansion o f  equation  1.2*0 as fa r  as terms in  W le a d s  to :
* M
u = w. “ 2*. - 6 “
Q - 6 12
= -W. ~ 1 0
-1 1 1
T 2 6
1 1 1
2 3 8
-1 - r i
12 30
1
2 20
MR "xa
D
B
J1 , S.
X
D
B
S
and hence s u b s t itu t io n  in to  equations 1 .30  to  1 .3 3  g iv e s :
+ W. J J
r*
s + ^ S =.
SP*
1 0 0 0
B + &B 1 1 0 0
D + A d 12 1 1 0
X + A x 12 1 1
1 1 1 1
22*. 6 2
1 1 1 1
120 22*. 6 2
1 1 1 1
12+2*0 12*2+ 22+ 6
-1 1 1 1
7 2 0 0 12*2*0 120 22+
(eq u a tio n  1,
As w ith  a l l  the so lu t io n s  examined so f a r  th e  fo u r th  
order m atrix independent o f  W i s  ex a ct in  a l l  term s, and th e  
errors in  terms in  th e m atrix o f  c o e f f i c ie n t s  o f  W are  
given  below f o r  comparison w ith  th e  corresponding erro rs
g iven  by th e  M yklestad m odel, co rr ec t to  3 decim al p la c e s :
Whereas, as shown in  s e c t io n  1.6*1 the so lu t io n  
based on the p rocess not co n ta in in g  Q d id  not produce 
a m atrix o f  c o e f f i c ie n t s  o f  W s ig n i f ic a n t ly  b e t t e r  than  
th a t deduced fo r  th e M yklestad model, th ere  i s  g rea t  
improvement when both th e  U and Q e f f e c t s  are taken  in to  
account. This i s  borne out by th e  num erical r e s u lt s  
obtained  w ith  a l l  s ix  th in ,  uniform beam c o n fig u ra tio n s  
where th e  ends are f r e e ,  pinned or clamped. D e ta ils  
are g iven  in  Table T .1 .7  w ith  referen ce  to  errors in  V 
and in  Table T .1 .8  w ith  re fe ren ce  to  errors in  modal shape. 
Thus, the r e s u lt s  ob tained  by u sin g  a s o lu t io n  based on 
assuming th a t each elem ent i s  under a d is tr ib u te d  lo a d  o f  
l in e a r ly  varying in te n s ity  i s  s u p erior  to  any lumped model 
in  th a t  a l l  beam c o n fig u ra tio n s  examined show th a t err o rs  in  
V are p rop ortion a l to  N \  A lso , th a t  even f o r  th e  co n fig u ra ­
t io n s  where errors are a lread y  o f  t h i s  order in  N f o r  th e  
M yklestad model, th ere  i s  s t i l l  a sm all o v e r a ll  improvement 
in  c a lc u la t in g  V fo r  the f i r s t  f i v e  n a tu ra l modes o f  
v ib r a t io n . There i s  a ls o  an improvement in  determ ining  
the modal shapes although in  th e th ree  c o n fig u ra tio n s  w ith  
n e ith e r  end f r e e ,  errors in  modal shape are very  sm a ll u s in g  
th e M yklestad model.
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"  ~ T ab le  T.1 .6
E r ro rs  in  c a lc u la t in g  th e  fre q u e n c y  param eter V u s in g  a s o lu t io n  
based  on th e  assum ption  t h a t  each s te p  behaves as i f  a c te d  upon 
by a u n ifo rm ly  d i s t r i b u t e d  lo a d
These t a b le s  c a t e r  f o r  e v a lu a t io n  o f  the  f i r s t  f i v e . f re q u e n c ie s  f o r ;
th e  s i x  t h i n  u n ifo rm  beam c o n f ig u ra t io n s  in  which th e  ends a re  e i t h e r
f r e e ,  p inned  o r  clam ped. In  a l l  c a se s  th e  e r r o r s  in  V may be ta k en  as
—2p ro p o r t io n a l  to  (number o f  s te p s  ) . C onsequen tly  i t  i s  co n v e n ie n t to
g iv e  th e  e x a c t v a lu e s ,  th e  p e rc e n ta g e  e r r o r  in  freq u en cy  u s in g  10 s t e p s ,  
and th e  co rre sp o n d in g  p e rc e n ta g e s  e r r o r  f o r  th e  M yklestad  model w ith  10 
s t e p s .
Beam
C o n fig u ra tio n
Mode
1
Mode
2
Mode
3
Mode
4
Mode
5
f r e e - f r e e
E xact 4 .730 7 .853 10.996 14.137 17.279
/v e r r o r 0 .4 1 .7 3 .8 6 .9 11 .0
by M yklestad -3 .0 -4 .9 -6 .7 - 8 .4 -1 0 .0
P in n e d -fre e
E xact 3 .927 7 .069 10.210 13.352 16.493
c/o e r r o r 1 .2 7 .2 6 .0 9 .9 15.1
by M yklestad -1 .3 -2 .3 -3 .3 -4 .3 -5 .5
C lam ped-free
E xact 1.875 4 .6 9 4 7 .855 10.996 14.137
% e r r o r 0 .2 1 .4 3 .3 6 .3 1 0 .4
by M yklestad -0 .5 -1 .6 -2 .6 - 3 .6 -4*6
Pinne d -p in n ed
E xact 3 .142 6.283 9 .425 12.566 15.708
% e r r o r 0 .4 1 .7 3 .8 6 .9 1 1 .0
by M yklestad 0 .0 0 .0 -0 .1 —0 .2 —0 .7
Cla mp ed-ciam pe d
E xact 4 .7 3 0 7 .853 10.996 14.137 17.279
% e r r o r 0 .5 1 .9 4 .2 7 .4 11 .8
by M yklestad 0 .0 0 .0 —0 .2 -0 .6 - 1 .5
Clam ped-pinned
E xac t 3 .927 7 .0 6 9 10.210 13.352 16.493
/b e r r o r 0 .5 1 .8 4 .0 7 .2 1 1 . 4
by M yklestad 0 .0 0 .0 -0 .1 —0*4 -1 .1  J
^  T ab le  T .1 .7
E r ro rs  in  C a lc u la t in g  th e  freq u en cy  param eter V u s in g
a s o lu t io n  b ased  on th e  assu m p tio n  t h a t  each  s te p  behaves as  if*
a c te d  upon by a d i s t r i b u t e d  lo a d  w ith  l i n e a r l y  v a ry in g  i n t e n s i t y
These ta b le s  c a t e r  f o r  th e  e v a lu a tio n  o f th e  f i r s t  f iv e  f re q u e n c ie s  
f o r  th e  s ix  t h in  un ifo rm  beam c o n f ig u ra tio n s  in  which th e  ends a r e  e i t h e r  
f r e e ,  p inned  o r  clam ped. I n  a l l  c a se s  th e  e r r o r s  in  V may be ta k e n  a s  
p ro p o r t io n a l  to  (number o f  s te p s )  C onsequen tly  i t  i s  c o n v e n ie n t to
g ive  th e  e x a c t v a lu e ,  th e  p e rc e n ta g e  e r r o r  in  freq u en cy  u s in g  10 s te p s  
and th e  co rresp o n d in g  p e rc e n ta g e  e r r o r  f o r  the M yklestad  model w ith  10 
s te p s .
Beam
C o n fig u ra tio n
Mode
1
Mode
2
Mode
3
Mode
4
— "
Mode
5
F r e e - f r e e
E xact 
% e r r o r  
by M yklestad
4 .7 3
0 .0 0
-3 .0
7 .853
0 .0 3
- 4 .9
10.996
0 .1 0
- 6 .7
14.137
0 .2 6
- 8 . 4
17.279
0 .5 7
-1 0 .0
P in n e d -f re e
E xact 
% .e rro r 
by M yklestad
3.927 
■ 0 .00  
-1 .3
7 .069
0 .0 2
-2 .3
10.210
0 .0 7
-3 .3
13.352
0.21
-4 .3
16.493
0 .4 8
- 5 .5
C lam ped-free
E xact 
fo e r r o r  
by M yklestad
1.875
0 .0 0
-0 .5
4 .6 9 4
0 .0 0
-1 .6
7 .855
0 .03
- 2 . 6
10.996
0 .1 0
-3 .6
14.137
0 .2 5
—4 .6
P in n ed -p in n ed
E xact 
fo e r r o r  
by M yklestad
3 .142
0 .00
0 .00
6.283
0.01
0.01
9.425
0 .0 5
-0 .0 7
12.566
0 .1 7
-0 .2 5
15 .708  
0 .3 9  I 
-0 .7 3  !
Clamped-clamped 
E xact 
% e r r o r  
by M yklestad
4 .730
0 .00
0 .00
7 .853
0 .0 2
-0 .0 2
10.996
0 .0 9
-0 .0 4
14.137
0 .2 4
-0 .0 7
17.279
0 .5 0
-1 .1 8  I
Clam ped-pinned 
E xact 
fo e r r o r  
by M yklestad
3.927
0 .0 0
0 .00
7 .0 6 9
0 .0 2
-0 .0 2
10.210
0 .07
-0 .11
13.352
0 .2 0
-0 .3 8
16.493 
. 0 .4 5  
-1 .0 7
T ab le  T .1 .8
Errors in  c a lc u la t in g  the modal shapes o f  th in  uniform beams 
using s o lu t io n s  based on th e  assum ption th a t each step  behaves
as i f  a c ted  upon by a d is tr ib u te d  load
For a d e f in it io n  o f the error in  modal fo r c e  see note above 
Table T .1 .4 .
Values are given fo r  the 10 s t e p  so lu t io n  by three m ethods.
(1) In which each step  i s  con sid ered  to  be loaded  uniform ly
(2) In which each s te p  has a l in e a r ly  varying in t e n s i t y  o f  
lo a d in g
(3 ) The M yklestad lumped model
The f i r s t  f iv e  n a tu ra l modes are con sid ered  fo r  the s ix  beam 
co n fig u ra tio n s  in  which the ends are  f r e e ,  pinned or clamped.
Beam
C o n fig u ra tio n
Mode
1
Mode
2
Mode
3
Mode
4
" .............
Mode
5
F r e e - f r e e
( 1)
(2 )
(3 )
0.001
0 .000
0 .016
0.012
0 .000
0.056
0 .032
0 .0 0 0
0 .110
0 .057
0 .000
0 .175
0 .0 9 0
0.001
0 .2 4 6
P in n e d -f re e
( 1)
( 2)
(3 )
0.003
0 .000
0 .015
0 .0 1 4
0 .000
0 .049
0 .0 3 4
0 .000
0 .100
0 .060
0 .0 0 0
0.163
0 .0 9 5
0 .0 0 0
0 ,233
C lam ped-free-
( 1)
(2 )
(3 )
0 .000
0 .000
0.001
0 .0 0 7
0 .0 0 0
0 .022
0 .0 2 4
0 .000
0 .060
0 .0 4 8
0 .000
0 .1 1 4
0 .0 8 2
0 .0 0 0
0 .179
P in n ed -p in n ed
( 1)
f i j
J 0 .000 0.000 0 .000 0 .000 0 .0 0 0
Clamped-c lampe d
( 1)
(2 )
(3 )
0 .000
0 .0 0 0
0 .0 0 0
0.002
0 .000
0 .000
0.009
0 ,000
0 .000
0 .0 1 7  
. 0 .000  
0 .002
0 .027
0.001
0 .007
Clamped-Dinned
( 1)
(2 )
(3 )
0 .000
0 .000
0 .000 0
0
0
o
c
a
0
0
0
 
0
0
0
 
0 
0 
-f“ 0 .011
0 .000
0 .0 0 0
0 .019
0 .0 0 0
0 .0 0 2
0 .0 2 8
0 .001
0 .0 0 6
-  t/ -
1 .7  S o lu tio n s  u sing  g e n e r a lis e d  coord inates
With d is c r e te  mass m odels, such as th a t due to  Jifyklestad, 
i t  has a lread y  been s ta te d  th a t  the approxim ation has been made 
in  choosing the m odel. A fter  which i t  i s  im m aterial w hether th e  
model i s  so lv ed  by ta b u la tio n  methods due to  M yklestad, o r  by o th er  . 
methods, such as by the s o lu t io n  o f  a s e t  o f  sim ultaneous equations  
each o f  which d e f in e s  the eq u ilib riu m  o f  one d iso r e te  m ass. The 
so lu t io n s  proposed in  s e c t io n  1 .6  req u ire th a t in  th e  ta b u la t io n  
each elem ent i s  analysed  to  s a t i s f y  dynamic and e l a s t i c  co n d itio n s  
determ ined by the cu rre n tly  assumed frequency. There i s  no 
c o n s is te n t  p h y sica l model and no eq u iv a len t s o lu t io n  may be w r itten  
as a s e t  o f  sim ultaneous equations corresponding to  th e  methods 
d escrib ed  in  s e c t io n  1 .6 .  However, a more econom ical s o lu t io n  
than from the lumped model may be obtained  by u sing  c a r e fu l ly  
s e le c te d  g e n e r a lise d  co ord in a tes  which used c o l l e c t i v e ly  w i l l  d e fin e  
th e  modal shape o f  a beam when v ib ra tin g  in  one o f  i t s  n a tu ra l  
modes.
1 *8 The development o f  a system  o f  g e n e r a lis e d  coo rd in a tes  to  provide  
an econom ical rep resen ta tio n  o f  a v ib r a tin g  beam
I f  th e  mass o f a v ib r a tin g  system i s  con sid ered  to  be
concentrated  in  d is c r e te  m asses, sa y , m. jm^y.^m , .  ..m  then  a s e t* V  2 p* n
o f  sim ultaneous equations may be formed in  terms o f  g e n e r a lis e d
coord inates which are th e  am plitudes o f  th e  motion o f  th e  sep a ra te
m asses, say  x ^ ,x ^ ,„ . .x ^ , . . .x ^ . The e l a s t i c  p r o p e r tie s  o f  the
system  may then be incorporated  in to  an array o f  c o e f f i c i e n t s  Jj£| ,
which i s  a square m atrix o f  order n in  which A = A = s t a t i c  * rs s r
disp lacem ent a t  th e  mass r  due to  a c t io n  o f  u n it fo r c e  a t mass s .
I f  the c ir c u la r  frequency o f  the v ib r a to iy  motion being  con sid ered
i s  c*3 then the in e r t ia  fo rce  a t maximum disp lacem ent o f  the p -th  
2
mass i s  *m x and the summation o f  th e  a c tio n s  o f  a l l  o f  th e  n 
P P
in e r t ia  fo r c e s  i s  g iv en  com p lete ly  by p i j  where[m] i s  a
d iagon al m atrix o f  order n in  which M = m^  , -M = 0 ,  and JxJ
i s  the column v e c to r  in  which X = x . As the e f f e c t  must ber  r
to  g iv e  to  each mass the d isplacem ent assumed in  computing th e  
in e r t ia  fo r c e s  the fo llo w in g  m atrix equation i s  obtained:
{ x}  = { * }  ( equation  1 ,4 2 )
There w i l l  in  gen era l be n d is t in c t  s o lu t io n s  o f  eq u ation
1*42 y ie ld in g ,  fo r  each roo t in  GJ , a corresponding mode |*X^ J .
These s o lu t io n s  may be d e fin ed  in  terms o f  the c h a r a c te r is t ic
m atrix M M  . The e ig en -v a lu es  o f  M J are the
-2sep arate v a lu es  o f  CJ  and the e ig e n -v e c to r s  are th e corresponding
modes [ x 3 -
The in v e s t ig a t io n  i s  r e s t r ic t e d  to  the a n a ly s is  o f  system s 
where the separate beams are of con stan t mass per u n it  len gth *  
However in  Part 2 th e in tro d u ctio n  o f  p r e tw is t  to  beams in  which th e  
ro ta ry  in e r t ia  i s  n o t n e g l ig ib le  req u ires  co n sid era tio n  o f  system s 
o f  v a r ia b le  in e r t ia  per u n it  le n g th . In order th a t  the p resen t  
a n a ly s is  may more r e a d ily  be extended to  the a n a ly s is  o f  v a r ia b le  
in e r t ia ,  th e  so lu t io n  o f  equation  1*42! w i l l  be developed on th e  
assumption th a t  th e d is c r e te  masses m^.e.m^ are n o t id e n t ic a l .
This means th a t the product M L  i s  n o t sym m etric. Now 
w h ils t  techn iques are a v a ila b le  fo r  ev a lu a tin g  e ig e n -v a lu e s  and
e ig e n -v e c to r s  o f  non-symmetric m atr ices , computer s to ra g e
requirem ents may be reduced con sid erab ly  i f  n i s  la r g e  and th e
m atrix i s  symmetric by arranging th a t on ly  th e le a d in g  d iagon al
and the terms above i t  are stored* In Part 2 a need a r is e s  to
eva lu a te  e ig e n -v a lu e s  which are occurring e ith e r  as equal ro o ts
or as n early  equal r o o ts , and a method o f  e v a lu a tio n  such as
J a c o b i's  method i s  found n ecessa ry . A p r e r e q u is ite  o f  J a c o b i's
method i s  th a t th e  m atrix must be symmetric* Equation 1 *A2 may
be converted  to  a symmetric form by p re -m u ltip ly in g  both s id e s  o f
1 1 
the equation by £ > ■ ]*  and by w r itin g  [ c ]  = whence
M i M £ * ]  * [ x]  = co- 2 [ m i i  J x]
or M B  = Cj  2 ^  (eq u ation  1.4-3)
JL 1
where i s  th e  symmetric m atrix £ m ] 2 ! > ] [ >  f .
W hilst n e ith e r  [T *] nor r e ta in  any p h y s ic a l r e la t io n ­
sh ip  to  th e  o r ig in a l  system , [ T 1  i s  a m atrix whose e ig e n -v a lu e s
-2are the requ ired  va lu es  o f  CO and although th e  elem ents o f  the  
e ig e n -v e c to r s   ^ , are n e ith e r  g en era lised -a m p litu d es nor
g e n e r a l is e d - fo r c e s - , modal shape i s  r e a d ily  ob ta in ab le  from
the simple r e la t io n s h ip  {c }  = .
I t  i s  m eaningful to  a llow  the term " g en era lised  coordinate"  
apply to  each term in  an e ig en -v e c to r  [ c ]  . An analagous group 
o f  g e n e r a lise d  coord in ates i s  now d escr ib ed  fo r  a s in g le  th in  uniform  
beam in  order th a t -the equations 1 *A2 and 1 .A3 may be rep la ced  by a 
s im ila r  m atrix equation  but o f  lower order than requ ired  by a 
d is c r e te  mass system  in  ob ta in in g  a g iven  accuracy o f  s o lu t io n .
A ser ie s  o f  l in e a r ly  independent polynom ials i s  con stru cted  
such th a t  "by summing s c a la r  m u ltip le s  o f  these polynom ials any o f  
the f i r s t  f iv e  n a tu ra l modes o f  v ib ra tio n  may be rep resen ted  to  
w ith in  an a ccep ta b ly  low degree o f  error* In f a c t ,  fo llo w in g  th e  
form o f  exp ression  used in  equation  1*43 each polynom ial has th e
in te r p r e ta t io n  o f  (th e d e f le c te d  form a t any p o s it io n  along the
±
beam le n g th ) m u lt ip lie d  by (th e  lo c a l  mass per u n it  le n g th )2*
As an i n i t i a l  s e r ie s  the polynom ials a ^ , . . *a^ ,. • *s^ have
been considered  such th a t a^ = q  ^ where q = z /L , th e  p rop ortion  o f
t o t a l  beam le n g th  from one end to  the s t a t io n  considered* Each 
o f  th ese  polynom ials a^ w i l l  be a sso c ia te d  w ith  d is tr ib u te d  fo r c e s
where th e in t e n s i t y  o f fo rce  per u n it  le n g th  a t q w i l l  be 
2 —
U)  *(nv/L )2 .a^ where i s  th e  c ir c u la r  frequency o f  the m otion and
( m / h )  i s  taken to mean the lo c a l  in t e n s i t y  o f  mass per u n it  le n g th .
2
This d is tr ib u te d  fo rce  computed fo r  6 - 3 = 1  w i l l  r e s u lt  in  a
d e f le c te d  shape y  from which can be co n stru cted  th e d e f le c t io n  
P
curve in  terms o f  the polynom ials aQ*»*a^ by m u ltip ly in g  th e
d e f le c te d  form at q by ( m / h ) 2 ,  and determ ining th e p rop ortion s o f  
each o f  the polynom ials aQ ..*a^ p resen t in  the ex p ressio n  thus
ob ta in ed . In order th a t th ese  p roportions may be ob ta in ed  w ith  
the minimum o f  com putation i t  i s  p referab le  th a t the polynom ial 
are norm alised  and m utually orthogonal in  the range q = 0 to  L, 
th a t  i s  to  say,
f* 2 p i
I (b ) *dq = 1 ,  J b b d q = 0  (eq u a tio n  1*44)
P T S
where b ^ , . . .b  i s  a s e r ie s  o f  polynom ials d ed u cib le  from th e  O n
s e r ie s  a ^ , .* .a  •0 n
The sequence o f o p era tio n s described  in  the p rev ious  
paragraph may be summarised th u s : -
A d is tr ib u te d  fo rce  d efin ed  a t q as an in t e n s i t y  o f
( m / h ) 2}) w i l l  act upon th e  beam so th at a beam d e f le c t io n  y  i s  
P P
produced from which i t  may be computed th a t
n.1 §
(n /L )2 .y  = ^ j B sp #bs (eq u ation  1 .4 5 )
S * 0
An array , Cb ]  may be formed from th e elem ents B  and
i t  i s  now shown th a t  [ B ]  w i l l  be sym m etrical. Consider th e
beam to  be acted  upon by d is tr ib u te d  fo r c e s  d erived  from th e  
fo llo w in g  polynom ials, taken in  t h is  sequence:
b , b , -b  , -bp s p s-
th e e f f e c t s  o f  su p erp o sitio n  b ein g  l in e a r  as i s  assumed throughout
th e  in v e s t ig a t io n .  The a d d ition  and ev en tu a l removal o f  th ese
fo rce  system s w i l l  le a v e  the beam in  an u n stra in ed  s t a t e ,  and hence
the t o t a l  work done must be zero . But th e  t o t a l  work done i s ,  from
the d e f in it io n s  g iven ,
L ( m / L ) 2 . / f  ib  y  + (b + ib  )y  -  (Jb + b )y  -  y  1  dq
J  L  P P P s s * p s p * s s j
*>• j:L (n /L )2. J (bpy g -  bsyp) .d q .&
This equation  sh ou ld  be zero which req u ires  th a t
b , dq = rs  r
^
sn
b . B. b . dq s<--J rp r
b  r= 0
(eq u ation
Since the polynom ials b g , , , . b n are norm alised  and 
orthogonal over the range q = 0 to  1, the l e f t  hand s id e  o f  eq u ation
1 .46  has a l l  term s e lim in a ted  except r  = p and th e  r ig h t  .hand-side  
o f  the same equation  has a l l  terms e lim in a ted  excep t r  = s .  Thus 
i t  fo llo w s  th a t ^ pa = B • This sim ple a p p lic a tio n  o f  M axw ell's
R eciproca l Theorem depends e s s e n t ia l ly  upon d e fin in g  th e  polynom ials  
^0**°^n m utually  orth ogon a l.
The polynom ials a ^ . . a r e  r e a d ily  d e fin ed  and th e  
polynom ials b ^ . .  b^ are computed and stored  as d is c r e te  v a lu es
J }.and not as a n a ly t ic a l  e x p r e ss io n s . Hence b^dq i s  to  be
in te r p r e te d  as a num erical in te g r a t io n  over a range o f  d is c r e te  
v a lu e s .
The v a lu es  corresponding to  b^ are computed from th e  
corresponding v a lu es  o f  a^ and from b ^ ,b ^ ,.. .b ^   ^ which o u st  be 
computed in  sequence.
In general, va lu es  are computed corresponding to
I
a -  /  | b  . I a b dq V = (sa y ) a * and th ese  v a lu es  are
P L a  L  r  J  ■ P r  3  Pr* o ®
norm alised  by computing
bp = a* . ^  J" ( ap)^*5.q. 2 (eq u ation  1 .4 7 )
The c o e f f i c ie n t s  o f are obtained  by a s e r ie s  o f
num erical in te g r a tio n s  in  sequence. Only the c l a m p e d - f r e e f r e e -  
fr e e  and piim ed-pinned con b in ation s o f  end co n d itio n s  are examined 
s u f f i c i e n t l y  to  determ ine the order o f  [ b ]  requ ired  to  a ch ieve  a 
g iven  accuracy in  computing th e  n a tu ra l fr e q u e n c ie s . No attem pt 
i s  made to  analyse beams w ith  more end c o n s tr a in ts  "than are
-  73 -
n ecessary  to  provide eq u ilib r iu m  under the a c t io n  o f  s t a t i c  f o r c e s » 
Such co n fig u ra tio n s  may be tr e a te d  by t h is  method o f  d escr ib in g  
the s tra in ed  form o f  the beam. Use i s  made o f  s e le c t e d  s c a la r  
m u ltip le s  o f  a s e r ie s  o f  orthogonal norm alised  polynom ials by 
extend ing th e  computation o f  in  order to  make co r r e c tio n s  fo r  
a d d it io n a l shear fo r c e  and bending moment e f f e c t s  a t  the ends as i s  
done w ith  o v e r - s t i f f  system s in  gen era l p r a c t ic e , and as would be 
done w ith  a d is c r e te  mass m odel.
With a beam such as the f r e e - f r e e  c o n fig u r a tio n , two r ig id  
body motions are p o s s ib le  in  th a t n e ith e r  tr a n s la t io n  n or r o ta t io n  
may be r e s is t e d ,  and fo r  such a system fo r c e  d is tr ib u t io n s  which 
have e ith e r  a r e su lta n t  fo r c e  or r e su lta n t  moment must be e lim in a te d .  
T his i s  ach ieved  by develop ing the m atrix £ B*J fo r  th e  clam ped- 
fr e e  beam d e fin in g  b^ as im plying a tr a n s la t io n  and b^  as im plying
a r o ta tio n  about an a x is  which m aintains o r th o g o n a lity  between b^
and b^. I t  i s  seen  th a t by s ta r t in g  w ith  the prem ise th a t  a_^  = q^,
then b^ and b^  w i l l  s a t i s f y  th e tr a n s la to r y  and ro ta ry  requirem ents
r e s p e c t iv e ly .  The terms in  £ b ][ r e la t in g  to  b^ and b^  are then
com pletely  removed from |jB j| producing a m atrix o f order n -2 , T his  
new array i s  so lv ed  f o r  the e ig en -v a lu es  and e ig e n -v e c to r s  in  
the manner used f o r  the c a n t ile v e r  or fo r  the sim ply supported beam 
and th e r e s u lt s  ob ta ined  fo r  th e three co n fig u r a tio n s  are g iven  in  
Tables T .1 .9  to  T .1 .1 2 .
The r e s u lt s  show th a t a g e n e r a lise d  coord inate method u sin g  
fu n ctio n s  which d escr ib e  the d e f le c te d  form o f the com plete beam 
may be ob ta ined  and -that 10 fu n ctio n s  w i l l  g iv e  an accuracy in
c o n tfd p,78
T a b le  T .1 .9
S o lu tio n  o f  uniform th in  clam ped-free beam using  o r t h o g o n a l
polynom ials showing the red u ction  in  error in  c a lc u la t in g  the  
frequency parameter V w ith  in cr ea se  in  number o f  polynom ials used
The polynom ials bave been derived  from the i n i t i a l
polynom ials a _ . . . a  in  which a = qP.O n P
The ta b le  shows error in  V fo r  the f i r s t  f i v e  n a tu ra l modes o f  
v ib r a t io n . The exact value is  g iv e n  in  each c a s e , and i s  fo r  a range 
o f  va lu es in  n , (the number o f  polynom ial fu n c tio n s  re ta in e d  in  a rr iv in g  
a t a s o lu t io n ) .
Mode Humber 1 : 2 3 4 5
Exact V 1.875 7 .855 10.996 14.137
Error w ith  n = 1 .240 ----- —
2 .005 1 .206 ----- -----
3 .000 .021 3 .0 1 4 ----- —
+^ .000 .013 .104 5.785 —
5 .000 .000 .097 .341 9.581
6 .000 ' .000 .001 .333 . 816
7 .000 .000 .001 .009 .711
8 .000 .000 .000 .009 .046
9 .000 .000 .000 .001 .046
10 .000 .000 .000 .000 .001
Value o f  n to  g iv e
error l e s s  than ,2% 3 5 6 7 10
N ote: The errors in  V fo r  the 4 th  and 5th  n atu ra l modes
show c le a r ly  th a t ap p reciab le  red u ction  in  erro r  
i s  obtained on ly  by in c r e a s in g  n by 2 .
Table T .1 .1 0
S o lu tio n  o f  uniform  th in  pinned-pinned beam u sin g  orthogonal 
polynom ials showing th e  red u ction  in  error in  c a lc u la t in g  th e  
frequency parameter V w ith  in cr ea se  in  number o f  polynom ials used
The p o lynom ials  b ^ . . . b ^  have been  d e r iv e d  from  the i n i t i a l  ,
polynom ials a ^ ..  .a  in  ¥/hich a = q^.
* O n  P
The ta b le  shows e r r o r  i n  V f o r  th e  f i r s t  f iv e  n a t u r a l  modes o f  
v i b r a t i o n .  The e x a c t v a lu e  i s  g iven  in  each  c a s e , and * • f o r  a range 
o f  v a lu e s  in  n ,  ( th e  number o f  po lynom ial fu n c tio n s  r e ta in e d  in  a r r i v i n g  
a t  a s o lu t i o n ) .
Mode Number 1 2 3 4 3
Exact V 3.142 6.283 9.425 12.566 15 .708
Error v/ith n = 6 .000 .000 .080 .264 6 .737
7 .000 .000 .001 .2 6 4 .636
8 .000 .000
T*Oo• .009 .636
9 .000 .000 .000 .009 .040
10 .000 .000 .000 .000 .040
Table T .1 .11
S o lu tio n  o f  uniform th in  f r e e - fr e e  beam using orthogonal 
polynom ials showing the red u ctio n  in  error in  c a lc u la t in g  th e  
frequency parameter V w ith  in cr ea se  in  number o f polynom ials used
The polynom ials b ^ .. • 1° n + 2  have been d erived  from the i n i t i a l  
polynom ials a g . , . a n+2 in  which a^ = qp .
S ince the f r e e - f r e e  beam p o sse sse s  two r ig id -b o d y  degrees o f  
freedom in  e f f e c t  d escr ib ed  by b^ and b  ^ th ese  two polynom ials are not
r e ta in e d .
The ta b le  shows error in  V fo r  the f i r s t  f iv e  n a tu ra l modes o f  
v ib r a t io n . The ex a ct value being given in  each c a se , i s  fo r  a range 
o f  va lu es  in  n, (th e  number o f  polynom ial fu n c tio n s  re ta in e d  in  a r r iv in g  
a t a s o lu t io n ) .
Mode Number 1 2 3 4 5
Exact Y 4.730 7 .853 10.996 14.137 17.279
Error v/ith n = 4 .000 .080 .301 -------
6 .000 .002 .010 .759 1.531
8 .000 .000 .000 .047 .149
10 .000 .000 .000 • 0 0 .005
N ote: The so lu tio n s  fo r  the f r e e - fr e e  beam have in  e f f e c t  been
deduced from a m atrix con stru cted  to  an alyse th e  clam ped- 
fr e e  beam. Comparison w ith ta b le  T .1 .9  w i l l  show 
marked s im i la r i t i e s  between errors fo r  a corresponding  
value o f  V (as d i s t in c t  from Mode number) p articu larly  
when i t  i s  r e c a lle d  th a t the terms a f fe c t in g  th e  polynom ials  
b^ and b^  have been e lim in a ted  from th e  f r e e - f r e e  s o lu t io n .
Table T .1 .12
Errors in  computing modal' shapes using  ten  orthogonal 
polynom ials to  d escr ib e  the deform ation o f the th in  
uniform beam
Values are g iven  fo r  clam ped-free, p inned-pinned and f r e e - f r e e  
ends where the method o f s o lu t io n  uses i n i t i a l  polynom ials o f  the form  
a^ = q^. For comparison errors are g iven  fo r  a d is c r e te  mass s o lu t io n
d is tr ib u te d  as M yklestad's model fo r  ten  s t e p s .
(The modal shape error  i s  d e fin ed  in  th e  note w ith  Table T .1 .4 )
Mode Number 1 2 3 4 5
Clamped-free ends
10 Functions
oo• .00 .00 .00 .022
10 d is c r e te  masses
oo
.02 .06 .11 .179
Pinned-pinned ends
10 Functions
oo• oo• O'
o• .009 .143
10 d is c r e te  m asses
oo• oo• .00 .00 .00
F r e e -fr e e  ends
10 Functions
oo oo• .00 .021 .035
10 d is c r e te  masses
c\]o• .06 .11 .18 .246
Note: The errors fo r  the f r e e - fr e e  beam fo r  a g iv en  n a tu ra l
mode are approxim ately equal to  th e errors fo r  th e  mode 
o f  the clam ped-free beam, which has nom inally  th e same 
frequency param eter.
The errors in  modes fo r  the p inned-pinned beam a re  due 
to  the inadequacy o f  the polynom ial fu n c tio n s  used  
which do not a llow  fo r  t h e  a c tu a l end c o n d it io n s .
computing V, the frequency param eter, which is  comparable w ith a 
d is c r e te  m s s  model, u s in g  M yklestad1s d is tr ib u t io n ,  o f  about 
40 s t e p s .  Considerable economy i s  th e r e fo r e  ach ieved  in  r e la t io n  
to  so lu t io n s  obtained  from u sing  th ese  fu n c tio n s . The r e s u lt s  f o r  
the c a n t i le v e r  showed th a t  g e n e r a lly  as the number o f  fu n c tio n s  was 
in creased  th e  order o f  accuracy improved, fo r  a g iven  mode o f  
v ib r a t io n , on ly  fo r  a lte r n a te  u n it in c r e a se s  in  n . The ch o ice  o f  
the b a s ic  p o lyn om ials, aQ#,#an > w ithout regard  to  the a c tu a l end
co n d itio n s  o f  th e  beam being analysed , i s  the reason  fo r  th is  
improvement in  accuracy o n ly  appearing on a lte r n a te  in c r e a se s  
in  n , and a t  th e  same tim e la c k  o f  c o r r e la t io n  between the  
in d iv id u a l polynom ials and a ctu a l end co n d itio n s  r e s u l t s  in  n 
req u ir in g  to  be approxim ately 5Qffo h igher than may be found adequate 
w ith a more lo g ic a l  method o f  s e le c t io n .  No attem pt i s  made in  
Part 1 to  improve the i n i t i a l  ch o ice  o f  polynom ial, but in  P art 2 
where the clam ped-free and p in n ed -free  th ic k , p re tw is ted  beams are 
an alysed  a method i s  developed in  which seven b a s ic  polynom ials are  
used .
Concluding th e a n a ly s is  o f the th in  uniform beam
Part 1 o f  the in v e s t ig a t io n  i s  concluded w ith  a range o f  
methods o f  so lv in g  the v ib r a tio n  problem fo r  the uniform th in  beam, 
a l l  the methods being capable o f  d ir e c t  and lo g i c a l  e x te n s io n  to  
in c lu d e  shear f l e x i b i l i t y  and ro tary  in e r t ia .  For the ca ses  
con sid ered  no s in g le  method emerges as having an o v e r a l l  s u p e r io r ity  
in  economy and i t  i s  fo r  t h i s  reason th a t P art 2 i s  developed  to  
enable fu rth er  comparisons o f  the methods to  be made.
PART 2 -  THE THICK. SINGLE BEAM WITH EFFECTS DUE TO SHEAR FLEXIBILITY
ROTARY INERTIA AND PRETWIST
2.1 In trodu ction
The sim ultaneous d i f f e r e n t ia l  equations d e f in in g  th e  fr e e  
v ib ra to ry  motion o f a th in  p retw isted  b lade are derived  by a n a ly s is ,  
but these eq u ation s are not g e n e r a lly  amenable to exact so lu t io n  
which can on ly  be obtained  by approximate or num erical methods.
For example, Carnegie ( r e f .  21) deduces ex p ress io n s  fo r  the  
approximate fundamental frequency o f  p retw isted  b lad in g  u sin g  
R ayleigh*s P r in c ip le  based on th e  assum ption th a t th e  a c tu a l modal 
shape w i l l  be c lo s e  to  th e  s t a t i c  d e f le c t io n  curve determ ined by 
Carnegie ( r e f .  2 0 ) .  A d d itio n a l com p lica tion  a r is in g  from th e  
co n sid era tio n  o f  shear f l e x i b i l i t y  and ro ta ry  in e r t ia  w hich makes 
use o f  num erical tech n iq u es e s s e n t ia l  f o r  the so lu t io n  o f  th e  
th ic k , p re tw isted  b la d es . Methods p r e v io u s ly  d iscu sse d  in  P art 1 
are extended to  tr e a t  these a d d it io n a l e f f e c t s ,  prominence b ein g  
given  to  two methods o f  s o lu t io n .  The methods are ( l )  where a 
f i n i t e  number o f  elem ents i s  analysed  as i f  each elem ent i s  
su b jected  to  a d is tr ib u te d  load  vary ing  l in e a r ly  a long th e le n g th  
o f  th e elem ent and (2 ) where the v ib ra to ry  deform ation i s  rep resen ted  
by th e  summation o f  su ita b le  m u ltip le s  o f  s e le c t e d  orth ogon al 
p olyn om ials. With the l a t t e r  method th e  e f f e c t s  o f  p r e tw is t  are  
in troduced  con cu rren tly  w ith  the e l a s t i c  p ro p ertie s  o f  the b lad e , 
but w ith  the step  by s te p  method each elem ent i s  tr e a te d  as having  
no p r e tw is t , th ere  being a d is c o n t in u ity  in  angle a t each ju n c tio n  
between e lem en ts.
The so lu t io n  u s in g  d isc r e te  elem ents requ ires th a t  a 
measure o f  the accuracy i s  obtained  when no p retw ist i s  p resen t, 
and fo r  com pleteness when co n sid er in g  b lades w ith o v e r a ll  an g les  
o f  p r e tw is t  up to  90 d egrees th e  r e s u lt s  fo r  uniform th ic k  beams 
are req u ired . Exact v a lu es  o f  th e  frequency parameter V are 
c a lc u la te d  fo r  th e  clam p ed -free , clamped-pinned and p in n ed -free  
beams in c lu d in g  the e f f e c t s  o f  r o ta r y  in e r t i a ,  and both w ith  and 
w ithout the in c lu s io n  o f  shear f l e x i b i l i t y ,  th e  va lu es  are g iven  
in  Table T .2 .1 .  An a r b itr a r y  th ic k n e ss /le n g th  r a t io  o f 1 /6  has 
been used as an upper l im i t ,  and when shear f l e x i b i l i t y  has been  
in clud ed  i t  has been assumed -that ( i )  the r a t io  o f  sh ea r  s tr a in  to  
average shear s t r e s s  i s  1 .2 0  and ( i i )  the r a t io  o f  Young’ s Modulus 
to  th e modulus o f  r i g id i t y ,  E/G, i s  8 /3 .
The three beam co n fig u ra tio n s  fo r  which exact v a lu e s  o f  
V have been ob tained  have been analysed  by lumped param eter methods, 
as have th e  seven  oth er co n fig u ra tio n s  in  which th e ends are 
clamped, pinned, guided or f r e e .  R esu lts  fo r  th ese  lumped 
parameter s o lu t io n s ,  to g e th e r  w ith  the exa ct so lu t io n s  where a v a i l ­
a b le , are g iv en  in  Table T .2 .2 .
For the a n a ly s is  o f  p in n ed -free  and clam ped-free p re tw is te d  
beams, th e  frequency parameters and modal shapes have been computed 
by u sin g  a lumped model and by th e  two num erical tech n iq u es a lread y  
re fe rred  t o ,  (1 ) the d is c r e te  elem ent w ith  a l in e a r  d is tr ib u t io n  
o f  tra n sv erse  lo a d  and (2 ) the com plete le n g th  expressed  in  term s 
o f  orthogonal p o lyn om ia ls , the o v e r a l l  p r e tw is t  b e in g  taken from 
0 to  90 degrees in  15 degree s ta g e s .  R esu lts  comparing th ese  
two methods o f  so lu tio n  are g iven  in  Tables T .2 .3  to  T .2 .5 .
The ta b le s  a lso  in c lu d e  r e s u lt s  ob tained  by n e g le c t in g  
both sh ear f l e x i b i l i t y  and ro ta ry  in e r t i a .
Graphs G.2.1 to  G .2.8 o f  th e  va lu es o f  V are g iven  in  
order to  h e lp  th e  p r e se n ta tio n .
The blade p a r tic u la r s  used in  determ ining th e  r e s u lt s  
fo r  p re tw is ted  beams are le n g th  : 6 , w idth : 1 and two th ic k n e sse s  
0 .5  and 0 .2 5 .  Frequencies are computed from-V by tak in g  the  
dim ensions as in ch es  and the m a ter ia l as m ild  s t e e l .
The r e s u l t s  show c le a r ly  th a t -the errors a r is in g  from  
n e g le c t in g  th ick n ess  are g rea ter  a t  h igh er  v a lu es  o f  V, and th a t  
th ese  errors are o f  the order ( th ic k n e s s / le n g th )  . For a beam 
w ith  a h igh  p re tw is t  a grea ter  p roportion  o f  the modes o f  v ib r a t io n  
are in flu en ce d  by the w idth o f  th e  beam than i s  the case  fo r  beams 
w ith  low p r e tw is t . As the width i s  tw ice  or fou r tim es th e
th ic k n e ss , dependent upon the p a r tic u la r  p roportions b ein g  
con sid ered , beams w ith  h igh  p re tw is t  have g e n e r a lly  g rea te r  errors  
in troduced  by ign oring  shear f l e x i b i l i t y  and ro tary  in e r t ia  than  
have beams w ith  low p r e tw is t .
Apart from in v e s t ig a t in g  th e  e f f e c t s  o f  sh ear  f l e x i b i l i t y  
and ro ta ry  in e r t ia  on th e v ib r a t io n  c h a r a c te r is t ic s  i t  has a ls o  
been the aim to  show th a t  a method o f computation has been  
developed which i s  more econom ical in  use o f  computer tim e than  
oth er a lte r n a t iv e  methods. No method has emerged showing a marked 
advantage over any o th er  method. S o lu tio n s , accu rate  to  any pre­
determ ined accuracy, are ob ta in ab le  fo r  th ic k ,  p r e tw is ted  beams 
w ith  lumped parameter models, w ith  d is c r e te  elem ents load ed  w ith
d is tr ib u te d , l in e a r ly  varying in te n s ity  and w ith  orthogonal 
polynom ials g iv in g  the modal shape. In each type o f  so lu t io n  
improvement in  accuracy i s  ach ieved  by in c r e a s in g  the number o f  
elem ents or o f  fu n c t io n s . In P art 1 i t  was g e n e r a lly  shown th a t  
d is c r e te  elem ents under d is tr ib u te d  loads show a co n sid erab le  
saving in  the number o f  elem ents requ ired  f o r  a g iven  accuracy  
in  comparison w ith  lumped parameters fo r  the u n tw isted  beam.
For th e  general th ic k ,  p retw isted  turb ine b la d e , w ith  v a r ia t io n  in  
c r o s s -s e c t io n  and p o s s ib ly  a v a r ia tio n  in  the r a te  o f  p r e tw is t ,  a 
red u ction  in  the number o f  d is c r e te  elem ents le s s e n s  the accuracy  
o f r ep re se n ta tio n . W hile a l l  beams con sid ered  have had uniform  
c r o s s - s e c t io n ,  fo r  purposes o f  estim a tin g  the computer e f f ic ie n c y  
the program would need to  be developed in  order to  c a te r  fo r  c r o s s -  
se c t io n  v a r ia t io n s .  W ithin the scope o f  the work t h is  has not 
been done. There i s  very  l i t t l e  development req u ired  w ith  the 
orthogonal polynom ial method to  a llow  fo r  v a r ia t io n  in  c r o s s - s e c t io n  
and in  ra te  o f  p r e tw is t . There i s  however ex tra  com p lex ity  requ ired  
in  the com pilation  o f  the e s s e n t ia l  m atrix in  the orthogonal 
polynom ial method i f  the end c o n d itio n s  in v o lv e  more c o n s tr a in ts  
than are s u f f i c ie n t  fo r  s t a t ic  eq u ilib r iu m . With both  methods o f  
so lu t io n  the a d d itio n s  to  the computer programs would in v o lv e  
in crea se  in  storage requirem ents, not on ly  fo r  th e  ex tra  program 
but a lso  f o r  the ex tra  f lo a t in g  p o in t v a r ia b le s .  The on ly  measure 
o f  e f f ic ie n c y  th a t  has been p o s s ib le  w ith in  th e  scope o f  the  
in v e s t ig a t io n  has been made in  terms o f  one d ig i t a l  computer w ith  
programs w r itte n  in  one h igh  l e v e l  lan gu age . P r o fe s s io n a l  
programming has not been employed. W ithin th ese  l im it a t io n s  the  
d isc r e te  elem ent method has a running tim e which i s  approxim ately  
h a lf  th a t o f th e  orthogonal po3ynom ial method. With d if f e r e n t
-  8 3 -
computers - being con sid ered , w ith p r o fe s s io n a l programming in  
machine code, and w ith  the methods extended to  cover th e  com p lete ly  
gen era l tu rb in e b lade the 1 : 2 r a t io  o f  running tim e might w e ll  
be a lte r e d . On th e  current evidence th ere i s  much to  su g g est  
th a t the ta b u la tio n  method, d erived  from M yklestad*s approach 
might w e ll be as e f f i c i e n t  as e ith e r  o f  th e  o th er  methods 
d eveloped . (See note in  Appendix “Future developm ent”) .
2 .2  S o lu tio n  o f  the d i f f e r e n t ia l  equations f o r  the th ic k  uniform  beam
In P art 1 equations 1 .7  to  1 .1 0  s ta te  the dynamic and 
e l a s t i c  r e la t io n sh ip s  between sh ea r  fo r c e , bending moment and 
r o ta t io n  o f a tra n sv erse  se c t io n  and the t o t a l  d e f le c t io n  o f  a 
uniform beam in  which shear f l e x i b i l i t y  and ro ta ry  in e r t i a  have 
been in clud ed  in  th e  a n a ly s is .  On s im p lif ic a t io n  th e se  fo u r  
equations y ie ld  equation  1.11 which fo r  convenience o f  re fe ren ce  i s  
repeated  in  the fo llo w in g  equation  w ith  the frequency o f  v ib r a t io n  
expressed  in  terms o f th e frequency parameter V th u s:
X1V + tA(KSI/&A + T2/1 2 ) .X "  -  V4  f l  - v 4  (KEI/GA)(T2/ 1 2 ) }  = 0
(E quation 2 .1 )
The terms KEl/GA i s  a r e la t io n s h ip  between th e  bending and
p
shear f l e x i b i l i t i e s  o f th e  beam, and the term T /1 2  has been  
d erived  in  Part 1 from th e  r a t io  i/A  and i s  a p p lica b le  o n ly  to  th e  
rectan gu lar  cro ss  se c t io n  o f  th ick n ess  T. Hence fu r th er  s im p li­
f ic a t io n  o f  equation  2.1 i s  p o s s ib le  w ithout any lo s s  o f  g e n e r a lity  
by in trod u cin g  the s u b s t itu t io n s :
©t = T^/12L^ (E quation 2 .2 )
and 8  = KE/& (E quation 2 .3 )
The c h a r a c te r is t ic  equation may now be w r itten  in  terms 
o f  the d im en sion less  v a r ia b le  q ( = z/L ) in  the fo llo w in g  form:
4  + v * - o c a + o 4  -
dq dq
The so lu t io n  to  equation  2 .4  must tak e  the form  
X = A .erq
and exam ination o f  the c o e f f i c ie n t s  show th a t:
r2 = -4-lA © c(2 + 0  t  J  V^(1 + i\A o< 2 ( X -  1 )2 (eq u a tio n  2 .5 )
i 2 “"1 2
I f  ( Yet ) then  both  s o lu t io n s  fo r  r  from eq u ation
2 .5  are n eg a tiv e  and hence th e  four r o o ts  in  r  are im aginary, sa y ,
r  = ± X -ji , ± Under t h is  co n d itio n  the g en era l form o f  th e
d isp lacem ent X i s  g iven  by:
X = a^cos X ^ q  + a^ sin  .+ a^cos + a^ sin  X 2 ^ (eq u ation  2 .6 )
In th e  in v e s t ig a t io n  X i s  taken as 1 .2  (8 /3 )  = 3*2 and th e
maximum valu e taken fo r  T/L i s  1 /6 ,  g iv in g  a maximum va lu e f o r  ©C
o f  1 /4 3 2 . I t  i s  seen th a t  equation  2 .6  i s  on ly  a p p lic a b le  i f  
V 1 5 .5 5 * ••  approxim ately, and i t  i s  dem onstrated in  the  
in v e s t ig a t io n  th a t th e  f i r s t  seven n a tu ra l modes o f  v ib r a tio n  occur  
a t freq u en c ie s  fo r  which V ^ 15*55*•• f o r  a l l  ten  p o s s ib le  
com binations o f  end c o n d itio n  s e le c te d  from clamped, p inned, fr e e  
or gu ided . The in v e s t ig a t io n  i s  r e s t r ic t e d  to  exam ination o f  on ly  
the f i r s t  f i v e  modes o f  v ib r a tio n  fo r  b lad es w ith ou t p r e tw is t  and 
i t  fo llo w s  th a t  no so lu t io n  o f  the form g iv e n  in  eq u ation  2 .6  has  
been n ecessa ry .
^ £ 1  -  Y c*'2 ^ X  = 0 (eq u ation  2 .4 )
I f  O^V ^ 1 5 .5 5 5 • • • i t  i s  seen th a t  th ere are two im aginary  
and two r e a l  ro o ts  in  r  from equation  2 .5 ,  say , r  = “ /X and 
± /A L and th e exp ressio n  fo r  the displacem ent X i s  o f  the form:
X = a .co sh  *X q + a s in h  * \ q + a^cos/Aq + a^sin^ Aq (eq u ation  2 .7 )
F or'a  given co n fig u ra tio n  o f  end co n d itio n s  n ecessa ry  
r e la t io n s h ip s  between th e  c o e f f i c ie n t s  a^,a^,a^ and a^ may be
e s ta b lish e d  and i t  i s  found th a t th ese  r e la t io n s h ip s  are on ly  
p o ss ib le  i f  X  a n d s a t i s f y  a s p e c i f i c  eq u ation . As X  and^/4 are 
capable o f  being w r itten  in  terms o f V, eC a n d ^  i t  i s  seen  th a t  an 
equation  can be decuded which con ta in s a l l  th e  requ ired  ro o ts  in  
the frequency parameter V.
To e s ta b l is h  the end c o n d itio n s  o f  the beam in  terms 
o f  X*re-arrangement o f the equations 1 .7  to  1 .10  i s  n ecessa ry , and 
the fo llo w in g  exp ressio n s are obtained;
^ ro ta t
The r o ta t io n  o f  a tra n sv erse  plane i s  g iv en  by
,3
+ (1 + v2*-*2# 2) ^
dq_______________________
l  (1 -  idKk2)
the bending moment i s
M = E l d X
CLq
x
(eq u ation  2 .8 )
(eq u ation  2 .9 )
th e sh ear force  i s
F = El
L3 (1 -  V4  Y e * 2 )
^ 3  + )ax
dq dq
(eq u ation  2 .1 0 )
In the in v e s t ig a t io n  th e  end co n d itio n s  which are  
examined may be summarised as fo llo w s:
clamped, X = 0 and d^X _ -(1  + 2 )
dq-
pinned, X = d X = 0
a 2 dq
f r e e ,  d X 
dq2
guided, dX 
dq
a ,3
■** A  and
0
£ x
a ,3
dX
dq
(eq u a tio n  2 ,1 1 )
(eq u a tio n  2 .1 2 )
) QL (equation 2 . 13) 
dq
(eq u a tio n  2 . 14.)
Equation 2 .6  and th e  requirem ents o f  equations 2 .11  to  
2 .1 4  to g e th er  p resen t an unw ieldy problem and exact s o lu t io n s  have 
been eva luated  on ly  fo r  the clam ped-free, p in n ed -free  and clamped- 
pinned beam c o n fig u r a tio n s . These c a lc u la t io n s  have been  
r e s t r ic t e d  to  the ev a lu a tio n  o f  the frequency parameter V, and the  
r e s u lt s  are g iven  in  Table 2 .1 .1  fo r e x  = 0 and 1 /4 3 2 , = 0 and 3*2,
The va lu es fo r  ©C = 0 are id e n t ic a l  t o  the va lu es f o r  th e  th in  beam 
as w i l l  be seen  by s u b s t itu t in g  th is  value fo r  cC into  eq u ation  2 .4  
whence equation  1 .12  i s  ob ta in ed .
By ev a lu a tin g  V fo r  $  = 0 and 3*2 i t  i s  p o s s ib le  to  o b ta in  
an estim ate o f  the proportion  o f  the v a r ia tio n  between th e  v a lu es  
fo r  th e th ic k  and th in  beam so lu t io n s  which i s  due to  sh ear  
f l e x i b i l i t y ,  th e remainder beingdue to  ro tary  in e r t ia .  I t  i s  seen  
th a t fo r  a g iven  co n fig u ra tio n  th e  reduction  in -V  due to  shear  
f l e x i b i l i t y  i s  norm ally a g rea te r  proportion  o f  the t o t a l  red u ction  
at low freq u en cie s  than a t  h igh  fr e q u e n c ie s . The p rop ortion  v a r ie s ,
c o n t’d . . . .  p .88
T a b le  T . 2 .  1 •
E f f e c t  o f sh e a r  f l e x i b i l i t y  and r o ta r y  i n e r t i a  on th e  freq u en cy  
param eter V f o r  c la m p e d -fre e , p in n e d -f re e  and clam ped-p inned  
uniform  beams, (e x a c t s o lu t io n s )
C lam ped-free beam
Mode Number 1 2 3 4 : 5
V, 0< = 0
V, OC= 1 /4 3 2 , 0 
V, oC= 1 /432 , #  = 3 .2
1 .875 
1.869 
1.855
4 .6 9 4  
4 .598  
. 4 .586
7 .855
7 .509
6 .8 6 7
10.996
10 .190
8 .952
14.137
12.653
10.763
R ed u c tio n , sh e a r  
R ed u c tio n , t o t a l .70 .69 .65 .61 .56
P in n e d -f re e  beam
Mode Number 1 2 3 4 5
V, erf = - 0 ■ '
V, a ( =  1/ 4 3 2 , 0
V, <*•= 1 /432 , # =  3 .2
3 .927
3.867
3 .796
7.069
6 .8 0 4
6.437
10.210
9.540
8.680
13.352
12.057
10.595
16.493
14.362
12.258
R ed u c tio n , sh e a r  
R ed u c tio n , t o t a l .54 .58 .56 .53 .50
Clam ped-pinned beam
Mode Number 1 2 3 4
■I
5
V, = . 0 3.927 7 .069 10.210 13.352 16.493
V, ©<* = 1/ 4 3 2 , 0 3.901 6.903 9.720 12.315 14.685
v, or = 1/ 4 3 2 , 3 .2 3.732 6.285 8 .458 10.336 11.992
R ed u c tio n ,
R ed u c tio n ,
s h e a r
t o t a l
r--co• .79 .72 .65 .60
depending upon the end c o n d it io n s , and the t o t a l  reduction* I t  
i s  however g rea ter  a t  low freq u en c ie s  than a t h igh freq u en c ies  
fo r  a l l  three co n fig u ra tio n s  examined, i t  i s  dependent upon the  
end c o n d it io n s . An i l lu s t r a t io n  o f  th e in f lu e n c e  o f  end 
co n d itio n s  rath er than frequency on the low ering o f  the value o f  
the parameter V i s  obta ined  from th e r e s u it s  f o r  th e  clamped-pinned  
and p in n ed -free  beams, where fo r  OC = 0 the f i r s t  f i v e  modes fo r  th e se  
two co n fig u ra tio n s  are id e n t ic a l .  For the th ic k  beams the t o t a l  
red u ction  in  V i s  c o n s is te n t ly  g rea ter  fo r  the clamped-pinned beam, 
whereas the red u ction  in  V due to  r o ta r y  in e r t ia  on ly  i s  c o n s is t e n t ly  
g rea ter  fo r  the p in n ed -free  beam. I t  i s  seen th a t no sim ple  
r e la t io n sh ip  which i s  a p p lica b le  to  a l l  co n fig u ra tio n s  e x i s t s  
r e la t in g  red u ction  in  V w ith  frequency.
S o lu tion  u sin g  lumped parameters fo r  the th ic k  uniform beam
W hilst the exact so lu t io n  has been ev a lu a ted  f o r  on ly  th ree  
c o n fig u r a tio n s , com parative s o lu t io n s  u sin g  a range o f  lumped 
models have been determ ined fo r  a l l  te n  co n fig u ra tio n s  o f  beam 
a r is in g  from clamped, p inned, guided and fr e e  ends. The m odels, 
which are d erived  from th o se  d iscu sse d  and analysed  in  P art 1 , are 
a l l  assumed to  have an in e r t ia  co in c id en t w ith each lumped mass, 
the magnitude o f  th e  in e r t ia  being th e magnitude o f  th e  corresponding  
mass m u lt ip lie d  by th e (rad iu s o f  gyra tion  o f  the cro ss  s e c t io n )  , 
which in  the case o f  th e  rec tan gu lar  cross s e c t io n  o f  th ick n ess  T 
r e s u lt s  in  a lumped in e r t ia  A j  = A m .(T ^ /l2 )  being co n sid ered .
The b asic  models considered  are:
(1 ) M yklestad’ s model using 10 equal elem en ts, except  
fo r  the ca ses  where e i th e r  end i s  f r e e ,  in  which case  40 elem ents  
are used .
(2 ) Masses lumped according to  Sim pson's Rule using  10 
and 20 s te p s .
(3 ) Mass o f f i v e  co n secu tiv e  elem ents lumped so as to  
sim ulate c o r r e c t ly  th e  t o t a l  mass o f  the elem ents and a lso  th e
This model i s  c a lle d  " f i f t h  order model" as in  Part 1 , 10 elem ents  
bein g  adopted fo r  th e  whole beam.
lumped so as to  g iv e  exact so lu t io n s  fo r  th e f i r s t  f iv e  modes o f  
v ib r a tio n  fo r  the th in  c a n t ile v e r , w h ils t  r e ta in in g  a sym m etrical 
form w ith  the co r r e c t t o t a l  mass, as in  Part 1 . T his model i s  
re fe rred  to  as having "10 sp e c ia l lumps". Table T .2 .2  g iv e s  th e  
errors in  c a lc u la t in g  V fo r  the f i r s t  f iv e  modes f o r  c lam p ed -free , 
p in n ed -free  and clamped-pinned beams, fo r  both  OC = 0 and fo r  
©C = 1 /432 , K = 3«»2. Table T .2 .3  g iv e s  the c a lc u la te d  red u ctio n  
in  V fo r  th e f i r s t  f iv e  modes fo r  a l l  co n fig u ra tio n s  o f  beam w ith  
the ends clamped, p inned, guided or .free  c a lc u la te d  (1 )  from th e  
M yklestad model and ( 2 ) the Simpson model w ith  20 e lem en ts.
The r e s u lt s  in  Table T .2 .2  dem onstrate th a t f o r  th ree  
d is t in c t  beam co n fig u ra tio n s  lumped models show th a t th e  two 
techn iques w ith  th e h ig h er  accuracy are th e  M yklestad model w ith  
i+O elem ents and the Simpson model w ith  20 e lem en ts. The th ree  
oth er models show con sid era b ly  h igh er errors and i t  i s  f o r  t h is  
reason th a t th e  in fe r io r  models have not been r e ta in e d  fo r  comparison
over th e  range o f  the elem ents fo r  p = 1 to  5»
(4 ) A model in  which te n  equal elem ents have the mass
in  Table T .2 .3*  Even fo r  the M yklestad and Simpson models the  
errors are g e n e r a lly  g r e a te r  fo r  the beams w ith  shear f l e x i b i l i t y  
and rotary  in e r t ia  in c lu d ed , than f o r  the th in  beams, th e s ig n i f ic a n t  
e n tr ie s  being  th ose fo r  th e  clam ped-pinned beam analysed  by u sin g  
a 10-elem ent Myklestad m odel. A n a lysis  o f  the M yklestad model in  
Part 1 shows th a t a 10-elem ent model w i l l  g ive  a low error  fo r  
th in  beams where n e ith e r  end has any d isp lacem ent, and t h i s  i s  r e ­
affirm ed  in  Table T .2 .2  fo r  the th in  clamped-pinned beam. The 
errors fo r  th e  th ic k  clamped-pinned beam are much h ig h e r , whereas 
fo r  the clam ped-free and p in n ed -free  beams rep resen ted  by 40-elem ent 
M yklestad models th ere i s  l i t t l e  d if fe r e n c e  between th e  sm all errors  
obtained  fo r  both th in  and th ic k  c a s e s .
The r e s u lt s  in  Table T .2 .2  show one other e f f e c t  which 
req u ires d is c u s s io n . The so lu t io n s  fo r  th e lumped models have a l l  
been obtained from th e ta b u la t io n  method suggested  by M yklestad, 
but m odified  according to  th e  equations 1 .5  and 1 .6  to  in trod u ce  
shear f l e x i b i l i t y  and ro tary  in e r t ia .  The search  rou tin e  d escr ib ed  
in  Part 1, s e c t io n  1 .5 ,  when arranged fo r  autom atic com putation , 
perm its a constant increm ent in  th e  frequency param eter, V, to  be 
used fo r  the th in  beam. T his increm ent should be s u f f i c i e n t l y  
sm all to  p revent two roo ts  from occurring w ith in  th e  range o f  tw o  
su c c e ss iv e  s e ts  o f  c a lc u la t io n s , but in  the in t e r e s t  o f  economy o f  
running tim e th e  increm ent should  not be u n n e cessa r ily  sm a ll.  An 
increm ent in  V o f  1 .0  i s  found to  be id e a l  fo r  a l l  th in  beam 
c o n fig u ra tio n s  w ithout p r e tw is t , as su c c e s s iv e  ro o ts  in  V are 
separated  in  g en era l by 3*14* •• and in  a l l  ca ses  by more than 2 .5 .  
With the in tro d u ctio n  o f  shear f l e x i b i l i t y  and ro ta ry  in e r t ia  the  
in te r v a l between su c c e ss iv e  ro o ts  in  V d ecreases and in  f a c t  fo r
co n t'd  . . . .  p .94
T a b le  T .2 .2
E rro rs  in  c a lc u la t in g  V f o r  th r e e  beam c o n f ig u ra t io n s  u s in g  lumped 
param eter models f o r  th e  o a se s  (1) &f= 0 and (2 ) = 1/432 and K* = 3 .2
The nom encla tu re  in  t h i s  t a b le  f o r  th e  models fo llow s t h a t  o f  
T ab le  T .1 .5 .  E x ac t v a lu e s  o f V a re  g iven  in  T ab le  T .2 .1 .  F o r each 
model th e  number o f  e lem en ts  i s  g iv e n , th e  e n t r i e s  in  th e  f i r s t  row 
" th in " ,  a re  f o r  o r  = 0 , and in  th e  second  row , " th ic k " ,  a re  f o r  6C= 1 /4 3 2 ,
if = 3 .2 .
C lam ped-free beam
Mode Number 1 2 3 4 5
Model E lem ents
M yklestad 40 th i n 0 0 - .0 2 - .0 2 - .0 3
th ic k 0 -.0 1 - .0 1 - .0 1 - .0 2
Simpson 10 th i n 0 0 0 0 * 34
th ic k 0 -.0 1
-d"0 .1 - .0 9 - .2  4-
Simpson 20 th i n 0 0 0 .01 - .0 2
th i c k 0 - .0 1 -.0 1 - .0 3 .024-
F i f th  o rd e r 10 t h i n 0 0 0a
CMCM• - .5 0
th ic k 0 -.0 1 0 0 - .4 9
Ten s p e c ia l 10 t h i n 0 0 0 0 0
th ic k 0 - .0 1 1 • 0 - .0 8 - .2 6
P in n e d -f re e  beam
Mode Number 1 2 3 . 4 ... . 5
Model E lem ents
M yklestad 40 t h i n 0 - .0 2 - .0 2 - .0 3 - .0 3
th ic k 0 -.0 1 -.0 1 - .0 2 - .0 3
Simpson 10 th i n 0 -.0 1 - .0 2 - .0 7 -•9 7
th ic k 0 - .0 2 - .0 9 - .2 9 - .8 5
Simpson 20 th in 0 -.0 1 -.0 1 - .0 1 -.0 1
th ic k 0 -.0 1 ......- .0 3 - .0 5 - .1 3
F i f th  o rd e r 10 t h i n 0 .01 .03 - .4 0 - .1 6
th ic k 0 0 - .0 5 - .4 2 —.2f2
Ten s p e c ia l 10 t h i n 0 - .0 2 - .0 5 - . 1 6 - .7 8
t h i c k 0 - .0 2 - .0 9 - .2 5 „ -sZ ? _
/ co n t * d • •
T able T .2 .2  
(co ncluded )
C lam ped-pinned beam
Mode Number 1 2 3 k 5
Model Elements
M yklestad 10 th in 0 0 -.0 1 - .0 3 - .0 9
th ic k 0
CMO•1 - .0 7 - .1 8 - .3 9 ....
Simpson 10 th in 0 0 r.01 -.O lf - .8 2
th ic k 0
0
 •1 - .0 9 90 ?
Simpson 20 th in 0 0 -.0 1 - .0 1 - .0 1
th ic k 0 0 - .0 2 - .0 7 - .1 3
P if th  order 10 th in 0 CM
o• .03 - .3 9 - .0 7
th ic k 0 0 - .0 7 - .5 5 .... -.if1
Ten s p e c ia l 10 th in 0 -.0 1 - .0 2 - .0 9 - .5 8
th ic k 0 - .0 2 - .0 9 - .2 9 - .8 2
N ote: Two e n t r i e s  a re  o m itte d  from  th e  t a b l e  fo r  th e  c lam ped-
p inned  beam, th e  ifth  and 5 th  modes f o r  th e  nSimpson" model 
w ith  t e n  e lem en ts  f a i l i n g  t o  be com puted. T h is  ty p e  o f  
f a u l t  in la n d  i t s  e r a d ic a t io n  f ro m ,th e  co m p u ta tio n  i s  
d is c u s s e d  in  P a r t  2 , s e c t i o n  2 .6 . if.
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E ffe c t  o f  shear f l e x i b i l i t y  and ro ta ry  in e r t ia  on frequency  
parameters f o r  f i r s t  f iv e  n a tu ra l modes fo r  ten  combinations 
of end co n d itio n s o f  the uniform beam
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the 4 th  and 5th  modes o f  the clamped-pinned beam th e in te r v a l  from 
the exact s o lu t io n  i s  seen  to  be 1 .6 6 . In the absence o f  any 
error  a increm ent in  th e  value o f  V o f  1 .0  when u sin g  th e  ru le  o f  
f a l s e  p o s it io n  to lo c a te  the ro o ts  i s  s a t is f a c t o r y .  The c a lc u la te d
va lu es f o r  th e  4th  and 5th  ro o ts  in  V o f  th e  10-elem ent "Simpson” 
model d i f f e r  by l e s s  than 1 .0 .  By an unfortunate ch o ice  o f  the 
i n i t i a l  t r i a l  va lu e  fo r  V both the 4 th  and 5 th  ro o ts  occur between  
su c c e ss iv e  t r i a l  va lu es o f  V. The r o o ts  are thus not d e tec ted  by 
the ru le o f  f a l s e  p o s it io n  a p p lied  in  i t s  s im p lest form . In order  
to  prevent ro o ts  b ein g  m issed  fo r  t h i s ,  and fo r  o th er  rea so n s, an 
improved technique i s  developed in  S ec tio n  2 .6 .
2 .4  S o lu tio n  o f  the th ic k  uniform beam u sin g  an elem ent su b jec ted  to  
a l in e a r ly  varying load  as being r e p r e se n ta tiv e  o f  th e dynamic 
co n d itio n
In Part 1, s e c t io n  1 .6 ,  an e f f i c i e n t  techn ique has been  
developed in  which each element o f  th e beam i s  assumed to  be 
su b jected  to  a l in e a r ly  varying d is tr ib u t io n  o f  tra n sv erse  load  
ad ju sted  to  prodic e e l a s t i c  and dynamic c o m p a tib ility  over th e  
le n g th  o f  th e  e lem en t. E xtension  o f the techn ique to  in c lu d e  
e f f e c t s  due to  shear f l e x i b i l i t y  and ro tary  in e r t ia  in v o lv e s  
m o d ifica tio n  o f  eq u ation s 1 .3 3 , 1 o34 and 1 .3 5  to  in trod u ce d e f le c t io n  
due to  shear and equation  1 .36  to  in trod u ce moments a r is in g  from  
ro ta ry  in e r t ia ,  and fo r  t h i s  la t t e r  m o d ific a tio n  the r o ta t io n  o f the  
cross s e c t io n  a t a gen era l poin t in  the elem ent i s  r eq u ired . The 
equations 1 .30  to  1 .3 4  a f te r  m o d ifica tio n  enable the r o ta t io n
and the d e f le c t io n  X to  be w r itten  as fo l lo w s ,  where th e  s u f f i x  p
P
in d ic a te s  th a t th e  va lu es occur a t  pL/N from th e  beginn ing o f  the  
elem ent:
D = D + pB + p2S /2! + p^U/3! + p^Q/M (eq u ation  2*14)
P
X = X + pD + p2B/2! + p^S/3! + p*V 4! + P 5Q/5!
P
-  XoCN2 (pS + p2U/2! + p3 Q /3!) (eq u ation  2 .1 5 )
The e lem en ta l in e r t ia  fo r c e  due to a sm all le n g th  A z  
i s  (m &3^ /L) #Xp. z and the elem en ta l in e r t ia  coup le i s
(mQ2/L ) .Dp. ( i /A )  . ( n/ l ) z and hence th e  t o t a l  fo r c e  on an elem ent
and the moment about the beginn ing o f  th e  elem ent are computed to  
g iv e  th e  fo llo w in g  eq u ation s:
U + Q/2 = W.
U/2 + 0 / 3 =  W .^X /2 + D/3 + B/8 + S /30 + U /lV f + 0 /840
“*XIx n 2 (S /3  + U/8 + Q/30)
+ ccN2 (D + B/2 + S/6 + U /24 + Q/120)
The v a lu es  o f  U and Q obtained  from equations 2 .1 6  and 2 .1 7  
are su b s t itu te d  in to  equations 1 .3 0 , 1 . 3 1 , 2 .1 4  and 2 . 15 , w ith  p = 1 ,
in  order to  tra v er se  an elem ent. The a lgorithm  i s  d ir e c t ly
comparable in  form w ith  th a t  d erived  in  P art 1 , s e c t io n  1 .6  fo r  the  
beam in  which OC = 0 , but th ere  are a p p reciab le  d if fe r e n c e s  in  the  
errors obtained  when th e method i s  a p p lied  to  the th ic k  beam in  
r e la t io n  to  th ose obtained  w ith  the th in  beam. Table T .2 .4  g iv e s  
errors in  th e f i r s t  f iv e  r o o ts  in  V fo r  th e clam ped-free and p inned- 
fr e e  beams tak in g  oC = 1/432 and ^  = 3*2 . For comparison th e
(eq u ation  2 .1 ? )
jJL  + D/2 + B /6 + S /24  + U/120 + Q/720
£etN2 (S /2  + U/6 + Q/24)J (eq u ation  2 .1 6 )
errors obtained  fo r  th e  beams w ith  CC = 0 are a lso  g iv e n , errors  
in  a l l  in s ta n c e s  r e fe r r in g  to s o lu t io n s  obtained  w ith  20 and i+X) 
elem ents* I t  i s  seen th a t the method o f  tr e a t in g  beam elem ents  
as being su b jected  to  a l in e a r ly  varying  d is tr ib u te d  lo a d  giiss 
con sid erab ly  h ig h er  errors when a p p lied  to the th ic k  beam than 
when ap p lied  to  the th in  beam*
in  which th e  fu n c tio n  U has i t s  p resen t in te r p r e ta t io n , and 
rep resen ts  a uniform ly d is tr ib u te d  lo a d , but in s te a d  o f  super­
im posing the e f f e c t  o f  a l in e a r  v a r ia t io n  denoted by Q so as to  
in cr ea se  th e  load in g  in t e n s it y  from U a t p = 0 to  (U + Q) a t  
p = 1 , a d is tr ib u te d  moment i s  assumed to  a c t  w ith  U. A v a r ia b le  
R may be in troduced  such th a t the equations fo r  tra v er s in g  an 
elem ent become:
S -f&S = S + U (eq u ation  2*18)
B 4&B = B + S .+ U/2 + R (eq u a tio n  2 .1 9 )
D -h&D = D + B + S /2  + U/6 + R/2 (eq u ation  2*20)
X -f&X = X +■ D + B/2 + S /6  + U/2 A + R/6 -& ?N 2 (S + U /2) (eq u ation  2*21)
The equations o f  eq u ilib riu m  which are used to  eva lu a te  U and R
a r e :
An a lte r n a t iv e  load in g  fo r  each elem ent has been examined
U = W. | x  + D/2 + B/6 + S/2if  + U/120 + B/2if - ^ ^ ( 3 / 2  + U /6 )J
(eq u a tio n  2 .2 2 )
U/2 + R = W L/2 + D/3 + B/8 + S /30 + U/144 + S /30  
-  ^ C N 2 (S /3  + U /8)
(eq u a tio n  2 . 23 )
Equations 2 .1 8  to  2 .23  g iv e  an a lgorithm  which i s  s im ila r
in  a p p lic a tio n  to  th a t derived  f o r  the l in e a r ly  vary ing  in t e n s i t y
o f  load in g  method a lread y  d escr ib ed , and r e s u lt s  are in c lu d ed  in
Table T .2 .4  which demonstrate th a t in  the case  o f the clam ped-free
beam the errors are g en era lly  s ig n i f ic a n t ly  l e s s  i f  th e  d is tr ib u te d
moment, R, i s  employed ra th er than th e  v a r ia t io n  in  d is tr ib u te d
lo a d , Q. Although the errors obtained w ith  th e  Q -loading are
reduced by th e use o f th e  R -load in g , the errors in  both ca ses  are
in v e r se ly  p rop o rtio n a l to  the square o f  the number o f  elem ents,
whereas th e former lo ad in g  g iv es  errors in v e r se ly  p ro p o rtio n a l to  
4N when 0 . Hence i t  has not been con sid ered  n ecessa ry  to  
compute freq u en cies and modal f o m s  u sin g  both Q and R types o f  
load in g  when in v e s t ig a t in g  the p retw isted  beam which i s  d e a lt  w ith  
in  S ection  2 .6 .
2 .5  S o lu tion  o f  th e  th ic k  uniform beam u sin g  s e le c te d  orthogonal 
polynom ials to  d escr ib e  the modal shape
In P art 1 , s e c t io n  1 .8 , a method i s  developed in  which
g e n era lised  coord inates are employed each o f  which i s  one o f  a
s e t  o f  orthogonal norm alised p o lyn om ials. For a com p lete ly
gen era l case  the polynom ial b w i l l  be o f  order p in  th e  le n g th
P
z and hence a true modal shape fo r  a uniform  beam may be 
rep resented  co rr ec t to  order p by a l in e a r  com bination o f  th e  
polynom ials b^ to  b^ in c lu s iv e .  To in c lu d e  rotary  in e r t ia  in
the a n a ly s is ,  but w ithout in tro d u ctio n  o f  shear f l e x i b i l i t y ,  th e  
same s e t  o f  polynom ials can be adeq u ately  employed as the s e t  o f
- c o n t'd  . . . .  p .99
T a b le  T .2 .4
E rro rs  in  com puting th e  freq u en cy  p aram ete r f o r  th ic k  beams
assuming th a t  each elem ent i s  su b jec ted  to  ( l )  a l in e a r ly  vary ing  
d is tr ib u t io n  o f  tran sv erse  load  and (2 ) a uniform ly d is tr ib u te d  tra n sv erse  
load  and a un iform ly d is tr ib u te d  moment
In th e  cases below "thin*1 beams have 0
" th ick ” beams have ^  = 1 /4 3 2 , ^  = 3*2
( 1) L in ear ly  varying in t e n s i t y  o f  load
Mode Number 1 2 3 4 5
Thin clamped fr e e  beam 
Exact va lu e o f  V 
Error, 10 elem ents  
Error, 20 elem ents
1.875
.000
.000
4 .6 9 4
.000
.000
7 .855
.001
.000
10.996
.005
.000
14.137
.018
.001
Thick clam ped-free beam
1.855
.000
4 .386
.006
6.867
.037
8.951
.102
10.763
.189
Exact va lu e  o f  V 
Error, 20 elem ents
Thin p in n ed -free  beam 
Exact v a lu e  o f  V 
Error, 20 elem ents
3.927
.000
7 .069
.000
10.210
.000
13.352
.001
16.493
.003
Thick p in n ed -free  beam 
Exact value o f  V 
Error, 20 elem ents
3.796
.004
6.437
.031
8.680
.103
10.595
.203
12.258
.305
(2) Uniform ly d is tr ib u te d  load  and moment
Mode Number 1 2 3 4 ... 5
Thin clam ped-free beam
Exact value o f  V 1.875 4 .6 9 4 7.855 10.996 14.137
Error, 10 elem ents 
Error, 20 elem ents  
Error, 30 elem ents
.000
.000
.000
00 
0
 
0
0
0
 
0
0
0
 
.
.
.
.002
.002
.000
.011
.006
.000
.032
.008
- .0 0 2
Thick clam ped-free beam
Exact v a lu e  o f V 1.855 4 .386 6.867 8.951 10.763
Error, 10 elem ents 
Error, 20 elem ents 
Error, 30 elem ents
.000  
.000 . 
.000
.003
.001
.000
.029
.007
.003
.102  
.025 ' 
.011
.243
.060
.026
g e n e r a lise d  c o o r d in a te s , the presence o f  each polynom ial im plying
both the lo a d in g  due to  in e r t ia  fo r c e s  in  terms o f th e  products
o f  mass per u n it  len g th  and d e f le c t io n  and due to  in e r t ia  cou p les
in  terms o f in e r t ia  per u n it  le n g th  and r o ta t io n . In  th e absence
o f  shear f l e x i b i l i t y  th e r o ta t io n  a s so c ia te d  w ith a g iv en  polynom ial
b^ i s  sim ply the d i f f e r e n t ia l  w ith  r e sp e c t  to  le n g th , d (b p ).
dz
I t  i s  conven ient to  store  the polynom ials as num erical v a lu e s  a t  
a f i n i t e  number o f  s ta t io n s  a longthe beam, ra th er than as 
c o e f f i c ie n t s  d e fin in g  the polynom ial, and s im ila r ly  the r o ta t io n s  
im plied  by a g iven  polynom ial i s  co n v en ien tly  s to r e d  as a num erical 
array . The e v a lu a tio n  o f  th e  m atrix o f  th e form C bI  as employed 
in  s e c t io n  1 .8  fo llo w s  as p rev io u s ly  by a s e r ie s  o f  in te g r a t io n s ,  
the c a lc u la te d  d e f le c t io n  th en  being analysed  in to  c o n s t itu e n ts  
d efin ed  by th e  s e t  o f  polynom ials b ein g  employed. No d i f f i c u l t y  
o f  in te r p r e ta t io n  i s  encountered fo r  a beam o f uniform  cross  
se c t io n  w ithout p r e tw is t , the o r th o g o n a lity  o f  the polynom ial b ein g  
d efin ed  sim ply as a fu n c tio n  o f  d e f le c te d  form . Hence a s o lu t io n  
i s  p o s s ib le  i f  ro tary  in e r t ia  i s  in c lu d ed , but not sh ear  f l e x i b i l i t y  
in  which a g iven  accuracy o f  r e p r e se n ta tio n  o f  the d e f le c te d  form 
may be ach ieved  w ithout in c r e a s in g  th e number o f  g e n e r a lis e d  
coord inates and hence w ithout in cr ea s in g  the order o f  th e  m atrix  
o f  which e ig en -v a lu es  and e ig e n -v e c to r s  are req u ired .
C onversely i f  shear f l e x i b i l i t y  i s  in clud ed  in  th e  a n a ly s is ,  
but ro ta ry  in e r t ia  i s  om itted  the se t  o f  polynom ials adequate fo r  
a g iven  accuracy fo r  the c la s s ic a l  beam may be employed as b efore  
w ith  no in crea se  in  the order o f  th e  m atrix produced.
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To in c lu d e  both r o ta r y  in e r t ia  and shear f l e x i b i l i t y ,  
however, req u ires th a t the order o f  the m atrix £ b]  i s  approxim ately  
doubled, i t  b ein g  n ecessa ry  to  r e ta in  a s e t  o f  co o rd in a tes  to  
d efin e  th e  r o ta t io n  o f  a tra n sverse  c r o s s - s e c t io n  se p a r a te ly  from 
the coord in a tes d e fin in g  the d e fle c tio n *  Equation 2 .8  ex p resses  
th e  r o ta t io n  o f  a cross s e c t io n  as
Ii(1 -  tA  t fo < 2 )
which i s  a fu n ctio n  o f  V, and thus th e  ex p ress io n  fo r  the
r o ta t io n  cannot be rep resen ted  as a sim ple fu n c tio n  o f  th e d e f le c t io n .
A s e t  o f polynom ials to  rep resen t d e f le c t io n ,  b^ to  b^ must
be used in  con ju n ction  w ith  a fu r th er  s e t  b^ to  V  to  rep resen t
r o ta t io n s , and s in c e  b^ i s  a co n sta n t, b^ i s  zer o . Thus the t o t a l
number o f  coord inates requ ired  fo r  th e th ic k  beam i s  2n + 1 to  
provide the same order o f  accuracy in  modal shape th a t  i s  g iven  by 
n + 1 coord inates fo r  the th in  beam. In Table T .1 .9  the r e s u lt s  
fo r  th e clam ped-free th in  uniform beam show th a t 10 polynom ial 
fu n ctio n s  based on an i n i t i a l  s e t  a^ = q are req u ired  t o  p rov id e
an accuracy in  the f i r s t  f iv e  r o o ts  in  V to  w ith in  0 .2 ^ . For the  
th ick  beam th e t o t a l  number o f  g e n e r a lise d  coo rd in a tes  to  provide  
th e same accuracy i s  thus 19 , and, con seq u en tly , the running tim e 
o f  the computer program i s  con sid era b ly  in cr ea se d . The s im p ler , 
sh o r ter  parts o f  the computation req u ire  running tim e p ro p o rtio n a l 
to  th e  order o f  the m atrix but the more com p licated , and tim e 
demanding parts req u ire  running tim e p ro p o rtio n a l to  th e  square o f  
th e  order o f  the m atrix |V} • In p r a c t ic e  the in c r e a se  in  running
time i s  found to be between 3 and "times between a s o lu t io n  w ith  
a m atrix requirem ent o f  order 19 as a g a in st th a t  fo r  an order 10*
To improve the computer usage the order o f  th e  m atrix Id
must be reduced, and t h is  i s  done by s e le c t in g  a s e t  o f polynom ials
which more n early  rep resen t the end co n d itio n s  o f  th e  beam being
considered  than do the sim ple s e t  described  in  s e c t io n  1 .8 .  In
se c t io n  1 .8  i t  i s  assumed th a t an i n i t i a l  s e t  o f  polynom ials
a . .  .a  may be employed, in  which a = qP, and th a t t h is  s e t  i s  
O n  P
converted to  the s e t  ^Q, , e ^n ^y fo llo w in g  p rocess:
p-1 *1
Let a* = a -  b • I a b dq
P P r J  p r0
whence b = a* . 2 (eq u a tio n  2 .2 4 )
P P
I f  i t  i s  assumed th a t a i s  a polynom ial s a t i s f y in g  a l l
P
four o f  the p rescr ib ed  end co n d itio n s  then a g iven  modal shape i s  
more e a s i ly  rep resen ted .
Equations 2.11 to  2 .1 4  d e fin e  the requirem ents fo r  the
th ic k  beam, and both pinned and guided ends are d efin ed  in d ep en d en tly
s/o f  frequency, but clamped and fr e e  ends depend upon V, c*C and q  •
Hence a compromise i s  n ecessa ry  and in  t h is  in v e s t ig a t io n  i t  i s
assumed th a t the fo llo w in g  co n d itio n s  must be s a t i s f i e d :
2 5fr e e  : d X _ d X _ n . clamped : X = 0 (eq u a tio n  2 .2 5 )
2 -  3 -  u;
dq dq
I t  i s  seen  th a t these c o n d itio n s  correspond to  th e  ca se  o f
= 0 fo r  a fr e e  end. For a clamped end dX can be n o n -zero , thus
dq
a llo w in g  fo r  th e  in c lu s io n  o f  the e f f e c t  o f  the shear fo r c e  a t  
th e clamp. In  e s ta b lis h in g  polynom ials to  d escrib e th e r o ta t io n
o f a cro ss  s e c t io n  p inned , f r e e ,  guided and clamped ends a l l  assume
!
the forms g iven  by eq u ation s 2.11 to  2 .1 4  p u ttin g  $  = 0 .
i . ■
In th e  in v e s t ig a t io n  so lu t io n s  are ob tained  fo r  the
clam ped-free and pinned-free! beams and s u ita b le  i n i t i a l  polynom ials
are as f o l lo w s :
d e f le c t io n :
= p (p - l)q P 2 -  2p (p -3 )q P 1 + (p -2 ) (p -3 )q P (eq u ation  2 . 2 6 )
r o ta t io n :  *
= (p - ‘l ) (p -2 )q P -  2 (p - l ) ( p - 3 ) q P 2 + (p -2 )(p -3 )q P~1 (eq u ation  2 . 2 7 )
In the case o f  the clam ped-free b ea m ,d eflec tio n  polynom ials  
are formed fo r  p = 3 ,4 ,5  e t c .  and r o ta tio n  polynom ials are formed 
fo r  p = 4 ,5*6  e t c .  In the case o f  th e p in n ed -free  beam both s e t s  
o f  polynom ials are formed from p = 5 ,6 ,7  e t c .  Except fo r  th ese  
d iffe r e n c e s  in  s ta r t in g  p o in t fo r  th e range o f p o lyn om ia ls , eq u ation  
2 .27  may be obtained  from equation  2 .2 6  by d if f e r e n t ia t in g  w ith  
r e sp e c t to  q and d iv id in g  by p .
The polynom ials which are used as g en e r a lise d  co o rd in a tes  
are formed by d er iv in g  the orthogonal and norm alised  s e r ie s  b^
and b^ by applying equation  2 .2 4  to  th e  d e f le c t io n  s e r i e s ,  a^ and
the r o ta t io n  s e r i e s ,  a^ r e s p e c t iv e ly .  In th e case o f  th e  p inned-
fr e e  beam,which has th e  t r i v i a l  so lu t io n  V = 0 rep resen tin g  a r ig id  
body mode o f  v ib r a tio n , i t  i s  n ecessa ry  to  ensure th a t no bending  
moment i s  induced a t th e  pinned-end, and t h is  i s  ach ieved  by
in trod u cin g  two polynom ials obtained  by p u ttin g  p = 3 in  eq u ation s
2 .2 6  and 2 ,27  and applying equation  2,21+ to  produce o r th o g o n a lity
to  a ,  and a ' .  O therw ise, when ap p ly in g  equation  2*24 to  form th e  
j  3
in term ed iate polynom ials a* , va lu es  o f  r  fo r  which th ere  i s  no
P
corresponding a , and hence no corresponding b , are ig n o red , 
r  r
R esu lts  are g iven  in  Table T .2 .5  fo r  th e clam ped-free  
beam (1 ) w ith  & c-  0 , and ( 2 ) w ith  e< = 1 /4 3 2 , ^  = 3*2 f o r  v a r io u s  
orders o f  th e  m atrix and fo r  the p in n ed -free  beam fo r  th e  case  
in  which i s  a 13 x 13 m atrix .
For the clam ped-free beam r e te n tio n  o f 13 g e n e r a lis e d  
coord in ates (7 fo r  d e f le c t io n ,  6 fo r  r o ta t io n )  reduces th e  % error  
in  V_ to  0.16^6 fo r  the th in  beam and to  0 .1 8 ^  fo r  the th ic k  beam.
The errors in  frequency fo r  the f i f t h  mode are hence l e s s  than  
0,1+% in  both c a s e s .  The r e s u lt s  fo r  th e  p in n ed -free  beams are le s s  
encouraging in  th a t fo r  the f i f t h  mode th e  errors in  V are 0 .6 4 ^  
and - 0 . 65% fo r  the th in  and th ick  beams r e s p e c t iv e ly ,  th e  error  in  
frequency being n ea r ly  1 .5 $  in  both c a s e s .  A lso in  a l l  modes o f  
the th ic k  beam errors o f  between 0 ,1 %  and 0 .2 %> occur in  the v a lu e s  
o f  V.
The g rea ter  error l e v e l  fo r  the p in n ed -free  beam in  
comparison w ith  the clam ped-free beam i s  not in v e s t ig a te d  in  depth , 
because errors in  c a lc u la t in g  va lu es o f  V fo r  th e  p r e tw is te d  beam, 
d iscu ssed  in  g r e a te r  depth in  s e c t io n  2 .7  show random errors which  
su g g ests  an in h eren t weakness in  the use o f  g e n e r a lise d  co o rd in a tes  
based on polynom ials produced by the method d escr ib ed . A lthough  
the errors fo r  the p in n ed -free  beam are h igher than fo r  th e
co n t'd  . . . .  p . 103
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T a b le  T .2 .5
Errors in  computing the frequency parameter fo r  clam ped-free and 
p in n ed -free  beams using orthogonal polynom ials as g en e r a lise d  coord in a tes
Orthogonal polynom ials have been used to  d escr ib e  the d e f le c t io n  and 
r o ta t io n  o f tra n sv erse  s e c t io n s ,  and have been s e le c te d  to  approximate to  
the end con d itio n s o f  th e  beam, th e  t o t a l  number o f  polynom ials used equals  
th e order o f  the m atrix o f  which t h e  v a lu es o f  V are th e e ig e n -v a lu e s .
The terms " th in ” and '’th ick" used in  th e ta b le s  below r e fe r  to  uniform  
beams w ith  th e  fo llo y /in g  p rop ortion s:
th in : &C = 0; th ic k :  = 1 /4 3 2 , ^  = 3 .2
Clamped-free beams
Mode Number 1 2 3 4 5
Thin, exact va lu e o f V  
Order 3 , error  
Order 3 , error  
Order J ,  error  
Order 13, error
1.875
.000
.000
.000
.000
4 .6 9 k
.212
.002
.000
.000
7 .855
•864
.020
.000
10.996
1.882
.001
14.137
.023
Thick, exact va lu e o f V 
Order 9 , error  
Order '11, error  
Order 13, error
1.855
.000
.000
.000
4 .386
.000
.000
.000
6.867
.001
.000
.000
8.951
.032
.006
.001
10.763
1 .216
.0 6 4
.019
P in n ed -free  beams
Mode Number 1 2 3 4 5 . . .
Thin, exact va lu e  o f  V 
Order, 13 error
3 .927
.000
7 .069
.000
10.210
.000
13.352
.003
16.493
- .1 0 6
Thick, exact v a lu es  o f  V 
Order, 13 error
3 .796
.008
6.437
.012
8 .680
.015
10.595
.009
12.259
.080
corresponding modes o f  the clam ped-free beam, in  a p r a c t ic a l  case  
concerned w ith  d esign  o f  a e r o f o i l  b lad in g  fo r  tu rb in e or  com pressor  
ro to rs  such errors would s t i l l  be w ith in  accep tab le  l i m i t s .
S o lu tio n  o f  th ick  p re tw isted  beams by T abulation  Methods
Two ta b u la tio n  methods are con sid ered . ( l )  a lumped mass 
and lumped in e r t ia  model using th e  d is t r ib u t io n  o f  M yklestad and
(2) where each elem ent i s  con sid ered  to be su b jec ted  to  a un iform ly  
varying d is tr ib u te d  lo a d . In both o f th ese  methods the e f f e c t  o f  
p r e tw is t  i s  con sid ered  as b ein g  e q u iv a le n t to  a beam in  which each  
elem ent i s  w ithout p r e tw is t , but su c c e ss iv e  elem ents are s ta g g ered ,  
the d is c o n t in u ity  being such th a t the s tagger  angle a t a ju n c tio n  
i s  equal to  the p r e tw is t  o f the p rev ious elem enta l le n g th . Hence 
the p r in c ip a l axes o f  the c r o s s  se c t io n  do not r o ta te  about th e  
lo n g itu d in a l a x is  o f  the beam w ith in  th e  le n g th  o f  an elem ent and 
i t  i s  p o ss ib le  to  ev a lu a te  two sep ara te  tran sform ation s o f  shear  
fo r c e , bending moment, tra n sv erse  r o ta t io n  and d isp lacem ent w ith ou t  
m o d ifica tio n  from the tech n iq u es d escr ib ed  in  f u l l  in  P art 1 . At 
the end o f  an elem ent i t  i s  n ecessa ry  to  compute two new s e t s  o f  
v a r ia b le s  a p p lica b le  to  th e  beginning o f  th e  next e lem en t.
In F igure 2.1  the v a r ia b le s  X,X',M and F denote r e s p e c t iv e ly  
th e d isplacem ent r o ta t io n  o f  a cross s e c t io n , bending moment and 
shear fo r c e . The s u f f ix e s  1 and 2 r e fe r  to  d isp lacem ent e t c .  in  
the p lanes co n ta in in g  the z -a x is  and, r e s p e c t iv e ly ,  th e  minor and 
major axes o f  the elem ent. Although in  the f ig u r e  no am biguity a r i s e s  
by u sin g  X1 to  denote r o ta t io n , in  the fo llo w in g  te x t  th e  n o ta tio n  
w i l l  rev ert t o  the use o f  ^ , ro .^a .^ wi'th s u f f ix  1 or 2 as a p p ro p r ia te .
In Figure 2 .2  the r e la t iv e  angular p o s it io n s  o f  th e  major 
and minor p r in c ip a l axes o f  two adjacent elem ents shows the sen se  
in  which p re tw ist i s  assumed, and hence the fo llo w in g  transform ation  
i s  d er ived , in  which c = cosfi^fl and s = s in
1 2
t 1 X*r o ta t ,1  r o t a t ,2
F,
1 X1 x  n  2. Y*
r o ta t ,1 ^ r o ta t ,2
= Mi m2
s t a r t ,
* —. 4
_ P2 J end,
r
(eq u a tio n  2 .2 8 )
With both  methods o f  s o lu t io n  th e  ta b u la tio n  req u ires  th at
four l in e a r ly  independent s e ts  o f  th e v a r ia b le s  are tak en  as i n i t i a l
v a lu e s , each s e t  s a t is fy in g  the end c o n d itio n s  f o r  z = 0 .  For
clamped co n d itio n s  X. = X_ = X* = Xf , , ■ = 0 and hence fou r ^ 1 2 r o t a t ,1 r o ta t ,2
adequate l in e a r ly  independent i n i t i a l  v a lu es  f o r  the rem aining
v a r ia b le s  are g iven  by tak in g  th e va lu es o f  M and F  ^ as
( 1 ,0 ,0 ,0 ) ,  ( 0 ,1 , 0 ,0 ) ,  ( 0 ,0 ,1 ,0 )  and ( 0 ,0 ,0 ,1 )  in  s u c c e s s io n .
For pinned co n d itio n s  X^  = X  ^ = .M^  = = 0 and adequate
i n i t i a l  va lu es  are ob tained  by tak in g  X1 X* , . 0 ,F . and Fx*o i /Q*i  r o t ^ s / t 1 ^
as ( 1 ,0 ,0 ,0 ) ,  ( 0 ,1 ,0 ,0 ) ,  ( 0 ,0 ,1 ,0 )  and ( 0 ,0 ,0 ,1 )  in  s u c c e s s io n .
2 .6 .1  Traverse o f  an elem ent fo r  lumped model
With M yklestad’ s model h a lf  the mass o f  each elem ent 
i s  lumped a t each end o f the elem ent, and i t  i s  con ven ien t to  
combine the co in c id e n t masses a t a ju n ctio n  in to  a s in g le  
m ass. For the beam w ithout p re tw is t  i t  i s  e q u a lly  con ven ien t  
to  co n sid er  the lumping o f  in e r t ia  in  the same manner, w ith  
the r e s u l t  th a t  fo r  the uniform  beam d is c r e te  m asses o f  ny'fr
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x
Cross s e c t io n ,  view along z -a x is
Figure 2.1  V ariab les used to  d e fin e  deform ation o f  
p retw isted  beams (ta b u la tio n  m ethods).
Element r+1
Element r
<D
 ----  Datum a x is
z
View along, z -a x is
Figure 2 .2  Angular r e la t io n s h ip  between su c c e ss iv e  
“  *" e lem en ts.
are p laced  a t  each ju n ctio n  betw een e lem en ts, w ith  masses 
o f  n/2N a t th e extremes o f  th e  beam, and in e r t ia s  are  
con sid ered  as being c o in c id en t v/ith each mass and o f  magnitude 
( i /A )  tim es the m ass. With th e  e f f e c t  o f  p re tw ist b ein g  
sim ulated  by the techn ique o f  s ta g g er in g  elem ents w hich are  
them selves w ithout p re tw ist i t  i s  seen th a t w h ils t  th e  co­
in c id e n t  masses a t ju n c tio n s  may be lumped as p r e v io u s ly ,  
owing to  th e  angular stagger between th e  p r in c ip a l axes o f  th e  
cro ss  se c t io n s  o f  ad jacen t elem ents d ir e c t  a d d itio n  o f  th e  
in e r t ia s  a f fe c t in g  and i s  not p o s s ib le  w ith o u t in trod u cin g
fu rth er  approxim ation in to  the model. The method used in  
th e in v e s t ig a t io n  i s  to  assume th a t h a lf  th e  mass o f  each  
elem ent i s  lumped a t  th e beginn ing o f  the elem ent w ith  co­
in c id e n t in e r t ia s  (n/2N) (i^ /A ) and (n/2N ) ( i^ /A ) , in tro d u cin g
in e r t ia  moments a f f e c t in g  and r e s p e c t iv e ly .  The elem ent
i s  traversed  u s in g  equations 1 . 1 ,  1 .5 ,  1 .3  and 1 .6  fo r  b oth  
planes o f  d e f le c t io n ,  and th e  sh ear fo rce  and bending moments 
are co rrected  to  in corporate  th e  fo rce s  and moments a r is in g  
from th e lumped mass and in e r t ia s  a t  the end o f the e lem en t. 
Using the v a r ia b le s  D,B,S,W, CC and ^  as d efin ed  p r e v io u s ly ,  
and in trod u cin g  H = ( i^ / l^ )  the num erical tran sform ation s are
ca rr ied  out by th e  tw elve eq u ation s 2 .2 9  to  2.2fO.
In order th a t  a s u ita b le  tran sform ation , u s in g  the form  
o f  equation 2 .2 8 , may be e f fe c te d  a t each ju n ctio n  th e  v a r ia b le s  
D,j,:Bj ,S.j must be com patible w ith and S^.
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Hence i t  i s  assumed th a t:
r o ta t ,1
Do = X* + , . 0 / N )2  ; 0t a t , 2 - ( W
B1 = (M^/EI1) . (L/N)2 
B = (M g/E I^.C L /N )2
51 = (f / e i ^ . O / n ) 3
52 = (F2/E I 1) .(L /f t )3
The frequency parameter V and the a s so c ia te d
v a r ia b le  W are a ls o  in te r p r e te d  in  terms o f  EI^, thus
V4= (m € e 3  2 ) / f E I 1L).Lif and W = (V/N)^
Using th ese  v a r ia b le s  the equations 2 ,2 9  to  2 .4 0  are in  a
and dynamic d if fe r e n c e s  between th e  two re fe ren ce  p lan es  
occur.
In order th a t a l l  v a r ia b le s  are c o r r e c t ly  ev a lu a ted , 
the order o f  equations 2 .2 9  to  2©2+0 g iven  below must be  
adhered to ,  and th e  symbol — i s  used to  in d ic a te  th a t  
th e  new value o f  the v a r ia b le  to th e l e f t  o f the symbol i s  
found by ev a lu a tin g  th e  ex p ress io n  to  th e r ig h t  o f  th e  symbol 
u sin g  th e  most r e c e n tly  computed va lu es fo r  the v a r ia b le s .
compact form and th e in tro d u ctio n
in to  the equations f o r  and shows where th e  e l a s t i c
The tw elve equations a r e , th u s,
51 — *• S1 + (W/2)X1 (eq u a tio n  2 .2 9 )
52  S2 + (W/2)X2 (eq u a tio n  2 .3 0 )
-  (W^N2/ ^ ) ^  (eq u ation  2 . 31 )
M M2 + S2 -  (WH^N2/2 )D 2 (eq u a tio n  2 . 3 2 )
X1  »• X., + D1 + M.,/2 -  S .,/3 -  ( t ’oUJ2 )S 1 " (eq u a tio n  2 .3 3 )
X2  X2 + D2 + (Mg/2 -  S ^ V H  -  ( J f« N 2 )S2 (eq u a tio n  2 .3 4 )
-  S^/2 (eq u ation  2 .3 5 )
D — £& D2 + (M2 -  S ^ 2 ) / E  (eq u ation  2 . 3 6 )
S.j + (w /2 )X.j (eq u a tio n  2 .3 7 )
S2 — ■■»* S2 + (w/ 2)X2 (eq u ation  2 .3 8 )
M  ft- M1 -  (WocN2/2 )D 1 (eq u ation  2 .3 9 )
M2  ft- M2 -  (WH4*N2/ 2 )D2 (eq u ation  2.2+0)
-•  Traverse o f  an elem ent fo r  l in e a r ly  varying d is tr ib u te d  
load  method
The v a r ia b le s  used fo r  the lumped model s o lu t io n  are 
employed fo r  the varying d is tr ib u te d  lo a d  method, w ith  th e  
a d d itio n  o f  U,j and , U2 and Q2 th e  s u f f ix e s  1 and 2
r e fe r r in g  to  p lanes 1 and 2 and th e  in te r p r e ta t io n  o f  U and 
o f  Q being  as in  s e c t io n s  1 .6  and 2 .4»
V alues f o r  U^, Q-j>U2 and Q2 are d er iv ed  from
the co n d itio n s at the beginning o f  an elem ent by u sin g  
equations 2.41  to  2.2+4 which are d i r e c t ^  comparable w ith
equations 2 .1 6  and 2 .17  which are used fo r  th e  s o lu t io n  o f  
th e  beam w ithout p r e tw is t:
U1 + Qn/ 2  = W./xi + 0 ^ 2  + B / 6  + S / 2 4  + U.,/120 + Q./7 2 0
- 'K « N 2 (S1/ 2  + V / 6  + Q / 2 4 ) ]  ( eq u ation  2 .4 1 )
u2 + V2 = w- f x2 + V 2 + (V 6 + V24 + V 120 + V72°)/H
+ 0 ^ 6  + Q2/ 24 ) j  ( eq u ation  2 .4 2 )
U /2  + Q /3  = W. fx ., /2  + D1/3  + B.,/8 + S ^ / 3 0  + 1^/144 + Q /840
-  ^bcN2 ^ / ^  + u / 8  + Q / 30)
+e<N2 (D1 + B^/2 + S^/6 + U1/2 4  + Q ^/120)|
(eq u ation  2 .4 3 )
V 2 + V3 = w* f V 2 + V 3 + (V 8 + V30 + V 144 + V840)/H
+ Ug/8 + Qg/30)
+ e< N2 (HD2 + Bg/2 + S^/6 + U g/24 + Q ./1 2 0 ) ]  |
(eq u a tio n , 2.2+4)
The elem ent i s  then tra v er sed  u sin g  th e  e ig h t  eq u ation  
2 .4 5  to  2 .5 2 , the order o f  com putation must be adhered to  so  
th a t the co rrec t ev a lu a tio n  i s  made to  th e ex p ress io n s  to  
th e  r ig h t  o f  th e  symbol .
X1 —«b- X1 + + B.j/2 + S^/6 + U1/ 2 4  + Q.j/120
-  ^e<N2 (S^ + U^/2 + Q^/6) (eq u a tio n  2 .4 5 )
X2 — X2 + D2 +■ (Bg/2 + S g/6  + U g/24 + Q ^ ^ O V H
-^©CN2 (S2 + E ^ /2  + Qg/6) (eq u a tio n  2 .4 6 )
+ B^  + S^/2 + U^/6 + Q^/24 (eq u a tio n  2 .4 7 )
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i>2 - ^  D2 + (B2 + 8 ^ 2  + + Q ^ ^ / H
—®» B^  + + U^/2 + Q^/6
®2 ~"es* ^2 + ^ 2 + ^ 2/ ^  + ^ 2 ^
s  ^ + U_j + Q^/6
3  ^« ^ t e a  S2 + U2 + Q2 /6
(eq u a tio n  2 .4 8 )  
(eq u ation  2 . 4.9 ) 
(eq u a tio n  2 . 5 0 ) 
(eq u a tio n  2 .5 1 ) 
(eq u ation  2 . 52 )
2 .6 .3  E valu ation  o f  th e  term inal v a r ia b le s
The group o f  N elem ents are tra v ersed  f o r  a l l  fo u r  
l in e a r ly  independent i n i t i a l  c o n d itio n s  and v a lu e s  o f
,D  ^, B^, jX2 ,I>2 , B2 811 ^  ^2 are ° ^ a^ned- ^or en<i  o f  th e
Beam. In th e in v e s t ig a t io n  th e  end c o n d itio n  has been fr e e  
fo r  both cases examined, and con seq u en tly  i t  i s  req u ired  to  
see  i f  a l in e a r  com bination o f the fou r ta b u la tio n s  i s  
p o s s ib le  such th a t B^  = B2 = = S2 = 0 .  This w i l l  on ly
be p o ss ib le  i f  the fo llo w in g  determ inant, in  which the  
second s u f f ix  denotes th e ta b u la tio n  fo r  which th e  term in a l
det I B
s i s quoted, i s  zer o .
B1 ,2 \ 3 B1 A
B2,1 B2 ,2 B2 ,3 B2 ,4
1,1 V
s
1,3 S1 A
S2,1 S2 ,2 S2 ,3 S2 ,4
0 (eq u a tio n  2 .53^
In order th a t the le f t -h a n d  s id e  o f  eq u ation  2 .5 3  i s  
eva lu ated  w ithout undue lo s s  o f  s ig n i f ic a n t  f ig u r e s ,  the  
determ inant Is  reduced by p iv o ta l e l im in a t io n . B r ie f ly  the
elem ent o f  g r e a te s t  modulus in  the f i r s t  column o f  the  
array i s  lo c a te d  in ,  sa y , row r .  This elem ent i s  r e fe r r e d  
to  as th e  " p iv o t0 fo r  column 1 . Row r i t s e l f  i s  l e f t  
unchanged, but m u lt ip le s  o f  row r  are su b tracted  in  turn  
from the th ree o th er  rows so th a t t h e ir  elem ents in  column 
1 are reduced to  z e r o . The process i s  now rep ea ted  by 
lo c a t in g  the elem ent o f  g r e a te s t  modulus in  column 2 o th er  
than in  row r .  That i s  to  say no row may co n ta in  more 
than one p iv o t .  I f  th e p iv o t  fo r  column 2 i s  in ,  say , 
row s then row s i s  l e f t  unchanged but m u ltip le s  o f  row s 
are su btracted  from the o th er  th ree  rows so th a t t h e ir  
elem ents in  column 2 are reduced to  zer o . The p rocess i s  
repeated  fo r  column three and again  fo r  column 4» This 
r e s u lt s  in  a square array in  which each column and each row 
con ta in s n ot more than one non-zero elem ent. T his red u ctio n  
i s  s im ila r  to  th e  red u ction  to  echelon  form developed  by  
&auss (see  L iebeck, ( r e f .  19 )) and o th e r s , but has th e  
advantage fo r  autom atic com putation th a t th e p resen ce o f  a 
se n s ib ly  zero elem ent in  the le a d in g  d iagonal does not le a d  
to  a breakdown o f  th e  p r o c e ss . The determ inant i s  r e a d ily  
eva lu ated  from the product o f  the rem aining fo u r  e lem en ts .
I f  a non-zero p iv o t cannot be found fo r  a g iven  column then  
the va lu e o f  the determ inant i s  z e r o . The e lim in a tio n  
p rocess sk ip s to  th e n ext column in  order to  e s t a b l is h  how 
many columns are w ithout a p iv o t .  The number o f  such 
columns i s  the number o f  l in e a r ly  independent com binations  
o f  th e  fou r  ta b u la tio n s  which w i l l  s a t i s f y  the end c o n d it io n s ,  
th a t  i s ,  i t  i s  a measure o f  the number o f  independent modes
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o f  v ib r a tio n  which can occur a t the frequency used fo r  the  
current t r i a l .  I f  the determ inant i s  not zero then th e  
va lu e i s  stored  w ith  th e  t r i a l  v a lu e  o f  V. A new t r i a l  
va lu e o f  V i s  s e le c te d  and the p rocess rep ea ted . By 
a p p lic a t io n  o f  th e  r u le  o f  f a l s e  p o s it io n  e ith e r  zero  
determ inants are lo c a te d , or th e  n ext recommended t r i a l  
value fo r  V  i s  s e n s ib ly  c o in c id en t w ith  a value a lread y  
t e s t e d .  In t h i s  case i t  is  assumed th a t th e  va lu e o f  th e  
determ inant i s  as sm all as may be d iscern ed , and the  
corresponding va lu e  o f  V corresponds to  a n a tu ra l frequency  
fo r  the beam. I f  i t  i s  requ ired  to  compute th e modal 
sh ap e(s) corresponding to  the frequency th a t  has been  
lo c a te d , then  i t  i s  n ecessa ry  to  f in d  the column ( s )  which 
when p rem u ltip lied  by the array o f equation  2 .5 3  y ie ld  a 
n u ll  column. For t h is  reason th e red u ction  o f  th e  array  
by p iv o ta l e lim in a tio n  i s  ca rr ied  out on a d u p lic a te  o f  
the array , th e o r ig in a l array being r e ta in e d  in  s to r e  in  the  
computer. This enab les the appropriate colum n(s) to  be  
ex tra c ted  by standard r o u tin e s , again  based on p iv o ta l  
e lim in a tio n .
2 .6 .4  L ocation  and sep ara tion  o f  ro o ts  occurring  in  p a ir s
With uniform beams w ithout p r e tw is t , fo r  th e  f i r s t  
f iv e  n a tu ra l fr e q u e n c ie s , so lu t io n s  in  V are s u f f i c i e n t l y  
w e ll separated  such th a t no d i f f i c u l t i e s  should  be 
experienced  by a p p lic a tio n  o f  the ru le  o f  f a l s e  p o s it io n ,  
u sin g  t r i a l  values a t in te r v a ls  o f  1 .0  or l e s s .  That 
i s ,  fo r  th e sim p le  beam co n fig u ra tio n s  th e  r e s id u a l  
determ inant w i l l  not change s ig n  tw ice  w ith in  a range o f
1 .0  in  V. In p r a c t ic e  i t  i s  found  th a t  i f  t r i a l  v a lu es  
are s e le c te d  a t  in te r v a ls  o f  1 .0  when u sin g  a lumped model 
u n su ited  to  th e  co n fig u ra tio n  being examined, then errors  
may occur such th a t  ro o ts  in  V are computed c lo s e r  than 
1 .0 .  I f  owing to  the ch o ice  o f  th e  i n i t i a l  t r i a l  va lu e  
the two s o lu t io n s  occur between su ccess iv e  t r i a l  va lu es  o f  
V then the r e s id u a l determ inant w i l l  not change s ig n  and 
n e ith e r  roo t w i l l  be d e tec ted . An example has been r e fe r r e d  
to  in  S ectio n  2 .3  and in  Table T .2 .2  where in  in v e s t ig a t in g  
the accuracy o f  a lumped model u sing  Simpson*s d is t r ib u t io n ,  
w ith  10 e lem en ts, fo r  the s o lu t io n  o f  the clam ped-pinned  
beam, OC = 1 /4 3 2 , 8  = 3*2 , th e  4 th  and 5 th  ro o ts  in  V fo r  
the model are found a t 10+ and 1 1 -, r e s p e c t iv e ly ,  in s te a d  
o f  a t  the exact va lu es  o f  10 .3 4  and 11.99 r e s p e c t iv e ly .
The t r i a l  v a lu es fo r  V in  the computer ro u tin e  used  fo r  
th a t part o f  the in v e s t ig a t io n  are s e t  a t  1 .0 ,  ( 1 .0 ) ,  1 8 .0 .
I t  i s  obvious th a t t h is  om ission  o f  r o o ts  in  p a ir s  
may be avoided by u sin g  a sm a ller  in te r v a l between s u c c e s s iv e  
t r i a l  v a lu es  fo r  V, but t h i s  in te r v a l  becomes p r o h ib it iv e ly  
sm all when p re tw isted  beams are in v e s t ig a te d .  In the  
l im it in g  case equal ro o ts  m aybe p r esen t, and th e ru le  o f  
f a l s e  p o s it io n  would on ly  lo c a te  such a co n d it io n  i f ,  
fo r tu ito u s ly ,  a t r i a l  v a lu e  fo r  V and the double ro o t were 
c o in c id e n t.
A rou tin e  i s  developed  fo r  th e lo c a t io n  and sep a ra tio n  
o f  r o o ts  occurring in  c lo s e  p a ir s ,  which a t th e  same tim e 
lo c a te s  equal r o o ts .
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In Figure 2 .3  v e r t i c a l  l i n e s  at a ,b ,c  and d in d ic a te  
fou r  su c c e s s iv e  t r i a l  v a lu es fo r  V. P o in ts  r in ged  show 
th e  magnitude o f  the r e s id u a l determ inant. Desk c a lc u la t io n  
would su ggest th a t one or o th er o f  the d o tted  forms would  
be ob tained  w ith  a sm all in te r v a l between t r i a l s ,  w ith  
e ith e r  a double r o o t a t  £  or two c lo se  roots a t  f  and g .
With autom atic c a lc u la t io n  in  which the program i s  t e s t in g  
fo r  a change in  s ig n  o f  the va lu e o f  th e  determ inant, no 
s ig n  change occurs and the roots would f a i l  to  be lo c a te d .
The method used in  the in v e s t ig a t io n  i s  based on the t e s t  
fo r  a turn ing p o in t in  th e  curve o f  "residue" a g a in st  V, 
and i f  w ith in  the range o f  v a lu es  o f  "residue" b ein g  examined 
the turning p o in t i s  a minimum fo r  a group o f  p o s i t iv e  
"residues" or i s  a maximum f o r  a group o f n eg a tiv e  " resid u es" , 
then t h i s  turn ing p o in t i s  a t ,  or approxim ately a t ,  a r o o t .
The method hence reduces to  examining ( l )  co n secu tiv e  
"residues"  to  t e s t  fo r  a change in  s ig n ,  which w i l l  in d ic a te  
a roo t between th e  two t r i a l s  o r  (2 ) in  the absence o f  a 
s ig n  change to t e s t  fo r  th e  modulus o f th e  second o f  th ree  
su c c e ss iv e  "residues"  being sm a ller  than the modulus o f  th e  
f i r s t  and th ir d  v a lu e s .  R eferrin g  to  F igure 2 .3 ,  th e  group 
based on th e  t r i a l  va lu es a t a ,b  and c would not show th a t  
the modulus o f  the "residue" a t b was th e l e a s t  o f  th e  th r e e ,  
but the group b ,c  and d would show th a t  the modulus o f  th e  
"residue" a t  c i s  lower than th o se  a t  b or  d . For any 
s in g le  b lade co n fig u ra tio n  w ith in  the scope o f  t h is  in v e s t i ­
g a tio n  r o o ts  in  V must e x i s t  between b and d. E f f e c t iv e ly  
th e method i s  th a t o f  exam ination o f  th e  s lop e o f  th e  
s tr a ig h t  l in e s  jo in in g  adjacent p o in ts  on the graph o f  
"residue" versu s V, The ru le o f  f a l s e  p o s it io n  i s  a p p lied
R
es
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f  s '
V, frequency parameter ----------------
igure 2 .3  T r ip le  in te r v a l abed w ith  two ro o ts  
in  V occuring in  th e  in te r v a l  be
to  the s lo p es  and by making th e  approxim ation th a t th e  
curve o f  "residue" a g a in s t  V i s  p arab olic  a new t r i a l  may 
be s e le c te d  fo r  V corresponding to  the turn ing p o in t o f  
the curve. R ep etitio n  o f  th e  method w i l l  lo c a te  a double 
root such as a t  e ,  In the event th a t there are a p a ir  o f  
c lo s e  r o o ts ,  then a f t e r  an amount o f  i t e r a t io n  a s ig n  
change w i l l  occur in  the "residue" when a t r i a l  v a lu e  i s  
s e le c te d  between f  and g . The normal method o f  f a l s e
p o s it io n  i s  used to f in d  f i r s t  f  and then g . The method
i s  s u c c e s s fu l in  th a t when the square se c t io n  b lade i s
an alysed  a l l  roo ts  are lo c a te d  in  the form o f  double r o o ts ,
and a lte r n a t iv e  modal shapes are ob ta in ed .
Two standard methods are p o ss ib le  when th e  r u le  o f  
f a l s e  p o s it io n  has lo c a te d  a ro o t as ly in g  between two 
t r i a l  v a lu e s , (1 ) th e  range between the two t r i a l  v a lu e s  
i s  subdivided and a f in e r  search  i s  in i t i a t e d  and (2 ) a 
new t r i a l  va lu e  i s  based on th e assum ption th a t th e  curve  
betv/een th e  p o s it iv e  and n ega tive  "residues" may be 
approximated to  a s tr a ig h t  l i n e .  This l in e a r  in te r p o la t io n  
i s  in  genera] con sid era b ly  more economic in  th e  number o f  
t r i a l  v a lu es  requ ired  than i s  th e  method o f  rep ea ted  sub­
d iv is io n .  A n otab le  excep tion  i s  p o ss ib le  and has been  
met w ith  during t h is  in v e s t ig a t io n .
Consider the case i l lu s t r a t e d  in  F igure 2 ok  where 
su c c e ss iv e  t r i a l  v a lu es  o f V are p and q and where the  
"residue" changes s ig n  during the in te r v a l  pq, showing the
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frequency
parameter
Figure 2 , k  In te r v a l in  which ra te  o f  
convergence i s  slow .
1 r14
V, frequency parameter
F igure 2 ,5  S u bd iv ision  o f  in te r v a l to  improve 
r a te  o f convergence.
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presence o f  a root in  V, and where another root in  V e x i s t s  
near to  p, but o u tsid e  th e  range pq. S u ccessive  l in e a r  
in te r p o la t io n s  in d ic a te d  by the l in e s  1 , 2 , 3 . . .  s e l e c t  th e  
t r i a l  v a lu es  o f  V as shown a t  r 1 , r 2 , r3 • • •  The presence  
o f  a tu rn in g  p o in t in  the curve o f  "residue*1 a g a in s t  V causes  
the convergence to  the tru e  r o o t  a t r  to  be slow . To a v o id  
t h is  uneconomic i t e r a t iv e  process i t  has been found a d v isa b le  
to  use a method in  which th e  su b d iv is io n  o f  the in te r v a l  i s  
employed in  conjunction  w ith l in e a r  in te r p o la t io n .
By s e le c t in g  a t r i a l  va lu e fo r  V ar r1 w hich i s  midway 
between p and q th e approximate lo c a t io n  o f  a tu rn in g  p o in t  
in  the "residue" a g a in st V curve may be ob ta in ed  by th e  method 
d escrib ed  above. I f  th is  turning p o in t i s  as shown a t  s in  
Figure 2 .5  such th a t  the actu a l root and the tu rn in g  p o in t are 
not in  the same su b d iv is io n  o f  th e  in te r v a l  pq, th en  l in e a r  
in te r p o la t io n  may now be used w ith  an adequate r a te  o f  conver­
gen ce. I f ,  however i t  i s  found th at the tu rn in g  p o in t and th e  
root occur in  the same su b d iv is io n , then  t h i s  in te r v a l i s  again  
subdivided  and th e  p rocess i s  repeated..
S a t is fa c to r y  lo c a t io n  and e v a lu a tio n  o f a l l  r o o ts  i s  
ach ieved  fo r  th e  p retw isted  beams in clud ed  in  th e  in v e s t ig a t io n ,  
u sin g  an i n i t i a l  in te r v a l between t r i a l  va lu es  o f  V = 0 .5*
2 .6 .5  R esu lts obtained  fo r  the clam ped-free and p in n ed -free  beams, 
w ith  p r e tw is t , using ta b u la tio n  methods
Programs have been w ritten  fo r  the autom atic com putation  
o f  frequency parameter V and fo r  th e  a sso c ia te d  modal shapes
fo r  both  clam ped-free and p in n ed -free beams o f  th e fo llo w in g  
p ro p o rtio n s:
le n g th  = 6 .0 0
major a x is  o f  cro ss  s e c t io n  = 1 .00
minor a x is  o f  cross s e c t io n  -  ( l )  0 .5 0
(2) 0 .2 5
p r e tw is t  (d egrees) = 0 ( 15) 90
r a t io  KE/G = 3*2
The range o f  V i s  such as to in c lu d e th e  f i r s t  f iv e  n a tu ra l 
freq u en cies  fo r  b lades w ithout p r e tw is t  when v ib r a tin g  in  
th e  p lane con ta in in g  the lo n g itu d in a l and minor tra n sv erse  
a x es . The fa m ilie s  o f p re tw isted  beams w ith in  th e above 
proportions have been in v e s t ig a te d  u sin g  both the M yklestad  
model and the l in e a r ly  vary ing  d is tr ib u t io n  o f lo a d  on an 
elem ent. In a d d itio n  th e l a t t e r  method has been a p p lied  to  
the same fa m il ie s  o f  beams in  which th e e f f e c t s  o f both  sh ear  
f l e x i b i l i t y  and ro tary  in e r t ia  have been suppressed by 
p u ttin g  OC = 0 in  the equations employed in  th e  com putation. 
Tables T .2 .6  to  T .2 .1 0  and Graphs G.2.1 to  G .2 .8  g iv e  th e  
r e s u lt s  from the programs, to g e th er  w ith  r e s u lt s  fo r  the same 
fa m ilie s  o f  beams, in c lu d in g  e f f e c t s  due to  shear f l e x i b i l i t y  
and ro ta ry  in e r t ia ,  computed u sing  the method o f g e n e r a lis e d  
coord in ates c o n s is t in g  o f  orthogonal polynom ial fu n c t io n s ,  
d iscu ssed  in  th e  fo llo w in g  s e c t io n  2 .7 .
D iscu ssio n  o f  the e f f e c t s  o f p r e tw is t , shear f l e x i b i l i t y  
and rotary  in e r t ia  upon the clam ped-free and p in n ed -free  beams 
i s  p resen ted  in  S ection  2 .8  where comparison o f  the methods o f  
com putation i s  a lso  made.
S o lu t io n  o f  th e  t h i c k  p r e t7 ; i s te d  beam by g e n e r a l i s e d  c o o r d in a te s
The method o f S ectio n  2 .5  is  extended to  perm it th e  a n a ly s is  
o f  beams v ib r a tin g  in  two p lan es a t  r ig h t a n g le s , but u n lik e  th e  
ta b u la tio n  methods d escr ib ed  in  S ec tio n  2 .6  where the dynamic and 
e l a s t i c  equations were e f f e c t i v e ly  a p p lied  to  elem ents w ith o u t  
p r e tw is t , th e  orthogonal polynom ials used as g e n e r a lise d  co o rd in a tes  
are rep re se n ta tiv e  o f  the modal shape o f the beam as a w hole. 
C onsequently p r e tw is t  i s  in troduced  as a continuous e f f e c t  and th e  
s u f f ix e s  1 and 2 ap p lied  to  an<^  ^  r e fe r  to  e f f e c t s  in  two
referen ce  p lan es which are re ta in e d  fo r  th e  f u l l  le n g th  o f  the beam, 
and n o t , as in  S ectio n  2 .6  a s so c ia te d  w ith , and con seq u en tly  ro ta ted  
w ith , in d iv id u a l e lem en ts.
In th e  in v e s t ig a t io n  the re feren ce  p lanes are taken  to  be 
d efin ed  r e la t iv e  to  th e  major and minor p r in c ip a l axes o f  th e c r o ss  
s e c t io n  a t  z = 0 . The p lanes con ta in  the lo n g itu d in a l a x is  o f  th e  
beam, and the minor a x is  ( s u f f ix  1) or the major a x is  ( s u f f i x  2) o f  
the cross s e c t io n  at th e  r o o t .
2.7*1 Polynom ials rep resen tin g  d e f le c t io n
These are s e le c te d  as in  S ec tio n  2 .5  and may be 
summarised th u s :
The polynom ial a^ i s  o f  degree q^; in  th e g en era l 
case where the mass per u n it le n g th  ( m /h )  i s  v a r ia b le  an 
in term ediate polynom ial i s  formed such th a t = (m /L)2a^
fo r  0 f  q t  1» in  th e in v e s t ig a t io n  the m ass/u n it le n g th
if:
i s  co n sta n t, hence a* = a . A second in term ed ia te  polynom ial
P P
4  p -i f  a  .
i s  formed by making a* = a -  I a* b dq and f i n a l l y  thep p p r
r 0
orth ogon a l, norm alised polynom ial b^ i s  fbrmed from b^ =
I  2 1 -(a ) dq V 2. For economy in  the number o f  polynom ials
required  to  ob ta in  a given accuracy o f  s o lu t io n  i t  i s  req u ired
th a t th e  o r ig in a l  ch o ice  o f  polynom ial a s a t i s f i e s  th e  end
P
c o n d itio n s  fo r  th e beam. For the th ic k  beam t h is  i s  not 
always p r a c tic a b le  as i s  shown in  S ec tio n  2 .5 .  In such a case  
the end co n d itio n  fo r  the corresponding beam w ith  ©C = -0 i s  
s a t i s f i e d .
2 .7 .2  Polynom ials rep resen tin g  r o ta t io n
I t  i s  s ta te d  in  Part 1 th a t in  order to  employ a 
s u f f i c i e n t l y  accu rate  method o f  a b s tr a c tio n  o f  e ig en -v a lu es  
and e ig e n -v e c to r s  from la r g e  m a tr ic es , such as J a c o b i's  method, 
th e b a sic  m atrix must be sym m etric. This i s  ach ieved  in
-t -j
S ectio n s 1 .7  and 1 .8  by in trod u cin g  the m atrix =£m! 2£^ 1 |mJ 2 
and the column f c j  = [M^|2 |  X*| , and using the p rop erty  th a t
dynamic equations £a*|£m] J x | = &J ^ may be p rem u lti­
p lie d  by [m*J2 producing the equations £t^ |*C *| = ,
hence req u ir in g  the red u ction  o f  a sym m etrical m atrix , r a th e r  
than th a t o f  an assym etric  m atrix . A m atrix |[b~J r e p la c e s  
fo r  th e  th ic k  beam.
To produce a sym m etrical array to  d e sc r ib e , ad eq u a te ly , 
the in e r t ia  moments o f  a th ic k  p re tw isted  beam i t  has been 
found n ecessary  to  consider a range o f  polynom ials which do n ot
bear a sim ple r e la t io n s h ip  to  th ose  used to  d escr ib e  the 
d e f le c t io n s  o f  the v ib r a tin g  beam.
I f  an elem ent o f  le n g th  L.dq i s  con sid ered  a t  th e  
p o s it io n  qL along th e beam from the r o o t ,  and th e cro ss  s e c t io n  
a t t h is  p o in t has th e  p r in c ip a l axes ro ta ted  about th e  lo n g itu d in a l  
a x is  by ® r e la t iv e  to  the datum axes a t th e  r o o t , then a 
r o ta tio n  X’ o f  t h i s  e lem en ta l len g th  w i l l  have, a t c ir c u la r
frequency , an in e r t ia  torque w ith  components in  re fe ren ce  
planes ( l )  and (2 )
4 mi = £O2 (n /L )L .d q (l1c o s2 0  + I 2s in 2 0
(eq u a tio n  2 .5 4 )
and = ■ Cd ^(n/L )L .dq(l^  -  I 2 ) c o s 0  .s in Q  .X*
(eq u ation  2 .5 5 )
By con sid er in g  a r o ta t io n  in  plane (2 ) o f  X  ^ ex p ress io n s  
s im ila r  to  equations 2 .5 4  and 2 .5 5  are ob ta in ed .
These ex p ression s have not been found amenable to  a 
s u ita b le  in f lu e n c e  c o e f f i c ie n t  ro u tin e  which w i l l  le a d  to  th e  
co n stru ctio n  o f  a sym m etrical m atrix o f  the form o f  L b*} .
However by con sid erin g  two fu n c tio n s  and which  
are r e la te d  to  and dependent upon X,j and X^  a s a t i s f a c t o r y  
m atrix i s  ob ta in ed , the fu n ctio n s  being d e fin ed  th u s:
Y^  i s  a polynom ial in  q equal to  th e  r o ta t io n  o f  th e
tran sv erse  plane about the major p r in c ip a l a x is  a t  q, the  
r o ta tio n  about the minor p r in c ip a l a x is  being zer o .
-Y^  i s  a polynom ial in  q equal to  the r o ta t io n  o f the
tran sv erse  plane about the minor p r in c ip a l a x is  a t  q, th e  
r o ta t io n  about the major p r in c ip a l a x is  being z er o .
Hence xi
Yl
2
cos - s m
s m cos
1
(eq u ation  2 . 5 6 )
E lem ental le n g th s  L.dq g iv e  in e r t ia  torques in  
referen ce  p lanes (1 ) and (2 ) o f:
3* mmrn.
&M I
2
= Ca> (nv/L)L.dq.
fO»
COS& -sin Q
 ^ 2^ 
\  ° Y1
A mJ . flsm u
ga»
cos®
«*C . °  h Y2
(eq u ation  2 .5 7 )
For a beam in  which th e  cro ss  s e c t io n  i s  not o f  constant 
proportion  and in  consequence fo r  which 1^  and are fu n c tio n s
o f  q i t  i s  convenient to  rep resen t the r o ta t io n s  and Y  ^ as
the sums o f  polynom ials in  q s a t is fy in g  the fo llo w in g  
eq u ation s:
„n±
I 2 Y 1 1
I 2 Y 2 2
p=i
n
p=0
c j  .a*
P
» V  „  *
' n2 ,P  p
(eq u ation  2 .5 8 )
(eq u a tio n  2 .5 9 )
The polynom ials a Q ... .a ^  are taken as in  S e c tio n  2 .5*
and the d e f in it io n  o f a^ i s  g iven  in  equation 2 . 2 7 . 
C o e ff ic ie n ts  c f  and c* d efin e  the proportions o f  the1,p  2 ,p  *
polynom ials p resen t. The g e n e r a lise d  coord in ates b ^ . . .V
are derived  from the s e t  a ^ . . . a ’n by th e ro u tin e  o f  equation  
2 .2 4 .
Hence: I„ Y. = 2  c . .b f = Z (eq u ation  2 .6 0 )
1 1 £=0 ’P P
n
1 Y = 2  c„ .b ' = z (eq u a tio n  2 .6 1 )
2 2 ^ 0  2 »p P 2
The in f lu e n c e  c o e f f i c ie n t s  fo r  the m atrix LBJ are  
d erived  according to  the method g iven  below in  S ec tio n  2 .7 .3 *
2.7*3  Formation o f  the sym m etrical m atrix
The polynom ials rep resen tin g  d e f le c t io n s ,  b^ b^
are considered  in  turn  as op eratin g  in  re feren ce  p lane (1 )  
and, in d ep en d en tly , in  re feren ce  plane ( 2 ) ,  and fo llo w in g  the  
method o f  S ectio n  1 .8  d is tr ib u te d  load s are considered  to  a c t
upon th e  beam such th a t th e  in t e n s i t y  o f  th e  lo a d  a t  q i s
jl
g iven  by (m/L)2.b . For th e  s t a t i c a l l y  determ inate c a se s  
P
Considered in  the in v e s t ig a t io n ,  the d is tr ib u te d  lo a d  may be  
in teg ra te d  over th e len g th  o f  the beam to  g iv e  sh ear  fo rce  and 
bending moment. S im ila r ly  polynom ials rep re se n tin g  r o ta t io n  
o f  the cross s e c t io n  are considered  as a c t in g  in  th e  sen se
and, in d ep en d en tly , the sense Y£ , d is tr ib u te d  moments b e in g
considered  to  a c t  a long the le n g th  o f  th e  beam such th a t  th e  
r a te  o f  change o f  bending moment w ith  resp ec t to  le n g th  i s  
given  by th e  appropriate r e la t io n s h ip :
polynom ial b^ a c t in g  in  sen se Z  ^ :
M* = I 2 (cos 0 )b*1 ^  x™ w / ~p
:* = I 2 (s in ® )b *  /  ^ v2 2 p (.equation 2 .6 2 ;
polynom ial b 1 a c tin g  in  sen se  Z :
P 2
±
M* = I j  ( - s in  0  )b f1 2 v P
= I |  (cos © )V  (eq u ation  2 *63 )
I t  i s  e s s e n t ia l  th a t equations 2 .62  and 2 .6 3  are a p p lied  
such th a t  th e  appropriate va lu es o f  Mjj and a c t  on the beam
sim u lta n eo u sly .
For th e  s t a t i c a l l y  determ inate cases con sid ered  in  
the in v e s t ig a t io n  equations 2 .6 2  and 2 .63  may be in te g r a te d  
to  g ive  bending moments a c t in g  to g e th er  in  re feren ce  p lan es  
(1) and ( 2 ) .  No shear fo r c e s  are induced by the polynom ials  
rep resen tin g  r o ta t io n .
Due to  th e  e f f e c t s  o f  p re tw ist curvature i s  induced  in  
both referen ce  p la n es , the ra te  o f change o f  r o ta t io n ,  w ith  
resp ect to  le n g th  being given  by:
7y t ) «"
 ^ r o ta t ,1 ”cos20 s in 2 © cos©  . s in 0  . ( 1 1 \ lE ll EI2 E V
( v t  ) 1
1 r o t a t ,2 ; cosS  . s in fe f l _ A COS2 6 s in 2BE 1 *2 EI2 E I1
(eq u ation  2 . 61+.)
When equation  2 ,6 l+  i s  in te g r a te d  w ith  r e sp e c t to  le n g th  
the r o ta t io n s  in  re feren ce  p lanes ( 1) and ( 2 ) are o b ta in ed , 
and a second in te g r a t io n  g iv es  the d e f le c t io n s  in  p lan es (1 )  
and ( 2 ) due to  bending e f f e c t s .
When the lo a d in g  i s  due to  a polynom ial r e p r e se n tin g  
d e f le c t io n  th ere  are shear fo r c e s  p resen t and hence d e f le c t io n s
due to  sh ea r , and th ese  e f f e c t s  are added to  the d e f le c t io n s  
due to  bending to  ob ta in  t o t a l  d e f le c t io n s  in  both p lanes (1 )  
and ( 2 ) .
The d e f le c te d  forms fo r  th e two referen ce  p lan es are 
then expressed  as summations o f m u ltip le s  o f  th e  polynom ials  
bQ -.-bn , th e  m u lt ip lie r s  form ing th e appropriate elem ents o f
the array 0 1  • For a g en era l case when the mass per u n it  
len g th  i s  v a r ia b le  th e  v a lu e s  o f  the d e f le c t io n s  would be 
m u ltip lie d  by (n /L )2 p r io r  to  a n a ly s is  in to  th e  c o n s t itu e n t  
p olyn om ials.
The va lu es ob ta ined  fo r  th e  r o ta tio n s  in  th e  two re fe rn ce  
p la n es , X' , and X' are converted  in to  th e form o f*T/8* o p 1 rOvfi x p &
the v a r ia b le s  Z^  and Z  ^ by means o f  th e  r e la t io n s h ip s :
I 2 0 
0
±
I 2
cos 6
-s:um
sm l
cos'
Y t
r o ta t ,1
X’  ^ 0 r o t a t ,2 (eq u a tio n  2 .6 5 )
The two fu n ctio n s Z^  and Z  ^ are then exp ressed  as the
summations o f  m u ltip le s  o f the polynom ials b ^ .. .b ^  as d e fin ed
by equations 2 .6 0  and 2 . 61 , th e  m u lt ip lie r s  thus form ing the  
re lev a n t elem ents o f  the array
In th e in v e s t ig a t io n  seven d e f le c t io n  polynom ials and 
s ix  r o ta tio n  polynom ials have been re ta in e d  which r e s u l t s  in  
being o f  order 26 .
R esu lts  fo r  clam ped-free and p in n ed -free  beams have  
been ob tained  fo r  th e  same ranges o f  angle and dim ensions as
fo r  th e  M yklestad model w ith  ZfO elem ents and th e 20 elem ent 
method in  which each elem ent i s  acted  upon by a l in e a r ly
varying in t e n s i t y  o f  lo a d . The r e s u lt s  are g iven  in  Tables
T .2 .6  to  T .2 .9 ,  and d isc u ss io n s  o f  th e  r e s u lt s  ob ta in ed  by 
the th ree  methods o f  c a lc u la t io n s  i s  presen ted  in  S e c tio h  2 .8 .
Summary o f  r e s u lt s  obta ined  f o r  th e th ic k  p retw isted  beam
The two ta b u la tio n  methods d iscu ssed  in  S ec tio n  2 .6  and the  
g e n e r a lise d  coordinate method d iscu sse d  in  S ection  2 .7 ,  have been  
used to  examine p retw isted  beams w ith  clam ped-free and w ith  p inned-  
fr e e  ends, th ese  b e in g  th e l im it in g  co n d itio n s a t th e  ends o f  s in g le  
unshrouded turb ine and compressor b la d e s . In p r a c t ic a l  ca ses  i t  i s  
unusual fo r  the cross  s e c t io n  o f  a blade to  be co n sta n t, and fo r  th e  
rate  o f  p re tw ist to be c o n sta n t, but in  making a comparison between  
methods o f  a n a ly s is ,  and in  a s s e s s in g  the s ig n if ic a n c e  o f  in c lu d in g  
both shear f l e x i b i l i t y  and ro tary  in e r t ia  in  th e a n a ly s is ,  i t  i s  
considered  th a t such s im p lify in g  assum ptions are j u s t i f i a b l e .  In  
choosing proportions fo r  th e  a n a ly s is  two s e t s  o f  major dim ensions 
have been adopted. In terms o f  a len g th  o f  6 u n it s ,  the major c r o ss
s e c t io n a l dim ension has been taken as 1 u n it  fo r  both s e t s ,  but
two minor dim ensions have been used 0 .2 5  and 0 .5  u n it s .
R esu lts  are presented  in  Tabular form in  Tables T .2 .6  to  
T .2 .9  and in  grap h ica l form on G.2.1 to  G-.2. 8 .
2 .8 .1  Accuracy obtained  by th e  th ree  methods
Tables T .2 .6  and T .2 .7  show th a t fo r  the two s e t s  o f  
va lu es c a lc u la te d  f o r  clam ped-free co n fig u ra tio n s  th e th r e e
co n t'd  . . . .  p . 12+24-
T ab le  T .2 .6
P a le u la te d  v a lu e s  f o r  th e  freq u en cy  p a ram e te r . V f o r  th ic k  
p re tw is te d  c lam p ed -free  beams u s in g  th r e e  m ethods o f e v a lu a t io n
P r o p o r t io n s : -  le n g th  = 6 .0 ,  r e c ta n g u la r  s e c t io n  = 1 .0  x 0 .2 5  
duear e f f e c t s ,  ^  = 5*2
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C alcu lated  v a lu es fo r  the frequency param eter, V fo r  th ic k  
p retw isted  clam ped-free beams using three methods o f  ev a lu a tio n
P ro p o r tio n s:-  len g th  = 6 .0 ,  rectan gu lar s e c t io n  = 1 .0  x 0 .5  
Shear e f f e c t s ,  = .3*2 rd
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C a lc u la te d  v a lu e s  f o r  th e  freq u en cy  p a ram e te r , V f o r  th ic k  
p re tw is te d  p in n e d -fre e  beams u s in #  th r e e  methods o f  e v a lu a tio n
P r o p o r t io n s : -  le n g th  = 6 .0 ,  r e c ta n g u la r  s e c t io n  -  1 .0  x 0 .2 5  
Shear e f f e c t s  X= 3»2
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C alcu lated  v a lu es fo r  the Frequency parameter, V f o r  th ick
p retw isted  p in n ed -free  beams u sin g  three methods o f  eva lu a tion
P ro p o r tio n s:-  le n g th  = 6 .0 ,  rec ta n g u la r  s e c t io n  = 1 .0  x  0 .5  
Shear e f f e c t s  = 3*2
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T a b le  T .2 .1 0
Errors in  c a lc u la t in g  freq u en cie s  o f  th ick  p re tw isted  beams by 
n e g le c t in g  th e  e f f e c t s  due to  shear f l e x i b i l i t y  and ro tary  i n e r t i a , 
based on r e s u lt s  obtained  from th e  m odified  M yklestad model w ith  40 
elem ents
fo r  the fo u r  co n fig u ra tio n s  considered  th e  beam le n g th  = 6 , and the  
major dimension o f th e  c r o s s  s e c t io n  = 1 ; ^  = 3 .2 .
The e n tr ie s  show th e  percentage red u ction  in  frequency c a lc u la te d  
w ith  allow ance f o r  OCand$ in  r e la t io n  to  th e  va lu e c a lc u la te d  w ith  oC= 0 .
Clamped-free beam, minor dim ension o f  s e c t io n  = 0 .2 3
P r e tw is t , Mode Mode Mode Mode Mode Mode Mode
degrees 1 2 3 4 .... __3 6 7
0 0 .2 2 .2 1 .0 2 .3 12.7 4 .1 6 .2
15 0 .2 2 .0 1.1 2 .5 12.5 4* 1 6 .4
30 0 .2 1.7 1 .6 3 .0 12.1 4 .2 6 .6
45 0 .2 1 .5 2.1 3 .2 11 .8 4 .4 6 .7
60 0 .3 1 .2 2 .5 3 .2 11.5 4 .9 6 .8
75 0 .3 1 .0 3 .0 3.1 1 0 .4 6 .3 7 .0
90 0 .3 0 .9 3 .6 3 .0 8 .0 9.1 7 .2
Clamped-free beam, minor dim ension o f  s e c t io n = 0 .5 0
P r e tw is t , Mode Mode Mode Mode Mode Mode Mode Mode
degrees 1 2 3 .. .4  ... ___5 _ .. 6 7 8
0 0 .5 2 .2 3 .7 12 .7 8.1 2 2 .0 15.3 1 9 .8
15 0 .5 2 .2 3 .8 1 2 .4 8 .4 2 0 .3 17.1 2 0 .8
30 0 .5 2.1 3 .9 11 .8 9 .0 1 8 .8 18 .5 2 1 .4
45 0 ,6 2 .0 4 .2 11.1 9 .9 17 .6 19 .8 2 1 .5
60 0 .6 1 .9 4*5 1 0 .8 10.9 16.7 2 0 .8 2 1 .4
70 0 .7 1 .8 4 .6 9 .5 11 .8 15 .9 21 .6 2 1 .2
90 0 .7 1 .6 5 .4 8 .7 12.7 15.1 2 2 .4 2 0 .8
P inn ed -free  beam, minor dim ension o f  s e c t io n  = 0 .2 5
P r e tw is t ,
degrees
Mode
1
Mode
2
Mode
3
Mode
4
Mode
...5...
Mode
6
Mode
7
0 0 .5 1 .4 6 .5 3 .0 6 .9 15 .2 7 .2
15 0 .5 1 .8 6 .3 3 .0 6 .4 15-8 7 .2
30 0 .6 2 .0 6.1 3.1 5 .3 16 .6 7 .3
45 0 .7 2.1 6.1 3 .2 5 .3 16.7 7 .4
60 0 .8 2.1 6 .3 3 .3 5 .2 16 .7 7 .7
75 1 .0 1 .9 6 .6 3 .4 5 .5 16.5 8 .0
90 1.1 1 .8 6 .7 3 .7 5 .6 1 6 .2 8 .6
T a b le  T .2*10
Errors in  c a lc u la t in g  freq u en cies  o f  th ic k  p retw isted  beams by 
n e g le c t in g  th e  e f f e c t s  due to  shear f l e x i b i l i t y  and ro ta ry  in e r t ia ,  
based on r e s u lt s  obtained  from the m odified  M yklestad model w ith  4-0 
elem ents
P in n ed -free  beam, minor dim ension o f s e c t io n  =*. 0 .5
P r e tw is t ,
degrees
Mode
1
Mode
2
Mode
3
Mode 
k .....
Mode
_ _ 3
Mode
6
Mode
7
Mode
8
0 1 .8 6 .6 5 .4 17 .0 10.3 1 5 .8 27 .7 21 .3
15 1 .8 6 .5 5 .5 1 5 .8 11.6 17.0 2 6 .6 21 .5
30 1 .9 6 .3 5 .8 1 4 .4 13.1 17.7 26.1 2 2 .0
45 2 .0 6 .0 6 .2 1 3 .4 14 .2 17 .8 2 5 .9 2 2 .4
60 2.1 5 .6 6 .8 12.5 15.1 17.7 26.1 2 2 .6
75 2 .2 5 .2 7 .4 11 .8 15.9 17.5 26 .3 22 .7
90 2 .4 4*8 7 .9 11.2 16.6 17.1 26 .7 2 2 .6
*  For t h is  case  mode 8 i s  (2 ,4 )  f o r  the th ic k  beam, but 
(1 ,5 )  i f  ' = 0 .  See Table T .2 .7  f o r  exp lan ation  o f  
n o ta tio n .
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methods o f  a n a ly s is  g iv e  r e s u lt s  which are in  c lo se  agreement 
w ith  one another.
The two ta b u la tio n  m ethods, p a r t ic u la r ly , d i f f e r  very  
l i t t l e  being w ith in  1 part in  200 in  c a lc u la t in g  frequency  
param eters, V, fo r  the th in n er  beam (6 x 1 x 0 .2 5 ) .  For th e  
th ic k e r  beam the agreement i s  l e s s  c lo s e ,  p a r t ic u la r ly  fo r  
the 8th  and 9th modes, but i s  s t i l l  b e t te r  than 1 p art in  100.
R esu lts  from th e g en era lised  coord inate method d i f f e r  
from the two ta b u la tio n  methods, and in  ca ses  when th e  
v a r ia tio n s  are s ig n if ic a n t  i t  i s  seen  th a t v a lu es  computed 
using th e  M yklestad model (m odified  to  in clud e r o ta ry  in e r t ia )  
l i e  between the o th er  v a lu e s . I t  i s  fo r  t h is  reason  th a t th e  
ta b le s  T .2 .6  to  1 .2 .1 0  and th e graphs G-.2.1 to  G-.2 .8  have 
been prepared in  terms o f  data from the M yklestad m odel.
When r e fe rr in g  to  t h is  datum, "errors" from the g e n e r a lise d  
coord inate method are s e n s ib ly  o f  th e  same p a ttern  fo r  both  
th ick n esse s  o f  beam, agree in g  to  w ith in  1 part in  2 5 0 .
R esu lts  fo r  the th ic k  p retw isted  p in n ed -free  beam are  
g iven  in  Tables T .2 .8  and T .2 .9  and fo llo w  the p resen ta tio n  
used fo r  the clam ped-free beam in  th a t th e  v a lu es  c a lc u la te d  
u sin g  th e  Myklestad model are shown as re feren ce  p o in ts  w ith  
the r e s u lt s  fo r  the d is tr ib u te d  load  and orthogonal polynom ial 
methods g iven  as d if fe r e n c e s .  The two ta b u la tio n  methods 
are again  in  good agreem ent, the d if fe r e n c e s  b ein g  s u b s ta n t ia l ly  
as fo r  th e  clam ped-free beams. The r e s u l t s  fo r  th e th in n er  
beam, w ith  a minor cro ss  s e c t io n a l  dim ension o f  0 . 2 5 , show 
s ig n i f ic a n t ly  h igh er "errors" fo r  th e 5 th  and 6th  modes than  
fo r  the corresponding clam ped-free beam, being about 1 part in
250, th ose  fo r  the th ic k e r  beam show d if fe r e n c e s  o f  about 1 
part in  100. When the d if fe r e n c e s  are la r g e , as fo r  in stan oe  
in  the case o f  the 7 th  and 8th  modes fo r  the th ic k e r  beam, 
th ere  i s  a smooth v a r ia tio n  w ith  in crea se  in  t o t a l  angle o f  
p r e tw is t .  R esu lts  c a lc u la te d  u sin g  the m atrix method w ith  
orthogonal fu n ctio n s  as g e n e r a lise d  coord in ates show 
co n sid era b ly  h igher d if fe r e n c e s  than any obtained  w ith  th e  
clam ped-free beam, but in  a d d itio n  to  th e in crea sed  magnitude 
o f  d ev ia tio n  from th e va lu es ob tained  by the two ta b u la tio n  
methods, th ere  i s  a s ig n if ic a n t  la c k  o f  smoothness in  th e
v a r ia tio n  o f  V w ith  p r e tw is t  a n g le . I f  ta b le s  o f  second
d iffe r e n c e s  are co n stru cted  fo r  the v a lu es  obtained  fo r  the  
7th  mode o f  th e 6 x 1 x 0 .2 5  beam th e  fo llo w in g  v a lu es  are
obtained  w ith in  two decim al p la c e s :
P re tw ist M yklestad model Matrix method
0 15*86 - .0 2  15*97 .16
.01 - .0 8
15 15*85 - .0 2  16.05 *18
.03 .10
30 15.82 - .0 2  15.95 - .0 2  
.05  .12
45 15.77 - .0 1  15.83 - .1 7
.06  .29
60 15.71 - .0 2  15 .54  .0 4
.08  .25
75 15.63 . 00 15.29 - .4 8
.08  .73
90 15.55 14.57
The second d iffe r e n c e  ta b le  fo r  th e M yklestad model 
i s  s ig n i f ic a n t ly  smoother than th a t fo r  the m atrix so lu t io n  
where the e r r a t ic  v a lu es are in d ic a t iv e  o f  a lo s s  o f  num erical 
c o n s is te n c y  in  th e r e s o lu t io n  o f  th e  m atrix ra th er than o f  
in h eren t fa i lu r e  o f  th e  method.
In terms o f  r e l i a b i l i t y  o f  c a lc u la t io n  o f  frequency  
parameter th e v a lu es  from the ta b le s  show th a t th e  two 
ta b u la tio n  methods are in  good agreem ent, but th a t th e  m atrix  
so lu tio n  i s  l e s s  r e l ia b le  a t  th e  h igh er fr e q u e n c ie s .
2 .8 .2  D eterm ination o f  modal shape
For p retw isted  beams a sim ple c o r r e la t io n  w ith  ex a c t  
a n a ly s is ,  as was ca rr ied  out fo r  th e th in  beam w ith ou t p r e tw is t  
in  Part 1, i s  im p racticab le  in  the absence o f  exact v a lu es  fo r  
modal shapes and fr e q u e n c ie s . A comparison i s  p o s s ib le  
between modal shapes c a lc u la te d  by the th ree  methods fo r  
c e r ta in  c a s e s ,  but the work in vo lv ed  to  c l a s s i f y  a l l  o f  th e  
modes in v e s t ig a te d  in  terms o f  modal con ten t i s  e x c e s s iv e  fo r  
the u s e fu l in form ation  to  be g a in ed .
Four modes have been s e le c te d  fo r  d e ta ile d  exam ination  
and r e s u lt s  are g iven  in  T ables T .2 .11  and T .2 .1 2 . D e f le c t io n s  
in  re feren ce  p lanes ( l )  and ( 2 ) are ta b u la ted  a t beam le n g th  
proportions o f  0 , ( . 1 ) ,  1 .0 .  In a l l  ca ses  the s c a le  o f  th e  
d e f le c t io n s  i s  ad ju sted  so th a t  the g rea te r  o f  the two t i p  
am plitudes i s  u n ity . Comparative v a lu es  are g iven  f o r  both  
ta b u la tio n  methods and fo r  the m atrix method o f  s o lu t io n .
The two modal shapes on Table T .2 .11  are fo r  c lam ped-free beams
co n t’d . . . .  p .149
Comparison o f  Modal Shapes c a lc u la te d  fo r  th ick  p retw isted  
beams using three numerical- methods
Clamped-free beam, 6 x 1  x Q.25« p retw ist = 90 degrees  
Mode Mo. 6 (1 ,4 )
P ro p o r tio n  
a lo n g  beam 0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1 .0
Myk. 0 -.4 1 - .8 8 - .7 3 - .0 2 .61 .71 .37 - . 024. - .3 4 - .5 8
X1 VDL. 0 -•3 9 - .8 6 - .7 0 -.0 1 .58 .68 .37 - .0 3 - .3 4 - .5 8P o ly . 0 -.4 1 - .8 7 - .7 1 - .0 2 .59 .67 .3 4 - .0 5 - .3 2 - .5 3
Myk. ' 0 - .1 4 - .3 5 - .3 9 - .1 6 .09 .00 - .3 3 -.2+0 .13 1 .0 0
VDL. 0 - .1 3 - .3 6 - .3 9 - .1 3 .09 .00 - .3 1 - .3 8 .11 1 .0 0c. P o ly . 0 - .1 2 -.3 1 - .3 4 - .1 2 .09 .02 - .3 4 -.2+0 .13 1 .0 0
Modal error r e la t iv e  to  ’Myk' as datum; ’VDL1 = .029
•P o ly 1 = .0244
( fo r  d e f in it io n  o f  erro r , see S ectio n  2 .8 .2 )
Clamped-free beam, 6 x 1 x 0 .5 .  p retw ist = 90 degrees  
Mode No. 9 - 0 ,5 )
Proportion  
along beam 0 .1 .2 .3 .4 .5 .6 .7 . 8 .9 1 .0
Myk. 0 .27 .19 —®34 - .3 2 .2+4 .67 - .1 4 - .7 6 - .1 8 1 .0
X. VDL. 0 .31 .23 - .3 4 - .3 5 .2+0 .67 - . 1 2 - .7 4 - .1 8 1 .0I P o ly . 0 .28 .12 - .3 2 - .1 8 .35 .49 - .0 6 - .6 1
K'yCMeI 1 .0
Myk. 0 .82 .93 - .0 1 - .8 1 - .3 7 .53 •44 - .2 8 - .2 6 .2+3
VDL. 0 .78 .89 - .0 1 - .7 8 - .3 4 .50 .41 - .2 7 - .2 5 .47d. P o ly . 0 .70 .80 - .0 5 - .6 7 - .2 9 .42 .41 - .2 4 - .3 0 .59
Modal error r e la t iv e  to  *Myk' as datum; ’VDL' = .043
•P oly ' = .133
^for d e f in it io n  o f  error, see  S ec tio n  2 .8 .2 )
N o te s :
X,j and X  ^ r e fe r  to  d e f le c t io n s  in  p lanes perpend icu lar to  th e  major 
and minor axes o f  th e  root s e c t io n ,  r e s p e c t iv e ly .
Myk. c a lc u la te d  using 10 elem ents o f  the m od ified  M yklestad model
VDL. c a lc u la te d  u sing  20 elem ents each su b jec ted  to  a l in e a r ly  vary in g
in t e n s i t y  o f d is tr ib u te d  lo a d . P o ly , c a lc u la te d  in  terms o f  orth ogon a l
p o lyn om ia ls . •
T a b le  T .2 .1 2
Com parison o f  M odal Shapes c a l c u l a t e d  f o r  t h i c k  p r e tw is te d
beams u sing  three num erical methods
P inn ed -free  beam, 6 x 1  x  0 ,5 ,  p retw ist = 90 degrees  
Mode No.. 7 (2 ,3 )
Proportion  
along beam 0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1 .0
Myk. 0. .30 .02 “ .45 - .1 8 .57 .60 - .2 5 - .7 6 - .1 4 1 .0
X1 VDL. 0 .3 4 .0 4 - .4 6 - .2 1 .5 4 .60 - .2 3 - .7 4 “ .1 4 1 .01 P o ly . 0 .46 - .4 0 - .9 8 - .3 6 .6 4 .72 - .1 6 - .6 7 - .0 4 1 .0
Myk. 0 .79 .63 - .2 8 - .7 9 - .2 2 .51 .35 - .2 4 - .2 1 .37
VDL. 0 .76 .62 - .2 8 - .7 6 - .2 0 .50 .33 - .2 4 - .2 0 .37
P o ly . 0 .8 4 • 64 - .1 7 “ .4 4 .11 .47 .02 - .4 5 - .1 5 .42
Modal error r e la t iv e  to  'Myk' as datum; ’VDL' = *038
'P o ly ' = '.4 2 8
( fo r  d e f in it io n  o f  error , see  S ectio n  2 .8 .2 )  
P in n ed -free  beam, 6 x 1 x 0 .3 .  p re tw is t  = 75 degrees
Mode No. 8 (1 ,5 )
P roportion  
along beam 0 .1 .2 .3 .4 .5 •6 .7 .8 .9 1 .0
Myk. 0 - .7 7 - .0 2 .71 .08 - .5 6 - .1 4 .31 .12 - .0 9 - .0 1
x i VDL. 0 - .7 4 - .0 3 .68 .10 - .5 4 - .1 7 .29 .1 4 - .0 8 - .0 41 P o ly . 0 “ .73 .19 .6 4 - .1 1 - .5 6 - .0 3 .45 .15 - .2 2 - .0 7
Myk. 0 .22 .22 - .0 9 - .4 3 - .1 4 .57 .39 - .5 6 - .4 0 1 .0
VDL. 0 .28 .2 4 - .1 4 - .4 5 - .0 9 .60 .35 - .5 8 - .3 7 1 .021 P o ly . 0 .19 .27 - .0 9 -.5 1 - .2 1 .50 .46 - .4 9 - .4 4 1 .0
Modal error r e la t iv e  t o  'Myk' as datum; 'VDL' = .074
'P o ly ' = .237
( fo r  d e f in it io n  o f  e rr o r , see S ectio n  2 .8 .2 )
N o tes:
X^  and r e fe r  to  d e f le c t io n s  in  p lanes perpend icu lar to  the major and 
and minor a^ces o f  the roo t s e c t io n  r e s p e c t iv e ly .
Myk. c a lc u la te d  using  40 elem ents o f  th e  m odified  M yklestad model 
VDL. c a lc u la te d  using. 20 elem ents each su b jec ted  to  a l in e a r ly  vary in g  
d is tr ib u te d  lo a d .
P o ly , c a lc u la te d  in  terms o f  orthogonal p o lyn om ials.
w ith  90 degrees o f  p r e tw is t . For th e beam o f proportions  
6 x 1 x 0 .2 5  mode 6 i s  examined. I t  can be seen  from the 
frequency, parameter va lu es on Table T .2 .6  th a t t h is  mode i s  
one fo r  which very  c lo s e  agreement i s  obtained  fo r  frequency  
by a l l  th ree  methods o f  c a lc u la t io n , being in  th e  range 
1 0 .M -  .0 1 . A comparison o f  the modal shapes a ls o  shows 
c lo se  agreem ent, and in  order to  adopt a uniform method o f  
comparison the method d escrib ed  in  S ec tio n  1.5*5 i s  u sed .
In Part 1 e f f e c t s  due to  ro tary  in e r t ia  and p re tw ist are 
n eg le c ted  and modal c o r r e la t io n  i s  eva luated  w ith  referen ce  
to  d e f le c t io n  in  one plane by computing the s in e  o f  an angle  
between two v e c to r s .  I f  the norm alised  modal shapes to  be 
compared are defined  by X  ^ and X^, being  fu n ctio n s  o f  z
measured along the b lade le n g th , then th e  co sin e  o f  th e  an gle  
i s :
f Lo = / X X  dz i r  s
J .
2 —and hence the s in e  o f  the angle i s  (1 -  c ) 2 and i s  regarded  
in  the a n a ly s is  in  Part 1 as a r e l ia b le  measure o f  modal e r r o r . 
For a th ic k  beam in  which ro ta ry  in e r t ia  i s  not n e g l ig ib le  
d if fe r e n t  modes o f  v ib r a tio n  would e x h ib it  dynamic orthogo~  
n a l i t y  o f  modes in  th a t fo r  a l l  cases in  which r  = s th e  
va lu e  o f  c i s  zero , i f ,  and only  i f ,  th e  in te g r a l i s  extended  
to  in clu d e terms dependent upon th e ro ta ry  in e r t ia  and th e  
r o ta t io n  o f  the cross s e c t io n .
A mode i s  then d efin ed  by, sa y , X  ^ and X  ^ and th e  
s c a le  o f  th e  d e f le c t io n  and r o ta t io n  must be a d ju sted  such
th a t th e normal form i s  g iven  by ensuring th a t
■Jli + (Xr)2# )  dz = 1\  r  r ' 12 J  
0
The corresponding co s in e  o f  the angle between two norm alised  
v e c to r s  i s  then eva lu a ted  from:
f(v X + (X '.X ’ )-T 2 \  s r  s —To 1 dz12 J
0
For th e  purposes o f  comparing c a lc u la te d  modal shapes 
by variou s methods, as d is t in c t  from dem onstrating dynamic 
o rth o g o n a lity  between d if f e r e n t  modes c a lc u la te d  by a con­
s i s t e n t  method, the a d d it io n a l term r e la t in g  to  ro ta ry  in e r t ia  
i s  unnecessary . I t  i s  however e s s e n t ia l  to  in c lu d e  
d e f le c t io n s  in  both p lanes a r is in g  from th e  e f f e c t  o f  p r e tw is t .
A mode d efin ed  by terms X. and X. i s  norm alised1 ,r  2 ,r
by in trod u cin g  a sc a la r  such th a t:
J ( A , r  + 4 , r ) ^  = 1 
0 ■
The co s in e  o f  the angle between two modes i s  then  
obtained  by ^
ev a lu a tin g  c = J  ( * 1>p.X1>B + X2 ,r - X2 , s )  dZ
0
(eq u a tio n  2,.66)
2 ~and s = (1 -  c ‘ ) 2 (eq u a tio n  2*6?)
In making the comparisons used in  Tables T .2 .11 and
T»2 .1 2  num erical in te g r a t io n  has been employed by use o f  the
summation ^ . m (X. .X . + Xrt .X_ )
£— * p 1 ,r  1 ,s  2 ,r  2 ,s 'p
where p r e fe r s  to  the lo c a t io n s  a long th e beam 0 , 1 .0
and m = 1 * 0  fo r  p = .1 ,  ( .1 )  , .9  and in = m. _ = 0 ,5  *p  r  f \ t t q  1 .0
For the second modal shape fo r  which v a lu es  are g iv en  
on Table T .2 .11 the beam proportions are 6 x 1 x 0 .5  and the  
9th  mode i s  p resen ted . Table T .2 .7  shows th a t th e three  
methods o f  c a lc u la t io n  r e s u lt  in  la r g e  d if fe r e n c e s  in  th e
va lu es o f  frequency parameter f o r  t h is  mode o f  v ib r a t io n . The
two ta b u la t io n  methods have produced modal shapes fo r  t h i s  case  
which are once again  in  c lo s e  agreem ent, but th e  m atrix method 
shows an ap p reciab ly  la r g e  error r e la t iv e  to  th e  m od ified  
M yklestad model.
The two modes presen ted  on Table T .2 .1 2  are fo r  th e  
p in n ed -free  beam, in  both in sta n ces  w ith  the prop ortion s  
6 x 1 x 0 .5 .  In the f i r s t  o f  th e se  modes, th e  7 th  mode fo r  
th e  beam v/ith 90 degrees o f  p r e tw is t ,  the three methods o f  
c a lc u la t io n  g iv e  a wide v a r ia t io n  in  th e v a lu es  o f  the frequency  
parameter as g iven  in  Table T .2 .9 .  The two ta b u la tio n  methods 
produce modes which are in  good agreement but th e m atrix method 
has very  h igh  r e la t iv e  e r r o r s . The second mode p resen ted  in  
th e  Table i s  th e  8th  mode fo r  the beam w ith  75 degrees o f
p re tw ist fo r  which the m atrix method and M yklestad method are
id e n t ic a l  to  two decim als in  the e v a lu a tio n  o f  th e  freq u en cy  
param eter, but th e method in  which th e  load  on an elem ent i s  o f
l in e a r ly  varying in t e n s i t y  g iv e s  a va lu e 0.11 lo w er . The 
modal shapes again  show th a t th e two ta b u la tio n  methods are in  
c lo se  agreem ent, whereas the m atrix method produces a modal 
shape con sid era b ly  d if f e r e n t  from th a t produced by the 
M yklestad model.
Throughout the range o f  b lades a n a lysed , th e  modal 
shapes produced by th e  two ta b u la tio n  methods are in  c lo s e  
agreem ent, the b e t t e r  agreement b ein g  obtained  when th e  
frequency parameters c a lc u la te d  by th e two methods are a lso  
in  c lo s e  agreem ent, but the modal shapes computed by th e  
m atrix method g e n e r a lly  d i f f e r  ap p reciab ly  from th e  two 
ta b u la tio n  methods, ir r e s p e c t iv e  o f  how c lo s e ly  th e  frequency  
parameters are computed.
2 .8 .3  Computer running tim e
The r e s u lt s  produced in  the Tables and Graphs a r e , 
alm ost w ithout ex cep tio n , produced from computers u s in g  
programs in  ALGOL 60 w r itten  fo r  and developed on an E l l i o t t  
4120 , and i t  i s  fo r  t h i s  p a r t ic u la r  computer th a t  running  
tim es have been e s ta b lis h e d . That th is  machine i s  now slow  
r e la t iv e  to  more r e c e n t ly  developed oomputers i s  u n lik e ly  to  
in f lu e n c e  the r a t io  o f  running tim e in  terms o f  a b so lu te  core  
tim e used . In terms o f  f in a n c ia l  expenditure in  o b ta in in g  
r e s u lt s  fo r  a g iven  design  o f  th ic k ,  p re tw isted  beam, core  
tim e dominates o th er  computing c o s t s .  In terms o f  t o t a l  
a ccess tim e on th e  computer, which a f f e c t s  the w a itin g  tim e  
between d e liv e r y  o f  a problem and th e  r e c e ip t  o f  num erical
r e s u l t s ,  core s to r e  requirem ents u su a lly  become th e  decid ing  
fa c to r .  I t  i s  found, fo r  the programs used in  t h is  in v e s t i ­
g a tio n  to  produce th e  r e s u lt s  fo r  the clam ped-free and p inned-  
fr e e  s in g le  beam, th a t the running t im es , which fo r  a s in g le  
a cce ss  machine such as the E l l i o t t  4120 corresponds to  core  
tim e , ranged between 5 and 7 m inutes fo r  th e ta b u la t io n  
methods and between 10 and 13 m inutes fo r  the m atrix method.
In the case o f  the ta b u la tio n  methods a second s e t  o f  t e s t s  
was run in  which the in te r v a l  between t r i a l  v a lu es  o f  V was 
reduced from 1 .0  to  0.5> and the running tim es were in crea sed  
to  range between 7 and 9 m inutes, th e a c tu a l s o lu t io n s  not  
being a f fe c te d  in  any way. The core storage req u ired  f o r  th e  
m atrix method i s  con sid erab ly  in  ex cess  o f  th a t req u ired  fo r  
the ta b u la tio n  methods, th e  number lo c a tio n s  requ ired  fo r  
v a r ia b le s  being:
T abulation method: 158 f lo a t in g  po in t (few  a rra y s)
34 in te g e r
Matrix method: 2724 f lo a t in g  p o in t (m ainly arrays)
31 in te g e r
To th e computer requirem ents o f  th e  programs used in  
th is  in v e s t ig a t io n  i t  i s  n ecessa ry  to  co n sid er  the a d d it io n s  
to  th e m atrix method i f  c o n s is te n c y  o f  e v a lu a tio n , comparable 
w ith  th e ta b u la tio n  methods, i s  to  be ach ieved , and th e  
a d d itio n s  to  a l l  th ree  methods i f  beams o f  v a r ia b le  cro ss  
s e c t io n  are to  be in c lu d ed . In order to  improve th e  c o n s is te n c y  
o f  th e  m atrix s o lu t io n  th e number o f  polynom ials must be 
in crea sed , and as t h is  a f f e c t s  th e degree o f  th e  polynom ials
accuracy w i l l  on ly  be m aintained i f  a computer w ith  extended  
p r e c is io n  i s  a v a ila b le .  The in cr ea se  in  the number o f  
polynom ials w i l l  in crea se  the order o f  the m atrix , and the  
e r r a t ic  behaviour a lread y  produced i s  an in d ic a t io n  o f  the  
fa c t  th a t th e l im it  c u rre n tly  used to  term inate th e  Jacob i 
subroutine which e x tr a c ts  the e ig e n -v a lu e s  and e ig en  v e c to r s  
from th e m atrix should  be s e t  to  a h igh er l e v e l  o f  d iscr im in a ­
t io n .  A ll  o f  th e se  fa c to r s  w i l l  in cr ea se  the running tim e  
and core s torage  requirem ents o f  th e m atrix method.
To adapt the methods to  in c lu d e  v a r ia b le  cross s e c t io n  
beams i s  a r e la t iv e ly  in s ig n if ic a n t  s tep  in  th e  case  o f  the  
M yklestad ta b u la tio n  and the m atrix method. The p o in ts  o f  
in tro d u ctio n  o f  the re le v a n t changes in  f l e x i b i l i t y  and o f  
mass and ro tary  in e r t ia  in d ic a te  th a t running tim es might be  
in crea sed  by approxim ately 10fo fo r  both  methods. The 
ta b u la tio n  method in  which each elem ent i s  co n sid ered  to  be 
su b jec ted  to  a l in e a r ly  varying in t e n s it y  o f  load  would be 
in crea sed  in  storage requirem ents and running tim e by an 
unreasonable amount. The on ly  reason f o r  develop ing such a 
ta b u la tio n  method has been w ith  a view  to  reducing th e  running  
tim e by reducing the number o f  e lem en ts, w ithout s ig n i f i c a n t l y  
in c r e a sin g  th e com plexity  o f the remainder o f  the com putation. 
When so lv in g  fo r  va lu es o f  V fo r  th in  beams, w ith  OQ = 0 , th e  
accuracy ach ieved  u sing  10 elem ents su b jec ted  to  a l in e a r ly  
vary ing  in t e n s it y  o f  load in g  i s  comparable w ith  u s in g  40 
elem ents o f  the sim ple M yklestad model. The corresponding  
numbers o f  elem ents to  ach ieve comparable accuracy in  V fo r  
th ic k  beams are 20 fo r  the s p e c ia l ly  loaded  elem ent and 40 fo r
th e M yklestad model. Hence fo r  the p resen t programs th e  
running tim e fo r  the two ta b u la tio n  methods are o f  the same 
order, whereas th e  e a r l ie r  r e s u lt s  fo r  the th in  beams were 
in d ic a t iv e  o f  an ap p reciab le  red u ction  in  running tim e fo r  
clam ped-free and p in n ed -free  beams. I t  i s  not unreasonable  
to  suppose th a t v a r ia b le  cross  s e c t io n  beams should  be 
rep resen ted  by more than 20 elem ents in  order th a t th e  geometry 
i s  adequately  rep resen ted , and th is  comment i s  eq u a lly  a p p lica b le  
to  th e e f f e c t  o f  p r e tw is t . C onsequently i f  a ta b u la tio n  
method i s  used i t  i s  l o g i c a l ,  on th e  ev id en ce , to  assume th a t  
fu tu re  developments should be based on M yklestad*s model w ith  
th e m o d ifica tio n  used in  t h is  in v e s t ig a t io n  n ecessa ry  to  c a te r  
fo r  ro ta ry  in e r t ia  and p r e tw is t , th e  e f f e c t s  o f  sh ear f l e x i ­
b i l i t y  being added to  th e  e l a s t i c  equations where n ecessa ry .
An a d d it io n a l fea tu re  o f  th e  ta b u la tio n  methods, 
which perm its an even g rea te r  economy, i s  the a b i l i t y  to  s e le c t  
su c c e ss iv e  t r i a l  va lu es o f  frequency parameter a t  a sm all 
in te r v a l and to  search  a frequency range fo r  n a tu ra l freq u en c ie s  
u sin g  a reduced number o f  e lem en ts. For th e f i r s t  f iv e  n a tu ra l 
freq u en cies  the number could  be as low as 10, probably as low  
as 8 . The freq u en c ies  and modal shapes obtained  are approxi­
mate and co n ta in , in  g en era l, errors which are u n p red ic ta b le , 
but not e x c e s s iv e .  A second run o f  the program i s  then  c a r r ie d  
out in  which the t r i a l  v a lu es o f  frequency parameter are on ly  
s e le c te d  in  th e v i c in i t y  o f  the approximate n a tu ra l fr e q u e n c ie s ,  
but fo r  a model composed o f  40 or 50 e lem en ts. Techniques 
o f  improving upon approximate s o lu t io n s  u sin g  R ayleigh*s  
P r in c ip le  or o th er  energy methods have been su ggested  p r e v io u s ly  
fo r  ta b u la tio n  methods, a p a r t ic u la r ly  e leg a n t example b ein g
th a t g iven  by Mahalingham ( r e f .  2 4 ) ,  but the in h e r e n tly  
sim ple procedure o f so lv in g  fo r  an approximate model and then  
proceeding to  the c o rr ec t so lu t io n  fo r  a more e la b o ra te  model 
req u ires no change o f  b a s ic  program. The method may be made 
autom atic, but a b ig g er  advantage to  th e  d esign er  i s  th a t  
co n fig u ra tio n s  or d esign s shown by th e  i n i t i a l  approxim ation  
to  be in h e r e n tly  un desirab le  because o f  th e  proxim ity  o f  
n atu ra l freq u en c ie s  to  known fo r c in g  freq u en cies  may be 
r e je c te d  w ithout unnecessary com putation, w h ils t  d esign s  
producing l e s s  obvious sources o f  o p era tio n a l tro u b le  may then  
be in v e s t ig a te d  in  g rea te r  d e t a i l .  Although a m atrix method 
may be used i n i t i a l l y  in  term s*of a s im p lif ie d  model to  ob ta in  
approximate so lu t io n s  to  th e fr e q u e n c ie s , i f  i t  i s  apparent 
th a t a more exact so lu t io n  i s  requ ired  in  c e r ta in  ranges o f  
the frequency param eter, then th e com plete s o lu t io n  to  th e  
more accurate model must be ev a lu a ted , and no running tim e w i l l  
be saved .
In co n sid era tio n  o f  a l l  o f  th e  forego in g  comments i t  
i s  concluded th a t the ta b u la tio n  method due to  M yklestad, 
u sing  a m odified  model to  c a te r  fo r  ro tary  in e r t ia ,  and extended  
to  allow  fo r  p re tw ist and shear f l e x i b i l i t y  has been shown in  
th is  in v e s t ig a t io n  to  be a good num erical method fo r  the  
a n a ly s is  o f th ic k  p retw isted  beams.
A d d ition a l a n a ly s is  : Thick clamped-pinned beam w ith  p r e tw is t
Using the m odified M yklestad model w ith  40 elem ents th e  
clamped-pinned beam i s  analysed  fo r  the same range o f  p r e tw is t  and
fo r  the same proportions as fo r  the clam ped-free and p in n ed -free  
beams d iscu ssed  in  S ectio n  2 .8 .  Values obtained  fo r  th e  frequency  
parameter are presented  in  Tables T .2 .1 2  and T .2 .1 3  and on the  
Graphs G .2.9 to  G .2.12 and show comparisons w ith  the corresponding  
valu es obtained  by o m ittin g  allow ances fo r  ro ta ry  in e r t ia  and shear  
f l e x i b i l i t y .
2 .1 0  P resen ta tio n  o f  modal shapes
Four graphs, G .2.13 to  G .2.16 are presented  showing th e  
r e s u lt s  computed f o r  the 7th  and 8th  modes o f  the clam ped-free beam, 
6 x 1 x 0 .2 5  fo r  p re tw ist an g les o f  0 , 15 , 30 and 45 d eg rees.
The modal shapes are com plicated  and demonstrate th e  
im p r a c t ib il i ty  o f any c l a s s i f i c a t io n  based on a dominant plane of 
v ib r a t io n . The sep ara tion  o f  n atu ra l modes, occurring in  p a ir s ,  by 
experim ental means req u ires 'use o f s e n s i t iv e  transducers fo r  
measurement o f  phase and am plitude a t a number o f  s ta t io n s  a lon g  th e  
b la d e . For t h i s  reason such modes are academic c u r io s i t i e s  ra th er  
than item s o f p r a c t ic a l s ig n if ic a n c e .
In the absence o f  a lte r n a t iv e  r e s u lt s  produced by  
d if fe r e n t  methods o f s o lu t io n  th e ta b le s  and graphs 
are p resen ted  w ithout d e ta i le d  d is c u s s io n .
T a b le  T .2 .1 3
C a lc u la te d  v a lu e s  f o r  th e  fre q u e n c y  p a ram eter, V f o r  tire t h i c k  
clam ped-pinned  beam e v a lu a te d  u s in g  th e  m od ified  M yklestad  model 
w i th -40 e lem en ts  ,
P ro p o r t io n s :  le n g th  -  6 .0 ;  c ro s s  s e c t io n  = 1 .0  x 0 .2 5
S hear e f f e c t s :  ^  = 3*2
P re tw is t
deg rees
Mode 1 
(1 ,1 )
Mode 2 
(1 .2 )
Mode 3 
(2 ,1 )
Mode 4  
0 , 3 )  ..
Mode 5 
(2 ,2 )
Mode 6
(1 ,4 )
Mode 7 
(1 ,5 ) ..
0 3.91 7 .0 0 7 .4 6 10.03 12.57 12.97 15.81
15 3 .9 5 8 .86 7 .6 2 10.00 12 .60 12.95 15 .80
30 4 .0 6 6.61 7 .9 0 9.91 12.68 12.91 15.77
4o 4 .22 6 .35 8 .2 0 9 .79 12.77 12.89 15.73
60 4*41 6.11 8.51 9 .6 4 12.71 1 3 .0 2 15.67
75 4 .6 3 5 .8 8 8 .80 9 .48 12.61 1 3 .2 0 15.61
90 4 .8 4 5 .67 9 .03 9 .37 12.51 13.38 15.55
In  th e  ta b le  th e  mode d e s ig n a t io n  in  b r a c k e ts  i s  o f  th e  form  ( a ,b )  
where ‘a 1 in d ic a te s  th e  p lan e  o f  v ib r a t io n  f o r  th e  zero  p r e tw is t  c o n d i t io n  
and ’b* in d ic a te s  th e  sequence .
The above v a lu e s  f o r  V a re  low er th an  th o s e  which would be c a l c u la te d  
by ig n o r in g  th e  e f f e c t s  o f  th ic k n e s s .  The ta b le  below shows th e  c o r r e s ­
ponding p e rc e n ta g e  re d u c t io n  in  f re q u e n c y .
P re tw is t  
d eg rees
Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7
0 0 .7 1 .9 9 .7 3 .6 1 1 .4 15 .9 8.1
15 . 0 .8 2 .7 8 .9 3 .6 10 .8 1 6 .4 8.1
30 1 .0 3 .2 8 .5 3 .8 9 .0 18 .0 ■8,3
45 1 .3 3 .2 8 .6 4 .0 6 .7 19 .8 8 .5
60 1 .7 3 .0 8 .8 4.1 6 . 4 2 0 .0 8 .9
75 2 .0 2 .8 9 .0 4 .5 6 .5 19 .6 9 .6
90 2 .5 2 .5 7 .3 6 .6 6 .5 18 .9 10 .6
T a b le  T .2 .1 4
C alcu lated  v a lu es  fo r  the frequency parameter, V fo r  the th ic k
clamped-pinned beam eva lu ated  using the m odified  Myklestad model 
w ith  10 elem ents
Proportions : le n g th  = 6 .0 ;  cross  s e c t io n  = 1 . 0  x .0 ,5
Shear e f f e c t s :  ^  = 3*2
P re tw ist  
degrees
Mode 1 
(1 ,1 )
Mode 2 
(2 ,1 )
Mode 3 
(1 ,2 )
Mode 4  
_ (2 ,2 )
Mode 5
(1 ,3 1
--------•'""
Mode 6
(2,3.).
Mode 7 
(1 A ).
Mode 8
0 3 .87 5 .2 8 6 .82 8 .8 9 9 .57 11.96 12.11 14*44
15 3 .8 8 5 .2 6 6 .8 4 8 .85 9 .6 0 11.87 12 .19 14.37
30 3.91 5 .2 2 6 .89 8 .7 6 9 .69 1 1 .74 12.33 14.25
45 3 .9 5 5 .1 5 6 .97 8 .65 9.81 11.60 12 .46 14.13
60 4 .0 0 5 .0 7 7 .0 8 8 .5 2 9 .9 4 11.46 12 .60 14 .00
75 4 .07 4 .9 8 7 .1 9 8 .3 9 10.08 11.33 1 2 .7 4 13 .88
90 4*14 4 .8 9 7 .3 2 8 .2  6 10.21 11.20 12.87 13 .76
In th e  ta b le  th e  mode d e s ig n a tio n  in  brackets i s  o f  th e  form (a ,b )  
where ’a? in d ic a te s  th e  plane o f  v ib r a tio n  fo r  th e  zero p r e tw is t  co n d itio n  
and *b * in d ic a te s  th e sequence.
The above v a lu es  fo r  V are low er than th o se  which would be c a lc u la te d  
by ign orin g  th e  e f f e c t s  o f  th ic k n e s s . The ta b le  below shows th e  corres­
ponding percentage red u ction  in  frequency.
P retw ist
degrees
Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8
0 2 .7 9 .7 6 .9 21 .0 12 .2 19 .8 2 9 .7 2 3 .4
15 2 .8 9 .5 7 .1 19.5 13 .8 2 0 .4 2 9 .2 2 3 .9
30 2 .9 9.1 7 .6 17 .8 15 .6 2 0 .9 2 8 .8 2 4 .6
45 3 .1 8 .5 8 .3 16.5 17 .0 20 .8 2 8 .8 2 5 .0
60 3 .3 7 .9 9.1 15.5 18.1 2 0 .6 29.1 2 5 .2
75 3 .6 7 .2 9 .9 14 .6 1 9 .0 2 0 .2 2 9 .4 2 5 .2
90 4 .0 6 .7 10 .7 13 .8 19 .9 19.7 2 9 .8 25.1
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part 3 -  ANALYSIS OF PACKAGES CF THICK BFAI.1S YIBRATING IN A, SINGLE PLANE
3»1 I n t r o d u c t io n
The t h e o r e t i c a l  a n a ly s is  o f  p a c k e ts  o r  packages o f  b la d e s  
i s  more complex th a n  th e  a n a ly s i s  o f co rre sp o n d in g  s in g le  b la d e s , 
and r e s t r i c t i o n s  have been  made in  th e  in v e s t ig a t io n  in  o rd e r  to  l i m i t  
th e  number o f  com binations o f  d e s ig n  p a ra m e te rs . Smith ( r e f .  7) 
in v e s t ig a te d  th e  v ib r a t io n s  o f  packages o f  b la d e s  in  w hich a l l  m otion 
v/as r e s t r i c t e d  to  one p la n e , and b ecau se  th e  mass o f  each  band was 
assumed to  be c o n c e n tra te d  in  lumps a t  th e  t i p s  o f  th e  b la d e s ,  in  
e f f e c t  a l l  m otion o f  s ig n i f ic a n c e  was ta k e n  as b e in g  norm al to  th e  
p a r a l l e l  u n s tr a in e d  c e n t r e l in e s  o f  th e  e q u a l ly  spaced  b la d e s .  The 
bands w ere t r e a t e d  as  r i g i d  i n  r e s p e c t  o f  e x te n s io n  and c o n se q u e n tly  
in  S m ith 's  a n a ly s is  a l l  b la d e s  ex p e rien ced  th e  same a m p litu d e  o f  d i s ­
p lacem en t a t  th e  t i p s .  The most im p o rta n t e f f e c t  o f  th e  bands in  
t h i s  m o d e l.o f a b la d e  package i s  th e  r e s i s t a n c e  to  s lo p e  a t  th e  
t i p s  o f  th e  b la d e s .  As r e c e n t ly  as 19^9 F le e t in g  and C oats ( r e f .  11) 
a n a ly se d  b lade packages acc o rd in g  to  S m ith 's  m odel, and p resen ted , 
e x p e rim e n ta l c o n f irm a tio n  th a t  f o r  th e  s p e c i f i c  packages a n a ly se d  
th e  s im ple model i s  adeq u a te  f o r  d e s ig n  p u rp o se s . In  th e  p r e s e n t  
i n v e s t ig a t io n  i t  i s  shown th a t  th e  e f f e c t s  o f  sh e a r  f l e x i b i l i t y  and 
o f  r o t a r y  i n e r t i a  a re  such as to  red u ce  th e  f r e q u e n c ie s  o f  n a tu r a l  
v ib r a t io n ,  w hereas an a t te n d a n t  e f f e c t  o f th ic k n e s s  a t  th e  ju n c t io n s  
between b la d e s  and bands r a i s e s  th e  f re q u e n c ie s  o f  v ib r a t i o n .  In 
S m ith 's  model a l l  e l a s t i c  and dynamic e f f e c t s  a re  a p p l ie d  to  models 
in  w hich bands and b la d e s  a re  r e p re s e n te d  by t h e i r  c e n t r e - l i n e s ,  and 
th e  ju n c t io n s  a re  m a th em a tica l p o in t s .  I t  i s  p ro b ab le  t h a t  f o r  
many modes o f  v ib r a t io n  th e  a d d i t io n a l  e f f e c t s  m entioned  above and 
n e g le c te d  by S m ith 's  model a re  s e l f  c a n c e l l in g  and th e  r e s u l t i n g
-  169 -
f re q u e n c ie s  a re  th e re b y  in  adeq u a te  agreem ent w ith  more s o p h is t i c a te d  
a n a ly s e s ,  b u t such  r e s u l t s  must be re g a rd e d  as f o r t u i t o u s .
A lthough  P ro h l ( r e f .  8 ) has im proved on S m ith ’ s model by 
in c lu d in g  p r e tw is te d  b la d e s ,  w ith  t o r s io n a l  c o u p lin g  o f  th e  b la d e s ,  
and a l s o  in c lu d in g  th e  a x i a l  f l e x i b i l i t y  o f  th e  bands, he does n o t 
in c lu d e  th e  e f f e c t s  o f  sh e a r  f l e x i b i l i t y ,  o f  r o ta r y  i n e r t i a  o r  a llo w  f o r  
th e  co m p lex ity  o f  th e  ju n c tio n s  betw een b la d e s  and b an d s.
In  th e  c u r r e n t  in v e s t ig a t io n  i t  i s  c o n s id e re d  th a t  th e  
a d d i t io n  o f ' t h e  e f f e c t s  a s s o c ia te d  w ith  th ic k n e s s  to  P ro h l* s  im proved 
model in c re a s e s  th e  number o f  d es ig n  v a r ia b le s  to  be c o n s id e re d  beyond 
a re a so n a b le  l e v e l  f o r  an i n i t i a l  i n v e s t ig a t io n ,  and hence th e  b la d e s  
have been t r e a t e d  as ’w ith o u t p r e tw is t .  A d d it io n a l ly  a l l  th e  b la d e s  
a re  c o n s id e re d  to  be i d e n t i c a l ,  to  be e q u a lly  spaced  and to  be clam ped 
to  a r i g i d  s t r a i g h t  b a se . Both b la d es  and bands a re  c o n s id e re d  to  
be o f  c o n s ta n t c ro s s  s e c t io n  and o f  u n ifo rm ly  d i s t r i b u t e d  mass and 
i n e r t i a .  D eform ations due to  a x i a l  f o r c e s  a re  a ls o  in c lu d e d  f o r  b o th  
b la d e s  and b an d s. In  t h i s  way t r a n s v e r s e  co u p lin g  i s  p e rm itte d  
betw een th e  d e f le c t io n s  a r i s i n g  from a l l  th e  beams in  th e  p ack ag e .
The work c a r r i e d  o u t by Smith showed th a t  th e  n a t u r a l  
f re q u e n c ie s  o f  packages d e f in e d  by h is  s im p l i f ie d  model o c c u rre d  in  
two d i s t i n c t  f a m i l i e s .  In  th e  f i r s t  group a l l  th e  b la d e  t i p s  u n d e r­
went t r a n s l a t i o n  and r o t a t i o n  and c l e a r ly  d is t in g u is h e d  f r e q u e n c ie s  
co u ld  be o b ta in e d . In  th e  second group the  b la d e  t i p s  d id  n o t 
t r a n s l a t e .  w ith  co m p a ra tiv e ly  low c o u p lin g  betw een th e  v a r io u s  
b la d e s  a r i s i n g  s o le ly  from  th e  r o t a t i o n a l  r e s t r a i n t  im posed by th e  
b ands, a number o f  f re q u e n c ie s  would be found  w ith in  a narrow  ran g e  
in  which each  b la d e  in  th e  package had a p p ro x im a te ly  th e  same modal 
shape b u t w ith  changes o f  am plitude and phase d is t in g u is h in g  one 
b la d e  from  a n o th e r .  A lso  th e  d i f f e r e n t  f r e q u e n c ie s  would depend upon
th e  phase p a t te r n s  o f  th e  b la d e s  w ith in  a package, and f o r  a package 
c o n ta in in g  n b la d e s  (n -1 )  p a t te r n s  would be p o s s ib le ,  w h ils t  
in t r o d u c t io n  o f th e  e f f e c t s  o f  th ic k n e s s  con firm s th e  e x is te n c e  o f 
th e s e  two ty p e s  o f  n a tu r a l  fre q u e n c y , a d d i t io n a l  f re q u e n c ie s  a re  
found  to  o ccu r which a re  a s s o c ia te d  w ith  th e  lo n g i tu d in a l  v ib r a t io n s  
o f  th e  b la d e s .  In  th e  absence  o f  bands th e  b la d e s  v/ould have common 
n a tu r a l  f re q u e n c ie s  and th e  a d d i t io n  o f  r e l a t i v e l y  f l e x i b l e  b a n d s . does 
n o t g r e a t ly  a f f e c t  th e  nom inal c a lc u la te d  n a t u r a l  f re q u e n c y , b u t g iv e s  
r i s e  to  a second fa m ily  o f c lo s e ly  a s s o c ia te d  f r e q u e n c ie s ,  each w ith  
i t s  own p a t te r n  i n t e r r e l a t i n g  th e  modal shapes o f  th e  in d iv id u a l  
b la d e s .  The in v e s t ig a t io n  shows in  t h i s  case  t h a t  th e  number o f 
p a t te r n s  i s  n f o r  a package o f  n b la d e s .
W h ils t in  some a p p l ic a t io n s  th e  p re sen ce  o f  f r e q u e n c ie s  o f  
lo n g i tu d in a l  v ib r a t io n  w ith in  th e  o p e ra t in g  range o f  a tu rb in e  w ould 
n o t be h a rm fu l, owing to  th e  absence o f  any s i g n i f i c a n t  source  o f  
e x c i t a t io n ,  in  th o se  d e s ig n  where th e  bands a re  added as  shrouds to  
p re v e n t le ak ag e  o f  th e  w orking f l u i d  ov er th e  t i p s  o f  th e  b la d e s  
so u rc e s  o f  e x c i t a t io n  may e x i s t .  The c o n v e n tio n a l f l e x u r a l  v ib r a t io n s  
o f  b la d e s  a re  u s u a l ly  e x c i te d  by f lu c tu a t io n s  o f  th e  p re s s u re  
d i f f e r e n c e s  a c ro s s  th e  b la d e s  r e s u l t i n g  from  d i s c o n t in u i t i e s  in  th e  
s t a t e  o f  v/orking f l u i d  a r i s i n g  from  wakes from  n o z z le s  o r  o th e r  
o b s tru c t io n s  to  u n ifo rm ity .  Suoh p re s s u re  d if f e r e n c e s  a c t in g  on a 
band which form s a sh roud  w i l l  c o n se q u e n tly  e x c i te  lo n g i tu d in a l  
v ib r a t io n s  in  b la d e s .
D ir e c t  s t r e s s e s  in duced  in  th e  b la d e s  th em se lv es  a re  p ro b a b ly  
sm a ll compared w ith  bending  s t r e s s e s  in  a f l e x u r a l  v ib r a t i o n ,  b u t th e  
lo n g i tu d in a l  m otion in  th e  b la d e s  w i l l  be a s s o c ia te d  w ith  t r a n s v e r s e  
m otion o f  th e  b an d s, and hence f a i l u r e  o f  th e  bands can n o t be d i s ­
co u n ted .
C oupling betw een f l e x u r a l  and lo n g i tu d in a l  e f f e c t s  r e q u i r e s  
t h a t  in  th e  n u m e rica l a n a ly s is  g r e a t  c a re  i s  ta k e n  in  d e te c t in g  c lo s e  
ro o ts  i n  th e  freq u en cy  p a ram e te r  V. I r r e s p e c t iv e  o f  th e  method o f 
s o lu t io n ,  n u m e ric a l system s c o n ta in in g  m u l t ip le  ro o ts  w hich a re  
s e n s ib ly  eq u a l g iv e  r i s e  to  i l l - c o n d i t i o n i n g  and extrem e acc u racy  o f  
com putation  i s  n e c e s s a ry . P ro h l ( r e f .  8) r e f e r s  to  m ee tin g  w ith  
" . .  t r o u b le  due to  e x c e ss iv e  lo s s  o f  s i g n i f i c a n t . f i g u r e s " , and 
a lth o u g h  Stuw ing ( r e f .  9)  d evelops a m a tr ix  method where th e  s iz e  o f  
th e  m a tr ix  i s  in d ep en d en t o f th e  number o f  b la d e s ,  he p o in ts  o u t t h a t  
he en co u n te rs  many c a s e s o f  i l l - c o n d i t i o n e d  a r r a y s .  In  t h i s  i n v e s t i ­
g a t io n  i t  has n o t been found p o s s ib le  to  d e v e lo p  a n u m e rica l m ethod 
which i s  always w e ll -c o n d it io n e d ,  b u t th e  e f f e c t s  have been  m in im ised  
by u s in g  a method in  w hich th e  a p p a re n t number o f  b la d e s  i s  red u ce d  to  
i (n + 1 ) ■ o r  l e s s  by so lv in g  f o r  sym m etric and a n ti-sy m m e tr ic  modes 
in d e p e n d e n tly . F u r th e r  i t  i s  showrn t h a t  th e  c e n t r a l  nom inal v a lu e s  
o f  f re q u e n c ie s  o c c u rr in g  in  c lo s e ly  a s s o c ia te d  groups.m ay  be d e te rm in e d  
w ith  h ig h  acc u racy  w ith  r e fe re n c e  to  a b la d e  package w ith  a sm a ll 
number o f b la d e s ,  s a y , 5 a lth o u g h  i t  i s  acknow ledged t h a t  th e  w id th  
o f  th e  freq u en cy  band in c re a s e s  w ith  number o f b la d es  i n  th e  p ackage , 
and t h i s  in c re a s e  canno t be e x tra p o la te d  w ith  co n fid e n c e .
I t  i s  n o t co n s id e re d  th a t  th e  f a i l u r e  to  o b ta in  s a t i s f a c t o r y  
e x t r a c t io n  o f  a l l  r o o ts  in  V from  packages w ith  te n  o r  tw en ty  b la d e s  
i s  as s e r io u s  as th e  i n a b i l i t y  in  p r a c t i c a l  c a se s  to  d e f in e  an 
e l a s t i c  model a t  th e  ju n c t io n  betwreen a b la d e  and i t s  a s s o c ia t e d  b a n d s .
In  c u r re n t  m an u fac tu rin g  p r a c t ic e  th e  m ech an ica l e f f ic ie n c y  o f  th e  
ju n c t io n  i s  dependen t upon th e  c o n s is te n c y  o f  v.Te ld e d  o r  r i v e t t e d  
j o i n t s ,  and th e  v a r i a t i o n  in  freq u en cy  from  package to  package i s  
l i k e l y  to  be com parable w ith  th e  e r r o r s  o f  o m iss io n  made by a n a ly s in g  
a package o f  th e  c o r r e c t  p ro p o r tio n s  b u t .w i th  a red u ce d  number o f  b la d e s .
In  th e  fo llo w in g  s e c t io n s  a method o f  s o lu t io n  f o r  ro o ts  
in  V i s  p re se n te d  and a n a ly s is  o f a s e r i e s  o f  packages p roduces th e  
v a lu e s  g iv e n  in  T ab les  T .3 .1  to  T .3 . 6 .
D e s c r ip tio n  o f  th e  model o f  a b la d e  package and v a r ia b le s  u sed  in  
th e  a n a ly s is
In  P a r ts  1 and 2 o f  t h i s  in v e s t ig a t io n  th e  r e l a t i v e  m e r i ts  
o f  t a b u la t i o n  methods and o f  a g e n e r a l is e d  c o o rd in a te  method have 
been  e s ta b l i s h e d  and in  c o n s id e ra t io n  o f th e  h ig h ly  red u n d an t n a tu re  
o f  a s t r u c tu r e  such  as a b la d e  package i t  i s  assum ed w ith o u t p ro o f  
t h a t  a g e n e ra l is e d  c o o rd in a te  method i s  e x c e s s iv e ly  u n w e ild ly  f o r  th e  
s o lu t io n  o f  a system  such  as i s  in d ic a te d  in  F ig u re  3*1• H ere n b la d e ,  
c e n t r e l i n e s ,  p a r a l l e l  and ev en ly  spaced  a re  shown clamped to  a r i g i d  
common b a s e , and in te rc o n n e c te d  a t  th e  t i p s  by th e  c e n t r e l i n e s  o f  n 
segm ents o r  b an d s•
A b la d e  i s  c o n s id e re d  as hav in g  z e ro - p r e tw is t  i n  t h a t  a 
p r in c ip a l  a x is  o f  th e  c r o s s - s e c t io n  l i e s  in  th e  p lan e  o f  th e  d iag ram , 
and t h a t  a l l  b la d e s  a re  o f i d e n t i c a l  m a te r ia l  and d im en sio n s . W h ils t 
i t  i s  n o t e s s e n t i a l  to  th e  m eth o d ,th e  c r o s s - s e c t io n  has been  made 
c o n s ta n t  in  th e  i n v e s t ig a t io n .  S im i la r ly  th e  bands a re  i d e n t i c a l ,  
un ifo rm  and w ith o u t p r e tw is t .
U sing a t a b u la t i o n  method such as  t h a t  due to  M y k lestad  t r i a l  
v a lu e s  o f  fre q u e n c y  a re  s e le c te d  and th r e e  s e p a ra te  l i n e a r l y  in d e p e n d e n t 
s e t s  o f  end c o n d itio n s  a re  c o n s id e re d  f o r  th e  r o o t  c o n d i t io n s  o f  a 
s in g le  b la d e .  I t  i s  c o n v en ien t to  ta k e  one o f  th e  th r e e  r e a c t io n s  
a t  th e  ro o t  as u n i ty  w h i ls t  p u t t in g  th e  o th e r  two rem a in in g  r e a c t io n s  
as z e ro , s in c e  by t h i s  means th e  c o n d it io n s  a t  th e  b la d e  t i p  may th e n ,  
be c o n v e n ie n tly  ex p re sse d  by the* two m a tr ix  t r a n s f o r m a t io n s :
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(eq u ation  3*2)
Equation 3 •'I i s  developed u sin g  the extended M yklestad method 
according to  th e d er iv a tio n  o f  P arts 1 and .2 and where th e  m atrix
i s  a (6 x 2) array w ith  the c o e f f i c ie n t s  computed by s te p -b y -s te p
in te g r a t io n  fo r  each t r i a l  value o f th e  frequency parameter V.
(Note: throughout Part 3 the symbol X1 i s  used to  mean X1 , th e
r0vQ»tJ
r o ta tio n  o f  a cross s e c t io n ) .
Equation 3*2 may be developed in  the case o f  beams w ith  
varying cross  s e c t io n  by u sing H o lzer’s method ( r e f .  5) "but in  t h is  
in v e s t ig a t io n  the exact s o lu t io n  fo r  the transform ation  fo r  th e  uniform  
beam i s  more co n ven ien t.
R eca llin g  th a t equations 3«1 and 3*2 fo llo w  th e  approach 
developed fo r  Parts 1 and 2 in  th a t th e v a r ia b le s  d e fin e  th e  am plitudes  
o f  the fu n c tio n s  during a stead y  s ta t e  v ib r a tio n  a t c ir c u la r  freq u en cy  
CO f th e  d isp lacem ent o f  an elem ent o f  le n g th  dz a t d is ta n c e  z from  
th e root may be denoted by Z and the t e n s i l e  fo rce  a c t in g  on th e  
elem ent may be denoted by P.
The elem enta l in e r t ia  fo rce  i s  (m/L)dz.GO .Z and th e  s t r a in  
i s  P /(E A ). Hence
dP
dz - (n /L )o  *Z (eq u ation  3*3)
dZ
dz P /M ( e q u a t io n  3*4)
R e-arranging"equations 3 .3  and 3*4 g iv e s  th e 'c h a r a c te r is t ic  
2 2equation  d P m „ ~ r-\
— 2 + '"'m l '" * = 0 (eq u ation  3 .5 )
dz
The g en era l so lu t io n  o f equation  3*5 niay be w r itte n  in  the
form
P = C ..co s  1 + c (eq u ation  3*6)
where A  i s  a d im en sion less parameter g iven  by the ex p ressio n :
A 2 m co . l/ m (eq u ation  3«7)
For clamped ro o t co n d itio n s  Z = 0 a t z = 0 and hence .= 0 ,
D irec t s u b s t itu t io n  le a d s  to  the r e s u lt s  
Proot CP and hence 1
z
L_ ^ s in  A
= M  ' A
p t ip cos A
root (eq u ation  3*8)
Phen con sid erin g  a ty p ic a l  blade w ith in  the b a tch , i f  th e  
th ree r e a c tio n s  a t the roo t are tr e a te d  as independent v a r ia b le s ,  
equations 3*'i and 3«7 g ive  the va lu es  o f  the s ix  v a r ia b le s  X ,X’ ,M,F,Z 
and P a t  the t ip  o f  the b lad e . I f  when co n sid erin g  a t y p ic a l  b lad e  
th e corresponding root re a c tio n s  o f  a l l  o th er  b lades w ith in  the. 
package are taken as zero , then the t ip  v a r ia b le s  o f  a l l  o th er  b lad es  
must be zero , . Hence i t  i s  p o s s ib le  to  con sid er the system  shown in  
s im p lif ie d  form in  the exploded diagram o f f ig u r e  3 «2.
A ty p ic a l  blade i s  shown in  r e la t io n  to  the ad jacent bands 
w ith  which i t  i s  a s so c ia te d . On t h is  diagram th e s u f f i c e s  are  
used as f o l lo w s :
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0 r e fe r s  to  the ro o t o f  the b lade
1 r e fe r s  to  th e t ip  o f  the b lade
a ,b  r e fe r  to  the ends o f  the bands forming the ju n ctio n
w ith  the b la d e , to  the r ig h t  and l e f t  r e s p e c t iv e ly •
c ,d  r e fe r  to  the ends o f th e  bands form ing ju n ctio n s  w ith
th e ad jacent b la d e s , to  the r ig h t and l e f t  r e s p e c t iv e ly .
The extreme l e f t  hand and' r ig h t  hand b lades w ith in  a package 
are n o n -ty p ica l in  th a t the r ig h t  hand or l e f t  hand bands, resp ectiv e ly ^  
are ab sen t. This m o d ific a tio n  a f f e c t s  the d e t a i l ,  but not the  
p r in c ip le  o f the method bein g  d escr ib ed .
I f  the ro o t re a c tio n s  o f  a l l  b lades o th er  than th a t b ein g  
analysed, are zero , then the d isp lacem ents a t  the t ip s  o f  th o se  
b lades are zero , and hence the ends o f  the bands remote from the  
ty p ic a l  ju n ction  a re , in  e f f e c t ,  clamped.
liquations r e la t in g  to  the v a r ia b le s  a t  the ju n c t io n s ,  
s u f f ic e s  a ,b , to  th e r e a c tio n s  a t the clamped ends o f  the bands,
s u f f i c e s  c ,d  fo llo w  the form o f  equations 3«1 and 3*7 but w ith  the
n ecessa ry  changes to  r e la te  to  the re lev a n t len g th s and c r o s s - s e c t io n s .
Two d is t in c t  s e t s  o f  ta b u la tio n s  are thus req u ired  a t each  
t r i a l  value o f  frequency. I t  i s  conven ient to  r e ta in  th e  param eter
V as the t r i a l  v a r ia b le  as was used fo r  the s in g le  b lade a n a ly s is  
developed in  P arts 1 and 2 . The r e la t io n s h ip  between frequency and
Y i s  d e fin ed  in  terms o f  th e proportions and m ater ia l p r o p e r tie s  o f  
the b lad e, i t  being con sid ered  th a t  th e b lades c o n s t itu te  th e major 
components o f the package.
The r o t a t i o n ,  X* a t  th e  t y p i c a l  b la d e  t i p  and a t  th e  band 
ends o f  th e  j u n c t io n  i s  th e  same f o r  a l l  t h r e e  components and i s  
t h e r e f o r e  shown w ith o u t  a s u f f i x .  A l l  o th e r  v a r i a b l e s  a re  shown 
w ith  th e  n o ta t i o n  and s ig n  co n v en tio n  which i s  used and which a r i s e s  
as a n a t u r a l  development o f  th e  n u m e rica l  p ro cess  d e f in e d  i n  th e  • 
e q u a t i o n s ' 3 and 3»7«
In  f i g u r e s  3*3 and 3*1- th e  t y p i c a l  j u n c t io n  and th e  t y p i c a l  
group o f  t h r e e  b la d e s  a r e  shown w i th  a b e t t e r  i n d i c a t i o n  o f  th e  
d i s t r i b u t i o n  o f  m a te r i a l  th a n  i s  g iv en  i n ' t h e  diagram  o f  f i g u r e  3«2.
w hilst- i t  may be a ccep tab le  in  problems in v o lv in g  th in  
beams to  regard ju n ctio n s as m athem atical p o in ts , i t  i s  con sid ered  
th a t such a s im p lif ic a t io n  i s  u n ju s t if ia b le  in  the case o f  a package 
o f b la d e s . The in tro d u ctio n  o f  shear f l e x i b i l i t y ,  and ro ta ry  in e r t ia  
in to  th e a n a ly s is ,  i s  on ly  an approxim ation in  th a t w ith  s e n s ib ly  
th ic k  components plane tra n sv erse  u n stra in ed  s e c t io n s  are assumed, 
w ithout p roo f, to  remain plane during a v ib r a t io n . I t  i s  con sid ered  
th a t w h ils t  such a s im p lif ic a t io n  i s  w ithout ju s t i f ic a t io n ^ th e  
r e s u lt in g  a n a ly s is  i s  an improvement on th a t  obta ined  by th in  beam 
th eory  in  -which a l l  shear e f f e c t s  are om itted . S im ila r ly  in  t h is  
a n a ly s is  o f  packages, the tru e  deform ation o f  the m a ter ia l form ing  
the ju n ctio n  between a b lade and i t s  a s so c ia te d  bands i s  extrem ely  
com plicated , and honee s im p lif ic a t io n  i s  p erm issib le , provided th a t  
account i s  taken o f  the p roportions o f  the ju n ctio n  in  r e la t io n  to  
th e proportions o f  the package as a w hole.
The assum ptions used in  the a n a ly s is  may be summarised as
f o l l o w s :
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Figure 3>3 T yp ica l ju n ctio n  between a b lade
and th e  a s so c ia te d  bands.
Figure 3 » k  T yp ica l b la d e , a s so c ia te d  bands 
and adjacent b la d es .
(1 ) the t i p  o f  a b lade i s  taken as shown a t L in  f ig u r e  
3 .3 ,  being a t the p o in t where the c e n tr e lin e  o f  the b lade in te r ­
s e c ts  the fr e e  su r fa ce , and the v a r ia b le s  denoted by s u f f ix  .1 
are taken as ap p ly in g  a t L.
(2 ) th e  t ip  o f  a band i s  taken as shown a t A (or B) in  
f ig u r e  3 .3  and th e  v a r ia b le s  w ith  s u f f ix  ’a ’ (or  'b ')  apply  
a cco r d in g ly . G enerally  in  the a n a ly s is  A and B are taken  to  be 
a t th e  in te r s e c t io n  o f th e  c e n tr e lin e  o f  the bands w ith  th e  
nominal fr e e  su rfa ce  o f  the b la d e . That i s  to  say th a t j^ and j
a re , r e s p e c t iv e ly ,  th e  sem i-th ick n esses  o f  the b lade and the band.
A c e r ta in  amount o f  a n a ly s is  i s  ca rr ied  out w ith  oth er v a lu e s ,  
e s p e c ia l ly  w ith  ~ ^2  ~ or< e^r  ^0 ^emons"*^^6 the im portance
o f  th is  ju n ctio n  in  the e f f e c t  o f  th ick n ess  on the v ib ra tio n -  
c h a r a c te r is t ic s .
(3 ) th a t by symmetry the clamped ends o f  the beams, denoted  
by s u f f ic e s  ’ c ' and *d * are to  be assumed to  be p laced  fo r  the  
m ajority  o f the a n a ly s is ,  as in d ica te d  in  f ig u r e  3*A«
(A) th a t ,  a lthough  in  evaluating the t ip  v a r ia b le s  fo r  th e  . 
blade u sin g  equations 3*1 and 3»7 the b lade i s  un iform ly e l a s t i c  
along i t s  com plete le n g th , fo r  the purpose o f  r e la t in g  th e  v a r ia b le s  
a t A,B and L the ju n ctio n  i s  regarded as a r ig id  body.
Development o f the dependent v a r ia b le s
C onsidering each r e a c tio n  a t  the roo t o f  the t y p ic a l  b lad e  
in  turn to  be u n ity , and s e t t in g  a l l  o th er  r e a c tio n s  a t b lad es r o o ts  
to  zero e s ta b lis h e s  v a lu es  fo r  the r e a c tio n s  and movements a t the t i p  
o f the b la d e , L.
The corresponding movements a t A and B o f the t ip s  o f  the  
bands are then e s ta b lish e d  from the fo llo w in g  r e la t io n s h ip s  based  
on tr e a t in g  the zone LAB as r ig id :
Xa = 1 0 -«51 h
-1 0
h
2a 0 -1 j 2 XV
G 1 (eq u ation  3*8)
(The r o ta t io n , X1 i s ,  as a lready s ta te d , common to  L,
A and B .)
S u b stitu tio n s  o f  the values o f  the movements a t  A and B 
in to  equations 3.1 and 3*7 enables the r e a c tio n s  a t C and D to  be  
c a lc u la te d , but w ith  autom atic com putation cau tion  must be 
e x e r c ise d .
Suppose th e (A x 2) m atrix A  ^ fo r  th e  bands as d efin ed  by  
equation  3.1 i s  denoted by the c o e f f i c ie n t s :
A. m f
X!m xf
r Vm i
S’ 2 -  m f
At1
Lt2
(eq u ation  3 .9 )
I t . fo llo w s  th a t fo r  the bands equation  3 .1  i s  rearranged to  
g iv e  two separate equations:
ivx X
1--
---
--
.
* L J  ■root V t ip (eq u a tio n  3 .1 0 )
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M M
At2 •
J ? - t ip root (eq u ation  3*11)
Equation 3*10 cannot be formed i f  th e  m atrix i s  s in g u la r ,
and i t  i s  seen  th a t t h is  corresponds to  a co n d itio n  where th e  t r i a l  
frequency corresponds to  a tra n sv erse  n a tu ra l v ib r a tio n  o f  the bands, 
w ith  both ends clamped, A f i n i t e  s e t  o f  v a lu es  fo r  (M,]?)  ^ w i l l
on ly  be p o s s ib le  i f  (X,X! ) .^  ^ are both zero , which req u ires  th a t th e
t r i a l  frequency a lso  corresponds to  a clamped-clamped n a tu ra l 
lo n g itu d in a l v ib r a tio n  o f  the b la d e . I t  i s  considered  th a t w h ils t  
such a com bination o f  band and b lade i s  not im p ossib le  i t  i s  not 
r e lev a n t to  consider th is  s itu a t io n  w ith in  the a n a ly s is  o f  a blade  
package. I t  i s  arranged th a t in  the' even t o f the array being
s e n s ib ly  s in g u la r , then the t r i a l  frequency parameter i s  recorded  fo r  
independent in v e s t ig a t io n ,  and the va lu e o f  V  i s  in crea sed  by a sm all 
amount, l e s s  than the normal sy stem a tic  in te r v a l ,  and the procedure 
reo ea ted .
S im ila r ly , fo r  th e bands, equation  3*7 i s  used in  two sta g es  
to  g iv e  the r e la t io n s h ip s ;
s i n A  ) . Z^ .. (equation 3 .12)P , -  ( _Lroot
K -t ip ( o o s / \  ) .P roo t (eq u a tio n  3 • i 3 )
Equation 3*12 i s  m eaningless i f  s in  / \  = 0 , and i t  i s  seen  
th a t t h is  corresponds to  a co n d itio n  in  which the t r i a l  frequency  
corresponds to  a clamped-clamped n a tu ra l ( lo n g itu d in a l)  freq u en cy  
fo r  the band. This co n d itio n  i s  regarded as being o f  no s ig n if ic a n c e  
to  the a n a ly s is  o f  th e  b lade package, and i t  i s  arranged, as above, 
th a t i f  s i n / \  i s  s e n s ib ly  zero , then  the current t r i a l  va lu e o f  V i s
recorded and abandoned.
In the ty p ic a l  in s ta n c e , however, the v a lu es o f  the r e a c tio n s  
at A,B,C and D are computed a t  a g iv en  t r i a l  va lu e  o f  V fo r  independent 
i n i t i a l  co n d itio n s  a t 0 , the root o f th e  b la d e .
The ty p ic a l  ju n ctio n  between a b lade and two a d ja c e n t bands> 
as d ep ic ted  in  f ig u r e  3*4 i s  now con sid ered  in  i t s  e n t ir e ty ,  and the  
r e s u lta n ts  o f  the r e a c t io n s  computed a t  L, A and B are computed.
For t h is  purpose th e  extreme t ip  o f  the b la d e , d e fin ed  by L,A and B 
i s  tr e a te d  as a fr e e  body and r e s u lta n t  fo rce s  are assumed to  a ct  
a t L in  con ju n ction  w ith  a moment.
I f  the p -th  blade i s  con sid ered  then the r e su lta n ts  P , F
P P
and M are computed, w ith  the same sen se  as P_, F_ and M_ r e s p e c t iv e lyp 1 1 1
from the r e la t io n sh ip :
P = P_ -  F + F, (eq u ation  3 * i4 )p l a  b
F = F_ + P -  P, (eq u a tio n  3• *15)p 1 a b
1 + Ma + Mb + V (Fa + V
+ j 2 *(pa “ P-jj) (eq u a tio n  3 - 16)
I f  p = 1 then th e b lade i s  the extreme l e f t  hand member o f  
the package and consequently  th ere  i s  no band to  the l e f t  o f  the b lad e;  
in  equations 3 •'14- to  3*16 terms w ith  s u f f ix  ’b* are su pp ressed .
S im ila r ly  i f  p = n a l l  terms in  equations 3«14 to  3*16 w ith  
s u f f ix  !a f are suppressed .
The re a c tio n s  computed a t G and D fo r  each o f  the independent 
s e t s  o f  con d itio n s a t  the b lade ro o ts  are a lso  r e la te d  to  th e t ip s  
o f  th e  ad jacen ts b la d e s , at t  . and L . in  f ig u r e  3*A-p-1 p+1
Hence:
Pp-1 = ~Fd ' (e q u a tio n .3 .1 7 )
 ^ (eq u ation  3 .1 8 )
M ^  = -Md + + j 2 #Pd (eq u ation  3 .1 9 )
Pp+  ^ = PQ (eq u ation  3 .2 0 )
Pp+  ^ = ~PQ (eq u ation  3*21)
M = -M + j„ .F  -  0o.P  (eq u ation  3 .2 2 )p+1 c 1 c 2 o
I f  p = 0 , the equations 3 .1 7 - to  3 .1 9  Have no meaning, and 
i f  p = n the equations 3 .20  to  3 .2 2  have no meaning.
Por each t r i a l  va lu e o f  th e frequency parameter V, 
c o e f f ic ie n t s  r e la t in g  the 3n r e s u lta n ts  at the t ip s  o f  the b lad es  
to  the 3n independent rea c tio n s  a t the ro o ts  o f  the b la d es  are thus  
f u l ly  e s ta b lis h e d . The t ip  r e su lta n ts  must a l l  be zero i f  the  
a n a ly s is  i s  to  rep resen t a fr e e  v ib r a t io n  and t h is  i s  on ly  p o s s ib le  
i f  the determ inant o f  th e  array o f  c o e f f i c ie n t s  in t e r r e la t in g  the  
dependent and independent r e a c tio n s  i s  zer o .
Composition o f  and so lu t io n  o f  the r e s id u a l determ inant
For every t r i a l  va lu e  o f  V num erical c o e f f i c ie n t s  are 
computed in  the manner d escr ib ed  in  s e c t io n s  3 .2  and 3*3 to  form  
the r e la t io n sh ip :
P1
■ [C1 Vp
1
L J
h
• •
• •
pn Pn
' Fn Pn
M ' n TIP Mn
(Equation 3*23)
In equation 3*23 th e (3n x 3*0 array , [ c l .  must be such as 
to  g iv e  a n u ll  le ft -h a n d -s id e  i f  the t r i a l  frequency i s  to  correspond  
to  a n a tu ra l frequency o f  the package. This req u ires  th a t the 
determ inant f  C f = 0 , and hence the method used s u c c e s s fu l ly  fo r
the s in g le  b lade in  which a r e s id u a l determ inant i s  ev a lu a ted  and th e  
techn ique o f  search in g  according to  th e  ru le  o f  f a l s e  p o s it io n  i s  
a p p lic a b le .
The num erical d i f f i c u l t i e s  experienced  in  th e  s o lu t io n  o f  
the (4  x 4 ) determ inant produced in  the method o f th e  s in g le  b lade w ith  
p r e tw is t ,  d iscu sse d  in  s e c t io n  2 .6 .4 ,  are more pronounced in  th e case  
o f  th e (3n x 3n) determ inant whioh a r is e s  w ith .th e  package o f  n - 
b la d es .
Por th in  members in  which lo n g itu d in a l e f f e c t s  may be 
n e g le c te d , Smith ( r e f .7 )  dem onstrated th a t two fa m il ie s  o f  n a tu ra l 
v ib r a tio n  modes e x i s t  in  packages. In th e  f i r s t  fa m ily , a l l  o f  the  
blades experience s u b s ta n t ia lly  id e n t ic a l  modal sh apes, o n ly  s l i g h t l y  
m odified  by the v a r ia t io n  in  the s t i f f n e s s e s  o f  th e v a r io u s ju n c tio n s
between b lad es and a sso c ia te d  bands, dependent- upon th e p o s it io n  
w ith in  the package. For freq u en c ie s  w ith in  t h i s  fa m ily  one d is t in c t iv e  
value o f  V i s  dem onstrated. In th e second fam ily  b lad es v ib r a te  in  
modal shapes -which w h ils t  being s u b s ta n t ia lly  o f  the same form, vary  
in  m agnitude, and particu larly  in  ar ith m etic  s ig n ,  from blade to  b la d e . 
G enerally  w ith in  t h is  fam ily  th ere  are n-1 d is t in c t  p a ttern s o f  
combined modal shapes and th ere  are n-1 n a tu ra l freq u en c ie s  co r r e s­
ponding to  th ese  p attern s ’w ith in  a r e la t iv e ly  narrow band.
These two d is t in c t  fa m il ie s  o f  n a tu ra l freq u en cie s  e x i s t  in  
packages in  which lo n g itu d in a l e f f e c t s  have been in c lu d ed , and th ere , 
i s  an a d d itio n a l fam ily  which com prises groups o f  freq u en c ie s  and in  
which th e  s ig n if ic a n t  d isp lacem ents are lo n g itu d in a l v ib r a t io n s  o f  the  
b la d es .
Separation  o f  ro o ts  in  V becomes p r o g r e ss iv e ly  more d i f f i c u l t  
w ith  in crea se  in  n , and th e computer run tim e req u ired  fo r  th e  eva lu a­
t io n  o f the determ inant | c  j in cr ea se s  as the square o f  th e  number o f  
b la d e s . At the same tim e the errors due to  rou n d in g -o ff b eg in  to  
accumulate as n in cr ea se s  and fo r  th ese  reasons th e in v e s t ig a t io n  i s  
l im ite d  to  the study o f packages with f iv e  or l e s s  b la d e s .
Aven w ith  t h i s  s im p lif ic a t io n  the sep a ra tio n  o f r o o ts  in  V i s  
extrem ely d i f f i c u l t  as an autom atic r o u t in e . However, the m atrix  
£ i s  d erived  from a sym m etrical arrangement o f  b la d es  and i t  
fo llo w s  th a t th e  c o e f f i c ie n t s  o f  the m atrix w i l l  e x h ib it  e i th e r  
symmetric or skewsymmetric p r o p e r t ie s . The c o e f f i c ie n t s  in t e r r e la t e  
re a c tio n s  o f two ty p e s . Type (1 ) :  fo r c e s  such as or ^root
are p a r a lle l  to  th e c e n tr e lin e  o f  th e b lade package and .are con seq u en tly  
sym m etric. Type (2 ) :  fo rce s  such as snd and moments such
as where th e  re feren ce  axes are perp en d icu lar to  the
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c e n tr e lin e  o f  th e  "blade package, and are consequently  skewsymmetric.
In com bination a c o e f f i c ie n t  r e la t in g  two symmetric or two skewsymmetric
rea c tio n s  w i l l  i t s e l f  be sym m etric, but c o e f f i c ie n t s  r e la t in g  one
symmetric and one skewsymmetric r e a c tio n  w i l l  be sbewsymmetric. I t
hence fo llo w s  th a t a s e t  o f the 3n v a r ia b le s  (P. , f . ,Ivl. , .  .P ,F ,M ) ,x 1* 1 ’ 1 ’ n n n 'r o o t
which w i l l  s a t i s f y  equation  3*23 in  producing a n u ll  le ft -h a n d  s id e
must be e x p r e s s ib le  in  one o f  two form s. In form ( l )  the n va lu es
o f P w i l l  be symmetric and the 2n va lu es  o f  F and Iv! -w ill be skew-
sym m etric. In form (2) the symmetry w i l l  be reversed  w ith  re sp e c t
to  form ( i ) .  I t  i s  conven ient to  eva lu ate  so lu tio n s  fo r  th ese  d i s t in c t
forms se p a r a te ly  and hence operate on m atrices o f  reduced o rd er . For
a package o f f iv e  b lad es th e m atrix [ c j  would have th e form:
■V ci 0 0 0 
c3 c2 C1 0 0
0 C C C 0 3 2 1
0 0 C3 °2  C1
0  0  0  0-  cr
3 5
(eq u a tio n  3*24)
in  which G, C_ are (3 x 3) m a tr ic e s .1 o
I f  a s o lu t io n  to  equation  3*23 i s  con sid ered  in  which
fo r  p = 1 ,2 ,3  and i f  th ese  r e la t io n s h ip s
are su b s t itu te d  in to  the f i r s t  9 ( = 3 x 3 )  equations o f the s e t ,  i t  
i s  seen th a t a t r i a l  frequency w i l l  rep resen t a n a tu ra l frequency  o f  
the package i f
p
p Pn+1~p
F
P
= F , .n+1-p
M 
. P
' = M .in 1 -p
.0
c 4 C1
0
C3
CM
o
0 0
G6
F
M,
M.
( eq u ation  3*25)
In equation  3*25 th e  (3 x 3 ) m atrix £Cg] i s  d er ived  hy 
a d d in g /su b tra ctin g  the symmetric/skewsymmetric c o e f f i c ie n t s  o f  
and h i  • Equation 3*25 i s  on ly  cap ab le  o f  s o lu t io n  i f
c4 V 0,
d e t .
°3 C2 ci = 0
0 VO
o
CM
O
(eq u ation  3*26) 
S im ila r ly  i f  a s o ltu io n  to  equation 3*23 i s  con sid ered  in
which
Pp ~ “Pn+1-p
Pp = Pn+1-p  
Mp = Mn+1-p
fo r  p = 1 ,2 ,3 ,  a s u b s t itu t io n  in to  the
f i r s t  n ine equations o f  th e  s e t  lea d s  to  the requirem ent th a t
d e t .
c i 0 
C3 °2 °1
0 C7 °2
(eq u a tio n  3«2?)
The (3 x 3) m atrix i s  d erived  by su b tractin g /ad d in g
the symmetric/skewsymmetric c o e f f i c ie n t s  o f  and [ < V l -
The c o e f f ic ie n t s  in  the two .arrays o f  equations 3*26 and 3*27 
d if f e r  on ly  in  the subgroups shown as . and l c7 l -  For blade
packages w ith  n ^ 5  s im ila r  m anipulation o f  the c o e f f i c ie n t s  w i l l  ’ 
produce two arrays in  which th e on ly  d if fe r e n c e s  occur in  a (3 x  3 )  
subm atrix.
When co n sid er in g  packages o f  odd numbers o f  b la d e s , equations
3 .2 6  and 3«27 must be fu r th e r  reduced i f  s a t is fa c to r y  num erical a n a ly s is
i s  to  be e f f e c t e d  w ithout in tro d u ctio n  o f spurious r o o ts  in to  th e
frequency param eter, V. The arrays o f  c o e f f i c ie n t s  have been reduced
from order 3n to  order 1 .5 (n  + 1 ) ,  i f  n i s  odd, by u sin g  th e  symmetric
and skewsymmetric r e la t io n s h ip s  between the v a r ia b le s .  In d er iv in g
equation  3*26 i t  i s  assumed th a t the v a lu es  o f F and M fo r  p = 1 to
P P
n are skewsymmetric, and hence an<^ - mU3"k both  be zero .
Hence the rows and columns corresponding to  th e se  two v a r ia b le s  are  
e lim in a ted  and equation  3*26 i s  reduced to  order 1 .5 (n  + l ) - 2 .
S im ila r ly  in  d er iv in g  equation  3«27 i t  i s  assumed th a t  the v a lu es  o f  
fo r  p = 1 to  n are skewsymmetric and hence z e r o . The
row and column o f  equation  3*27 corresponding to  t h is  v a r ia b le  are 
e lim in a ted  and th e number o f  eq u ation s i s  reduced to  1 .5 (n  + 1) - 1 .
In the subm atrices [
fu n c tio n s  o f  th e  frequency parameter V, and hence i t  fo llo w s  th a t  
i f  the arrays o f  equations 3*26  and 3*27 are id e n t ic a l  in  a l l  but a 
few term s, then i l l - c o n d it io n in g  w i l l  occur i f  th e  o r ig in a l  eq u ation  
3 .2 3  i s  used fo r  the ev a lu a tio n  o f  r o o ts  in  V. R eduction o f  th e  
m atrix to  two sm aller  m atrices does not com p lete ly  e lim in a te  a l l
J  to  [ c  ]  a l l  the c o e f f i c i e n t s  are
o f th e  num erical problems, but w ith  th e  in v e s t ig a t io n  r e s t r ic t e d  to  
a package o f not more than f iv e  b lad es , roots  in  V corresponding to  
th ose  found by Smith ( r e f .  7 ) w i l l  occur in  p a irs or as s in g le  r o o ts ,  
and the method developed fo r  the p retw isted  b lade and d escr ib ed  f u l l y  
in  s e c t io n  2 is . adequate fo r  the sep a ra tio n  and e v a lu a tio n  o f  such  
r o o ts .
C ertain o f  th e  n atu ra l modes o f  v ib r a tio n  were not g iven  by 
Sm ith's a n a ly s is  s in ce  h is  package model d id  not in clu d e lo n g itu d in a l  
e f f e c t s .  . W ithin the range o f  V examined fo r  any g iven  package, and 
w ith  the a sp ect r a t io  o f the b lades l im ite d  to  not more than 1 /1 2 , 
on ly  one nominal frequency i s  found which can be a scr ib ed  to  th e  
lo n g itu d in a l motion o f th e  b la d es , although owing to  cou p lin g  between  
th e tran sv erse  and lo n g itu d in a l d isp lacem ents some lo n g itu d in a l motion  
i s  p resen t in  a l l  modes o f v ib r a t io n . As w ith modes which are  
predom inantly f le x u r a l ,  both symmetric and skewsymmetric m atrix  p a ttern s  
are p o ss ib le  fo r  th ese  lo n g itu d in a l modes. S ince th ere  i s  r e l a t i v e l y  
low coup ling  between b lad es a group o f  n freq u en cies  w i l l  e x i s t  w ith in  
a narrow band. There appears to  be a d is t in c t io n  between th e  grouping  
o f freq u en cies  occurring in  th e  lo n g itu d in a l modes and th o se  occu rrin g  
in  th e f le x u r a l modes. This d is t in c t io n  a r is e s  from th e  "detachment" 
from th e  main group o f f le x u r a l p a ttern s o f  the s p e c ia l  p a ttern  in  
which the t ip s  o f a l l  o f  th e  b lad es in  the package tr a n s la te  l a t e r a l l y  
by approxim ately the same amount, s tr e tc h in g  or c o n tr a c tin g  th e  bands 
provid ing  a g e n e r a lly  sm all d i f f e r e n t ia l  movement. In t h i s  p a r t ic u la r  
p attern  in d iv id u a l b lades are v ib r a tin g  in  a mode in  which th e  t i p  
co n str a in t  i s  between fr e e  and gu id ed . I f  the bands are r e l a t i v e l y  
f l e x i b le  as i s  usual in  current p r a c t ic e ,  the t ip  c o n s tr a in t  i s  n earer  
to  th e f r e e  than guided c o n d it io n . In th is  p a ttern , in  w hich th e  t ip s  
t r a n s la t e ,  an a d d it io n a l e f f e c t  o f  the bands i s  th a t o f  adding a con­
cen tra ted  mass in  a p o s it io n  where the am plitude o f  v ib r a t io n  i s  la r g e ,
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thus reducing the v ib r a tio n  frequency. This p a r t ic u la r  modal 
p attern  which i s  detached from th e main group i s  l i k e l y  to  have a 
frequency c lo se  to  a clam ped-free frequency fo r  a s in g le  b lade o f  the  
same p ro p o rtio n s. The rem aining p attern s in  th e  group have no tra n s­
la t io n  o f  th e t ip s  o f  th e b lades except fo r  sm all d i f f e r e n t ia l  e f f e c t s  
a r is in g  from th e s tr e tc h in g  or co n tra ctin g  o f  the bands. Any e f f e c t  
due to  th e  mass o f  th e  bands i s  thus g e n e r a lly  sm all and the t ip  
c o n str a in t w i l l  tend  to  be between pinned and clamped. I t  i s  to  be 
expected  th a t the main group o f  p attern s w i l l  have freq u en c ie s  c lo se  
to  th a t o f a clamped-pinned b lade o f  th e  same d im ensions.
The p a ttern  which i s  "detached” from the main group o f  f le x u r a l  
modes does not have a comparable modal p a ttern  in  the group o f  
lo n g itu d in a l modes. The bands do not g iv e  a h igh  l e v e l  o f  cou p lin g  
to  the b la d es , n e ith e r  due to  s t i f f n e s s  nor to  mass, and the  
lo n g itu d in a l v ib ra tio n s  o f  the b lad es are to  be expected  to  occur a t  
freq u en cies  c lo s e  to  n a tu ra l clam ped-free lo n g itu d in a l freq u en c ie s  o f  
s in g le  b la d e s . For a packet o f  n b lad es the group w i l l  thus co n ta in  
n p a tte r n s . In p a r t ic u la r  a packet o f  f i v e  b lades w i l l  e x h ib it  a 
group o f f iv e  modal p a tte r n s , two o f  the group appearing as s o lu t io n s  
to  equation  3*27 and th e rem aining th ree  as s o lu t io n s  to  equation  
3 .2 6 . The method developed  in  Part 2 fo r  the s e le c t io n  o f  t r i a l  
va lu es fo r  V i s  inadequate fo r  the e x tr a c t io n  o f  the lo n g itu d in a l  
modes, even on such a s im p lif ie d  model, u n less  an uneconom ically  f in e  
search  in te r v a l i s  employed. However, by n o tin g , as above, th a t  th e  ' 
group o f  lo n g itu d in a l freq u en c ies  are probably c lo s e  to  th e  lo n g itu d in a l  
frequency o f th e  s in g le  b lade i t  i s  p o s s ib le  to  r e ta in  a reason ab ly  
wide search in te r v a l  fo r  V over th e m ajority  o f  the range under i n v e s t i ­
g a tio n , u sin g  a f in e r  in te r v a l  on ly  in  th e proxim ity  o f  th e  p red ic te d  
r o o t .
-  192 -
vi/hen examining a new d esign  an a lte r n a t iv e  approach i s  
probably more econom ical. I f  packages con ta in in g  f iv e  or more b lad es  
are an alysed , th e  ro o ts  in  V w i l l  be found to  be c lo se  to  th ose  r e la t in g  
to  packages o f  two, th ree  or four b la d es . Hence, i f  a need a r is e s  to  
ob ta in  the freq u en c ie s  o f  the more com plicated, packages o f  f i v e  b lad es  
or more, they  may be examined using a very f in e  search  in te r v a l  in  th e  
frequency ranges o f  th e  packets w ith  two, th ree  or four b la d e s .
3 .5  Numerical a n a ly s is  o f  a range o f  b lade packages
In Part 2 s in g le  b lad es have been analysed  w ith  and w ithout 
p retv /ist con sid erin g  two m odels. Both models are 6 u n its  lo n g , w ith  
the major dim ension o f the rectan gu lar  cro ss  s e c t io n  1 u n i t .  The 
minor dim ension d is t in g u ish e s  th e m odels, b ein g  0 .5  u n it  in  one case  
and 0 .25  u n it  in  the o th er .
The a n a ly s is  o f  packages in  t h is  in v e s t ig a t io n  i s  r e s t r ic t e d  
to  b lades w ithout p r e tw is t ,  and the s ig n if ic a n t  f le x u r a l  e f f e c t s  are 
thus determ ined by the minor cross s e c t io n a l  d im ensions. Packages 
are analysed  where the b lades are considered  w ith  u n its  in  in ch es to  
be o f  the fo llo w in g  d im en sion s:
(1) 6" x 2" x 0.5"
( 2 ) 6" x 2" x 0 . 25", th e 2 “ dim ension being a r b itr a r y .
In a l l  packages examined, the p itc h  between c e n tr e lin e s  o f  
adjacent b lades i s  1.5"
The bands are thus predeterm ined in  le n g th  and are taken  as 
having the fo llo w in g  d im ensions:
(1 ) 1.0" x 2" x 0 . 125"
(2) 1.25" x 2" x  0.093"
The dim ensions o f th ese  models are c lo s e ly  r e la te d  to  
the t e s t  packages which have been in v e s t ig a te d  exp erim en ta lly  and 
fo r  which r e s u lt s  are presen ted  in  Part A*
The num erical a n a ly s is  has been c a r r ie d  out w ith  the
purpose o f  a s se s s in g  th e  e f f e c t  bn the c a lc u la te d  v a lu es  o f  V o f
th e fo llo w in g  v a r ia b le s :
( h  n , the number o f  b lad es in  the package..
(2 ) and j the dim ensions d escr ib ed  in  s e c t io n  3*2 and
shown in  f ig u r e  3*3 as determ ining th e  e f f e c t iv e n e s s  o f  a ju n ctio n  
between a b lade and th e ad jacent bands.
(3 ) the in c lu s io n  or e x c lu sio n  o f  shear f l e x i b i l i t y ,  
ro ta ry  in e r t ia  and lo n g itu d in a l f l e x i b i l i t y .
3 .5 .1  V aria tion  in  V w ith packages con ta in in g  d if f e r e n t  numbers 
o f  b lades
In s e c t io n  3*4 referen ce  i s  made to  th e  grouping o f  
freq u en cies  which produce predom inantly f le x u r a l modal 
p attern s o f  the b la d e s , and o f th o se  freq u en c ie s  which  
produce predom inantly lo n g itu d in a l modal -patterns. I t  i s  
reasoned th a t  th ese  freq u en c ie s  would'be exp ected  to  be 
p r e d ic ta b le , w ith in  to le r a b le  error by co n s id er in g  the 
n atu ra l freq u en cies o f  s in g le  b lad es o f  th e  same dim ensions
Tables T .3 .1  and T .3 .2  show th e  r e la t io n s h ip s  between  
th e freq u en cies o f a number o f packets o f  b la d es  and th e  
appropriate freq u en cies  o f  s in g le  b lades o f  th e  same 
dim ensions. In general i t  i s  seen  th a t  th e  c lam p ed -free  
s in g le  b lade has freq u en cies-w h ich  g iv e  a good in d ic a t io n  
o f  the lo c a t io n s  Of th e  "detached" modal p a ttern s  and 
o f the lo n g itu d in a l group. The clamped-pinned
s in g le  b la d e , s im ila r ly ,  g iv e s  a good in d ic a tio n  o f  th e  lo c a t io n  
o f th e freq u en c ie s  o f the major groups o f  tra n sv erse  modes.
I t  i s  seen- th a t the most s ig n i f ic a n t  d iscrep an cy  between  
th e value o f  V c a lc u la te d  from the package a n a ly s is  and th a t deduced 
from -the s in g le  b lade a n a ly s is  i s  found in  the ca se  o f  the  
"detached" mode o f  the fundam ental f le x u r a l  group. In both th e  
0.3"  and 0 . 25" models th e  s t i f f e n in g  e f f e c t  o f the bands 
s u f f i c i e n t l y  outweighs the a d d it io n a l mass a t  the t i p  fo r  the  
frequency parameter to  be about 1 0 higher  than th a t  o f  the  
clam ped-free s in g le  b la d e . For the second and th ir d  "detached" 
modes, the va lu es  o f  V fo r  packages o f  from 2 to  5 b lad es l i e  
w ith in  a range o f  -1fo to  +l$> o f  th e  nominal va lu es  fo r  th e co rr es­
ponding s in g le  b la d e . For both models the v a r ia t io n  in  V w ith  
n , the number o f b la d e s , i s  l e s s  than 1 .5^  over th e  range i n v e s t i ­
g a ted .
Y/ith grouped p a ttern s th e frequency range covered by a 
nominal modal d es ig n a tio n  in c r e a se s  as n in c r e a s e s .  For the 0 .5"  
model th e 3rd , f le x u r a l  group shows a s e n s ib ly  con sta n t upper 
l im i t  o f  V = 9 -3  (ap p rox im ate ly ), but the range i s  0 .0 8  fo r  n =
3 , 0 .2 3  fo r  n = 4  and 0 .4 9  fo r  n = 5* An attem pt to  c l a r i f y  t h is  
v a r ia t io n  o f  th e  range covered by a group o f  modes has been  
ca rr ied  out by examining the 3rd f le x u r a l  group fo r  th e  0 .5"  
model. The r e s u lt s  which are p resen ted  in  Table T .3 .3 ,  show 
th a t th ere  i s  no in d ic a t io n  th a t th e  range o f  V a s s o c ia te d  w ith  
the 3rd f le x u r a l  group fo r  a package o f  9 or more b lad es cou ld  be 
p red ic ted  w ith  any confidence from an a n a ly s is  o f  comparable 
packages co n ta in in g  5 or l e s s  b la d e s .
x a D ± e I ' O . ' i
E ffe c t  o f  number o f  b lad es in  a package upon the frequency parameter fo r  
th ree f le x u r a l modes and one lo n g itu d in a l inode
Model ( l ) :  0*5" b lades (se e  s e c t io n  3 .5  fo r  o th er dim ensions)
The n a tu ra l freq u en c ie s  are d esign ated  in  in c r e a s in g  magnitude by
1 ,2 ,3  fo llo w ed  by a l e t t e r .
D denotes th e  f le x u r a l  p a ttern  "detached" from th e main group 
G denotes th e rem aining p a ttern s o f  the group 
L denotes the group o f  lo n g itu d in a l p a ttern s
The nominal v a lu es  fo r  th e s in g le  b lade are p resen ted  fo r  comparison  
as f o l lo w s :
type D: clam ped-free to  clam ped-guided
type G-: clamped-pinned to  clamped-clamped
type L: clam ped-free
Mode sesu en ee 2 j 3 4 5 Nom inal v a lu e s  f o r
and ty p e b la d e s b la d e s b la d e s b la d e s s in g le  b la d e
1 CD) 2.03 2 .05 2 .0  6 2 .0 6 1.37 to  2 .35
1 (G) ' 3 .3 9 3.91 3 .9 0 3.91 3 .8 7  to  4 .6 2
3 .9 4 3 *94 3 .9 8
- - 3 .9 9 3 .9 9
- - - 4.01
2 (D) 4.71 4*74 4 .7 5 4 .7 5 4 .6 0  to  5 .3 7
2 (G) 6 .79 6 .7 9 6 .75 6 .6 9
- 6.81 • 6.81 6 .8 0 6 .8 4  to  7 .5 0
- 6 .8 2 6 .83
- - - 6 .8 3
3 (D) 7.51 7*51 7.51 7.51 7 .5 5  to  3 .2 6
3 (&) 1 9 .4 3 9.41 9 .2 6 9.01
9 .4 9 9 .4 8 9 .4 6 9 .6 5  to  1 0 .2 6
- - 9 .49 9 .4 8
- ~ - 9 .5 0
1 ( I ) 7 .9 3 7 .95 7 .9 3 7 .9 2 .
8 .11 8 .05 8 .0 0 7 .9 7
- 8 .1 2 8 .0 8 8 .0 3 8 .07
- - 3 .13 8 .09
- - - 8 .13
E ffe c t  o f  number o f b lad es in  a package upon th e  frequency parameter for  
t hroe f le x u r a l  modes and one lo n g itu d in a l mode
Model (2 ) ;  0 .2 5 ” b lades (se e  s e c t io n  3*5 fo r  o th er d im ensions)
The n a tu ra l freq u en cie s  are d esign ated  in  in cr ea sin g  magnitude by
1 ,2 ,3  fo llo w ed  by a l e t t e r ,
D denotes the f le x u r a l p a ttern  "detached*' from the main' group ■
G denotes th e  rem aining p attern s o f the group 
L denotes the group o f lo n g itu d in a l p attern s
The nominal v a lu es fo r  the s in g le  b lade are p resen ted  fo r  comparison 
as fo l lo w s :
type D: clam ped-free to  clamped~guided
type G: clamped-pinned to  clamped-clamx^ed
type L: clam ped-free
Mode sequence 
and type
2
b lad es
3
b lad es
4
b la d e s '
5
blades
Nominal v a lu es  fo r  
s in g le  b lade
1 (») 2 .07 2 ,0 8 2 .0 9 2 .09 1 .87  to 2 .3 6
1 (C-) 3 .9 7 4.01
4 .0 5
3 .9 9
4 .0 5
4 .1 3
4-01
4-01
4.11
4-17
3.91  to 4 .7 0
2 (D) if, 82 4 «84 4 .85 4-85 4-67  to 5-43
2 (G) 7.01 7 .0 3
7 .0 3
7-01
7 .0 6
7-10
7-02
7 .0 2
7-09
7-11
7 .0 0  to 7-76
3 (D) 7 .73 7 .73 7-73 7 .7 3 7-77  to 8 .5 4
3 (a) 9 .9 4 9 .93
9 .99
9-93
9-97
9-99
9-91
9.93
9 .9 8
10,00
10 .09  to 10.81
(1.) 11,07
11.36
—
10.93  
11.19  
11 .34
_
10-89  
11 .0 4  
11 .2 4  
11 -33 
-
10,86
10,97
11 .1 4
11-27  .
11-33
11,41
E f f e c t  o f  th e  num ber o f  b la d e s  in  a package on th e  ra n g e  o f  f r e q u e n c y
o f  the th ird  f le x u r a l  main group o f  modes
These have been eva lu a ted  fo r  model 1 , where the b lad es are 6 .0  x  
0 .5  and are at p itc h  1.5? connected by bands o f  th ick n ess  0 . 125 .
The freq u en cies  are expressed  in  terms o f  the parameter V.
Number o f b lades 2 3 4 5 6 7 8 9
Values o f V fo r  
th ir d  f le x u r a l  
group o f modes.
9 .4 8 9 .49
9.41
9 .49
9 .48
9 .2 6
9 .5 0
9 .48
9 .46
9.01
9 .5 0
9 .49
9 .4 8
9 .4 2
8 .72
9 .50
9 .49
9 .48
9 .4 8  
9 .3 4  
8 .4 4
9 .5 0
9 .5 0  
9 .49  
9 .4 8  
9 .4 5  
9 .2 4  
8 .23
9 .50
9 .5 0  
9 .4 9
9 .4 8
9 .4 8  
9 .4 2  
9 .1 2  
8 .0 6
Two c h a r a c te r is t ic s  are dem onstrated by th e  r e s u l t s  in  the above 
ta b le .  (*l) The v a r ia t io n  in  th e range o f  V i s  asym m etric, w ith  the upper 
l im it  rem aining s e n s ib ly  con stan t and th e low er l im it  reducing w ith  
in crea se  in  number o f  b la d e s . ( 2 ) The d is tr ib u t io n  w ith in  th e  range i s  
a lso  asymmetric w ith the m ajority  o f  th e  group having v a lu es  o f  V 
between 9*4 and 9-5* *
ho attem pt i s  made to  examine packages w ith  more than 9 b lad es  
because the low er l im it  o f the group has been reduced to  in s id e  th e range 
o f the lo n g itu d in a l group fo r  packages o f t h is  s i z e ,  and the modal p a ttern s  
obtained  are not c le a r ly  d is t in g u is h a b le .
Examination o f  Table T .3 .2  su g g ests  th a t t h is  asymmetric v a r ia t io n  
i s  in v er ted  in  th e case  o f  model ( 2 ) ,  The e f f e c t  i s  c le a r ly  dependent 
upon th e  r e la t iv e  s t i f f n e s s e s  o f  bands and b la d e s .
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3«5*2 V a r ia t io n  i n  v a lu e s  o f  V c a l c u l a t e d  f o r  a  g iv e n  package w ith
change in  the e f f ic ie n c y  o f the .junction between b lades and bands
The ty p ic a l  package has been assumed to  c o n s is t  o f  5 b lad es  
and the e f f e c t  o f  varying and j i n  the treatm ent o f  the ju n ctio n  
i s  examined fo r  both model ( l )  w ith  0.5"  b lad es and model (2 ) w ith  
0.25" b la d e s . The r e s u lt s  are p resen ted  in  Tables T .3 .A  and 
T .3 -5  where th ree d is t in c t  d e f in it io n s  o f the ju n c tio n  e f f ic ie n c y  
are con sid ered . A “ju n ctio n  fa c to r 11 (J .F .)  has been employed 
so th a t:
j = (J .F .)  x the th ick n ess  o f  the band x 0 .5
A ll  assum ptions w ith  regard to  shear and lo n g itu d in a l  
f l e x i b i l i t y  and to  ro ta ry  in e r t ia  used in  c a lc u la t in g  th e  v a lu es  
o f  V g iven  in  Tables T .3 .1  and T .3 .2 , where the v a lu es  fo r  the  
package o f  5 b lad es are id e n t ic a l  to  th o s e 'fo r  th e  current a n a ly s is  
tak in g  th e ju n ctio n  fa c to r  to  be u n ity . The o th er  s e t s  o f  v a lu es  
are w ith  J .F . = 0 * 5  and 0 . In the ta b le s  on ly  the l e a s t  and 
g r e a te s t  v a lu es  o f  V are l i s t e d  fo r  g ro u p ed -freq u en cies•
lie s u i t s  fo r  the th ic k e r  of the two models show a p p reciab le  
red u ction  in  freq u en cies  o f  detached modes w ith red u ctio n  in  th e  
ju n ctio n  e f f ic ie n c y .  For th e f i r s t ,  second and th ir d  “detached'* 
f le x u r a l  modes th e freq u en cies c a lc u la te d  w ith  zero ju n c tio n  fa c to r  
are , r e s p e c t iv e ly ,  11$, 8% and 4% low er than th o se  c a lc u la te d  w ith  
, u n it  ju n ctio n  f a c to r .  (N ote: the ta b le s  show th e frequency
show th a t  the error a r is in g  from making an in c o r r e c t  a ssessm en t o f  
the e f f ic ie n c y  o f  a ju n ction  i s  comparable w ith  the erro r  a r is in g  
from the a n a ly s is  o f  an o v e r -s im p lif ie d  package c o n ta in in g , sa y ,  
on ly  two b lad es*  In th e case  o f  th e  o th er  model, w ith  b la d es  0 .25"
j  ^ = (J .F .)  x the th ick n ess  o f  the b lade x 0 .5
parameter V; freq u en cie s  are p rop o rtio n a l These r e s u l t s
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th ic k , the in h e r e n tly  th in n er  ju n ctio n  has a l e s s  s ig n i f ic a n t  
e f f e c t  on the freq u en c ie s  and consequently  red u ction s in  
frequency w ith  ju n ctio n  fa c to r  are l e s s  marked, For both models 
th e red u ction  in  frequency o f  the grouped modes w ith  red u ction  
in  ju n ctio n  fa c to r  i s  con sid erab ly  l e s s  than th e red u ction  fo r  
the corresponding "detached'* mode.
In a l l  parts o f  the a n a ly s is  o f  b lade packages i t  i s  
assumed th a t  b lad es and bands are o f uniform d im en sion s, V»rh i l s t  
such an assum ption i s  probably j u s t i f i a b le  w ith  p r a c t ic a l  packages 
by s e le c t iv e  assem bly, i t  i s  l e s s  l i k e l y  th a t a l l  ju n ctio n s  in  a 
package w i l l  be s e n s ib ly  id e n t ic a l  as the various contemporary 
methods o f  f ix in g  (p een in g , r iv e t t in g ,  brazing , w eld ing) a l l  
p resen t d i f f i c u l t i e s  when try in g  to  ach ieve u n ifo rm ity . Conse­
quently  i t  i s  con sid ered  n ecessary  th a t adequate t e s t in g  o f  
t y p ic a l  packages vvill be ca rr ied  out in  any p r a c t ic a l  d esign  
study in  order to  determ ine an appropriate " ju n ction  fa cto r"  to  
be used in  the c a lc u la t io n s  o f packet fr e q u e n c ie s ,
3*5e3 E f fe c t  on the c a lc u la t io n  o f frequency param eters, n e g le c t in g  
sh ear , lo n g itu d in a l f l e x i b i l i t y  and ro ta ry  in e r t ia
Blade packages con stru cted  from th ick  components are to  be 
expected  to  resem ble s in g le  b lad es in  th a t th ree  e f f e c t s  are  
presen t which low er th e  v a lu e  o f th e  frequency parameter when 
compared w ith  a th in  eq u iva len t system . A fou rth  e f f e c t  i s  
. in troduced  in  th e case o f the package which r a is e s  th e  frequency  
param eters, th is  being the e f f e c t  o f  the e f f ic ie n c y  o f  th e  
ju n ctio n  between b lades and bands, tr e a te d  in  th e prev ious s e c t io n .  
For t h is  reason  i t  i s  appropriate to  co n sid er  the e f f e c t s  o f  sh ear  
and lo n g itu d in a l f l e x i b i l i t y  and o f  ro ta ry  in e r t ia  w ithout m odifying  
th e ju n ctio n  fa c to r .
E f f e c t  o f  . jo in t  e f f i c i e n c y  on th e  c a l c u l a t e d  v a lu e  o f  th e  f r e q u e n c y
param ete r  f o r  t h r e e  f l e x u r a l  modes and one l o n g i t u d i n a l  mode, u s in g  
a package o f  f i v e  b la d e s
Model: 0 .5 0 "  b la d e s  (se e  s e c t i o n  3*5 f o r  o th e r  d im ensions)
. F le x u r a l  modes a r e  deno ted  by th e  sequence number and a l e t t e r .  D 
d eno tes  a p a t t e r n  d e tach ed  from a group and & d en o te s  th e  rem a in d e r  o f  th e  
g roup . Nominal v a lu e s  f o r  a s i n g l e  b la d e  a r e  th e  c lam p ed -free  v a lu e  f o r  
ty p e  D and clam ped-p inned  v a lu e  f o r  ty p e  &.
The l o n g i t u d i n a l  group i s  d en o ted  by 1 ( l )  and th e  nom inal v a lu e  f o r  
th e  s i n g l e  b la d e  i s  th e  c lam p ed -free  v a lu e .
The j o i n t  e f f i c i e n c y  i s  v a r i e d  by means o f  a j u n c t io n  f a c t o r  ( J . F . )  
such t h a t  th e  d im ensions d e te rm in in g  th e  amount o f  th e  j u n c t io n  betw een 
b la d es  and th e  a s s o c i a t e d  bands which i s  t r e a t e d  as s e n s ib ly  r i g i d  (see  
f i g u r e  3 .3 )  a r e  g iv en  by: j^ = J . F .  x s e m i- th ic k n e s s  o f  b la d e
j  = J . F .  x s e m i- th ic k n e s s  o f  band
Mode sequence
"" .......... ..
Ju n ction  Factor Nominal v a lu e  fo r
and 'cype 1 .0 0 .5 0 .0 s in g le  b lade
1 (D) ■ 2 .0 6 1.97 1.91 ! 1 .87
1 (&) min. 
max.
3.91
4..01
3 .89
3 .9 4
3 .8 7
3.91 3 .8 7
2 (D) 4 .7 5 4*6 2 4«54 4-.60
2 (&) min.
max.
6 .69
6 .83
6 .62
6 .80
6 .53
6 .79 6.84-
3 (B) 7 .51 7 .M 7.3 5 7 .5 5
3 (&) inin.
max.
9.01
9 .50
8 .8
9-5
9 .0
9 .5 9 .6 5
1 ( l )  min. 
max.
7 .9 2
8 .13
1 7 .8 4
8 .0  6
f  7 .7 2
8 .0 2 8 .0 7
The l i m i t s  f o r  t h i s  group a r e  d i f f i c u l t  t o  d e f in e  as t h e  a n a l y s i s  
i s  co m p lica ted  by th e  p re sen ce  o f  a group o f  clam ped-clam ped 
f l e x u r a l  modes a s s o c i a t e d .w i t h  th e  b a n d s .
E ffe c t  o f  .joint e f f ic ie n c y  on th e c a lc u la te d  va lu e o f  the frequency  
parameter fo r  three f le x u r a l  modes and one lo n g itu d in a l mode, u sing  
a package o f  f iv e  b lad es
Nodel: 0.25" b lad es (s e e  s e c t io n  3*5 fo r  o th er dim ensions)
F lex u ra l modes are denoted by the sequence number and a l e t t e r .  D 
denotes a p attern  detached from a group and G denotes the remainder o f the  
group. Nominal v a lu es  fo r  a s in g le  blade are th e  clam ped-free v a lu e  fo r  
type D and clamped-pinned va lu e fo r  type G.
'The lo n g itu d in a l group i s  denoted by 1 (L) ■and th e nominal value  
fo r  the s in g le  b lade i s  th e  clam ped-free v a lu e .
The jo in t  e f f ic ie n c y  i s  v a r ied  by means o f  a ju n ctio n  fa c to r  ( J . F . )  
such th a t the dim ensions determ ining th e amount o f  th e  ju n ctio n  between  
b lad es and th e  a s so c ia te d  bands which i s  tr e a te d  as s e n s ib ly  r ig id  (se e  
f ig u r e  3 * 3 )  are g iven  by: j^ = J . F .  x sem i-th ick n ess  o f  blade
j^ = J .F . x sem i-th ick n ess  o f  band
Node o f sequence Junction  F actor Nominal v a lu e  fo r
and type 1 .0
........
0 .0 s in g le  b lade
1 (D) 2 .0 9 • 2 .0 5 2.01 1 .87
1 (&) min. .
max.
4 .01
4 .1 7
,  , „
4*00
4 .1 2
3 .9 8
4 .0 9 3.91
2 (D) 4 .85 4*78 4.71 4 .6 7
2 (G) min.
m ax •
7 .0 2
7.11
7.01
7 .0 8
O 
VO 
i
o 
o
; 
• 
«I 
r- 
r-|
_
j 7 .0 0
3 (D) 7 .73 7 .6 6 7 .6 0 7 .7 7
3 (&) min.
max.
9.91
10.00
9 .89  
9 .9 4  I
9 .8 5
9 .93 10.09
1 (L) min.
max.
10.86  
11.33  ;
10.7  I 
11.29 11.50 11.41
if  The low er l im it  fo r  t h is  group i s  d i f f i c u l t  to  d efin e  as th e  
a n a ly s is  i s  com plicated  by the presence o f  a group o f  clam ped- 
clamped f le x u r a l  modes a s so c ia te d  w ith  the bands.
To r e ta in  the method o f  computation d escr ib ed  in  s e c t io n  
3 .4 ,  e f f e c t s  due to  shear f l e x i b i l i t y  and ro ta ry  in e r t ia  are  
r e a d ily  suppressed  by s e t t in g  the appropriate terms to  zero . 
S im ila r ly  the lo n g itu d in a l f l e x i b i l i t y  o f  th e  b lad es  i s • 
im m ediately suppressed by s e t t in g  the appropriate c o e f f i c ie n t  to  
zero . The lo n g itu d in a l f l e x i b i l i t y  o f  the bands i s  not amenable 
to  t h is  method o f  e l im in a t io n . The m atrix {[cQ g iv e s  ro o ts  in  
V when th e r e la t io n s h ip s  between r e a c tio n s  a t th e b lad e ro o ts  may 
be chosen to  g ive  zero r e s u lta n ts  a t  a l l  ju n c tio n s  a t  th e  b lade  
t i p s ,  and then i t  fo llo w s  th a t  d et f C | i s  zero . This techn ique  
i s  not r e a d ily  a p p lica b le  to  the a n a ly s is  when th e bands are 
lo n g itu d in a lly  r ig id .  In th e d is c u s s io n  a r is in g  from the  
development o f  eq u ation s 3 .1 2  and 3*13 i t  i s  shown th a t  the  
a n a ly s is  f a i l s  i f  the fo rce  requ ired  to  s t r e t c h  a band tends to  
in f i n i t y .  For th is  reason  th e e f f e c t s  o f  th ick n ess  in . th e  
components have been " considerab ly  reduced" in  th is  part o f  th e  
in v e s t ig a t io n ,  ra th er  than e lim in a ted .
By r e ta in in g  the e f f e c t iv e  model d efin ed  by the c e n tr e ­
l in e s  o f  th e  components, but by u sin g  blade and band th ic k n e sse s
o f 0 .1  tim es th o se  used in  the rem ainder o f the in v e s t ig a t io n ,
a n a ly s is  i s  s u b s ta n t ia l ly  th a t o f  removing the r e le v a n t in f lu e n c e s  
Both shear f l e x i b i l i t y  and ro ta ry  in e r t ia  are shown by Timoshenko* 
equation  to  be fu n c tio n s  o f  ( th ic k n e s s /le n g th )^  and con seq u en tly  
the proposed method reduces th ese  e f f e c t s  to  about A% o f  t h e ir  
o r ig in a l  s ig n if ic a n c e .  A s im ila r  fa c to r  i s  a p p lic a b le  to  th e  
red u ction  in  th e  e f f e c t  o f  c r o ss -c o u p lin g  between lo n g itu d in a l  
and f le x u r a l m otion. I t  i s  s ig n i f ic a n t  th a t th e a c tu a l lo n g itu ­
d in a l frequency o f  a s in g le  uniform beam depends on ly  upon i t s  
le n g th  and not on th ic k n e s s . C onsequently the frequency group
L1, in  which a l l  b lades in  the package move s e n s ib ly  in  a clam ped-
fr e e  lo n g itu d in a l mode, w i l l  occur a t nom inally th e  same 
frequency. Owing to  the method used o f  r e la t in g  v a r ia t io n s  in  
a n a ly s is  to  the frequency parameter V, which i s  d efin ed  in  terms 
o f  the f le x u r a l  p ro p ertie s  o f the b la d e s , th e  com putations do not 
y ie ld  th e  modal group L1 w ith in  the range a n a lysed . T his i s  
not regarded as a weakness o f  th e method, as th e  com plete  
su p p ression  o f  lo n g itu d in a l e f f e c t s  would le a d  to  a method in  
which the group L1 would be n o n -e x is te n t , and not m erely o u ts id e  
th e  range o f  V used in  the a n a ly s is .
7/ith th e th ic k n e sse s  o f  both  b lades and bands reduced  
to  0 .1  o f  the nominal va lu es  fo r  Models ( l )  and ( 2 ) ,  th e  
ju n ctio n  fa c to r  as d efin ed  in  s e c t io n  3«5»2 i s  reduced to  0 .1  
r e la t iv e  to  the o r ig in a l  m odel. The r e s u l t s  g iv en  in  Table 
1 .3 .6  compare, fo r  each b a s ic  model, the va lu es o f V c a lc u la te d  
fo r  the o r ig in a l th ick n ess  u sin g  a ju n ctio n  fa c to r  o f  0 .1  w ith  
th o se  c a lc u la te d  fo r  the model w ith  reduced th ic k n e ss  u sin g  a 
ju n ction  fa c to r  o f u n ity .
The changes in  frequency parameter when e f f e c t s  due to  
th ick n ess  are not in clud ed  are comparable w ith  th o se  dem onstrated  
fo r  s in g le  b lad es in  Part 2 o f the in v e s t ig a t io n .  In p a r t ic u la r  
th e changes are n e g l ig ib le  fo r  the f i r s t  (detached) mode and 
become in c r e a s in g ly  s ig n if ic a n t  w ith  in crea se  in  freq u en cy . In  
a l l  ca ses  th e  va lu es  o f V are h ig h er  when th e e f f e c t s  o f  th ic k n e ss  
are reduced, and the in cr ea se s  in  V are n o t ic e a b ly  h ig h er  fo r  
the 0.5" model (1 ) than fo r  the 0.25" model ( 2 ) .
E f f e c t  on th e  c a l c u l a t i o n  o f  f re q u e n c y  p a ra m e te rs  f o r  th e  f i r s t  t h r e e
f le x u r a l inodes o f n e g le c t in g  shear and lo n g itu d in a l f l e x i b i l i t y  and 
ro ta ry  in e r t ia
Each package con sid ered  has 5 h lad es 6“ long and p itch ed  a t 1 .5 " .
Standard dim ensions are:
Model (1 ) :  b lade th ick n ess  = 0 .5 " , band th ick n ess  = 0.125"
Model ( 2 ) :  b lade th ick n ess  = 0*25", band th ick n ess  = 0.093"
T hicknesses fo r  “reduced*1 models are 0 .1  tim es standard th ic k n e s s e s ,  
and e f f e c t i v e ly  exclude in f lu e n c e  o f  th ic k n e s s /le n g th  r a t io .
f le x u r a l  modes are d esign ated  1 ,2 ,3  in  sequence. (D) in d ic a te s  the  
detached mode, (Gr) min. and max. th e  low est and g r e a te s t  v a lu es  o f  the 
group o f  modes.
Mode sequence. Model (1) Model (2 )
and type Standard Reduced Standard. Reduced
1 (D) 1.91 1.93 2.01 2 .0 2
1 (G) min. 3 .8 9 3 .9 3 3 .9 9 4.01
max. 3 .8 9 4 .0 0 k.01 4 .1 2
2 (D) 4 .5 5 4°64 4 .7 2 4 .7 3
2 (S) min. 6 .7 4 7 .05 7 .0 2 7 .0 9
max. S .79 7 .0 9 7 .0 2 7 .1 7
3 (C) . 7 .3 7 7 .6 5 7 .6 3 7 .7 0
3 (&) min. 9 .2 6 9 .5 0 9 .8 8 10.03
max. 9 . U 2 9 .7 4 9 .9 4 10.23
C o n c lu d in g  th e  t h e o r e t i c a l ,  a n a ly s i s  o f  p ack ag es  o f  b la d e s
For t h e  s im p l i f i e d  packages c o n s id e re d ,  i n  which no t o r s i o n a l  
c o u p l in g  i s  p r e s e n t ,  th e  i n c l u s i o n  o f  s h e a r  f l e x i b i l i t y  and r o t a r y  
i n e r t i a  i n  th e  a n a l y s i s  i s  a ch iev ed  w i th  n e g l i g i b l e  in c r e a s e  i n  
com plex ity  i n  t h a t  th e  r e l e v a n t  te rm s may be in c lu d e d  i n  a d i s c r e t e  
e lem ent s o l u t i o n  s i m i l a r  t o  M y k le s ta d ’s app roach ,  and no in c r e a s e  i n  
th e  number of e lem ents  r e q u i r e d  f o r  a g iv e n  acc u racy  i s  r e q u i r e d  by 
th e s e  changes .
L o n g i tu d in a l  f l e x i b i l i t y  i s  in t ro d u c e d  i n  b o th  b la d e s  and 
b ands , i n  th e  f i r s t  i n s t a n c e ,  by r e q u i r i n g  t h a t  th e  number o f  v a r i a b l e s  
r e q u i r e d  to  d e f in e  th e  dynamic s t a t e  o f  each b la d e  be in c r e a s e d  to  
in c lu d e  t e n s i l e  r e a c t i o n s  a t  th e  r o o t s  o f  th e  b la d e s  and s eco n d ly  i n  
t h a t  th e  d i f f e r e n t i a l  m otion  between a d ja c e n t  b la d e  t i p s  p re v e n ts  any 
r e d u c t io n  i n  th e  number o f  v a r i a b l e s  such as may be a c h ie v e d  i n  th e  
a n a l y s i s  used  by Sm ith . A lthough th e  a n a l y s i s  o f  un ifo rm  b la d e  
packages may be s e p a r a t e d  i n t o  symmetric and skewsymmetric modal 
p a t t e r n s ,  3 (n  + l ) / 2  i l l - c o n d i t i o n e d  e q u a t io n s  must be s o lv e d  f o r  each 
r o o t  in  V f o r  a package o f  n b l a d e s .
.For th e  lo w er  f l e x u r a l  f r e q u e n c i e s ,  and p a r t i c u l a r l y  f o r  th e  
"de tached"  symmetric modes, th e  s o l u t i o n  o f  a s i m p l i f i e d  model u s in g  
on ly  2 o r  3 b la d e s  w i l l  g iv e  v a lu e s  i n  V w hich a re  adequa te  f o r  th e  
d e s ig n  o f  r e a l  packages w ith  c o n s id e r a b ly  more b l a d e s .  F or th e  groups 
o f  m odes 'the  s im p l i f i e d  package w i l l  g iv e  v a lu e s  o f  V w hich may be 
r e g a rd e d  as i n d i c a t i v e  o f  th e  r.ange in  which r o o t s  i n  V a re  t o  be 
ex p ec ted  f o r  th e  r e a l  packages .  The a n a l y s i s  o f  th e  s i m p l i f i e d  
package i s  r e a d i l y  c a r r i e d  out w ith  th e  same computer program as used  
f o r  th e  more co m p lica ted  package, b u t  v /i th  on ly  2 o r  3 b la d e s  i t  i s  
p o s s ib le  to  examine a wide range  o f  V v e ry  eco n o m ic a l ly .  I f  f r e q u e n c i e s  
which cou ld  be ex p ec ted  to  be e x c i t e d  by known d i s tu r b a n c e s  a r e  th u s
l o c a t e d  a t  approxim ate  v a lu e s  o f  V, th en  a n a l y s i s  of th e  r e a l  package 
may he i n i t i a t e d  u s in g  a c o n s id e r a b ly  f i n e r  s e a r c h  i n t e r v a l ,  o v e r  a 
f j r o t r a c te d  r a n g e .  However, w i th  m u l t i - j o i n t  sy s tem s , i t  i s  r a r e  f o r  
c o n s i s t e n t  j o i n t  e f f i c i e n c y  to  be m a in ta in e d  th ro u g h o u t a s i n g l e  u n i t .  
F u rtherm ore  m an u fac tu r in g  te c h n iq u e s  a r e  no t y e t  s u f f i c i e n t l y  r e l i a b l e ,  
and th e  t h e o r e t i c a l  d i f f e r e n c e s  betw een, say ,  a package o f  h b la d e s  and 
a package o f  10 o r  20 b la d e s  may w e l l  be l e s s  th a n  a c t u a l  d i f f e r e n c e s  
between two n o m in a lly  i d e n t i c a l  packages .
Such e f f e c t s  a re  d i f f i c u l t  t o  a s s e s s  in .  th e  f i e l d .  Many 
tu r b i n e  a s se m b lie s  a re  d e l i b e r a t e l y  l o o s e - f i t t i n g  when a t  r e s t ,  t h e r e  
b e in g  a need to  accommodate d i f f e r e n t i a l  expansion  betw een b la d e  r o o t s  
and "wheel rim s when ru n n in g  a t  h ig h  te m p e ra tu r e s ,  and th e  a s se m b l ie s  
t i g h te n - u p  under runn ing  c o n d i t i o n s .
w ith  p r e s e n t  day methods o f  m anufac tu re  i t  i s  p ro b a b ly  ad eq u a te  
to  c o n s id e r  th e  a n a l y s i s  o f  a s i m p l i f i e d  package as  r e p r e s e n t a t i v e ,  b u t  
t h i s  a n a l y s i s  must be s u p p o r te d  by  r e l i a b l e  in fo rm a t io n  as t o  th e  
e f f i c i e n c y  o f  th e  ju n c t io n  between b la d e s  and th e  a d j a c e n t  s h ro u d s ,  
p a r t i c u l a r l y  ’when e s t im a t in g  th e  fundam en ta l f re q u e n c y  o f  th e  package , 
th e  s e n s i t i v i t y  o f  th e  f req u en cy  to  j u n c t io n  f a c t o r  b e in g  g r e a t e s t  f o r  
t h i s  c o n d i t io n .
l o n g i t u d i n a l  modes o f  th e  b la d e s  a re  p ro b ab ly  a d e q u a te ly  
e s t im a te d  by e v a lu a t in g  th e  l o n g i t u d i n a l  c lam p ed -free  mode(s) f o r  
s in g le  b l a d e s .
The packages a n a ly se d  i n  t h i s  i n v e s t i g a t i o n  have b een  r e s t r i c t e d  
to  r e l a t i v e l y  low t h i c k n e s s / l e n g t h  r a t i o s ,  b u t  th e  g e n e r a l  e f f e c t s  a r e  
such as to  i n d i c a t e  t h a t  i f ,  f o r  a s i n g l e  b la d e ,  th e  e f f e c t s  o f  s h e a r  
f l e x i b i l i t y  and r o t a r y  i n e r t i a  a r e  s i g n i f i c a n t ,  th e n  th e s e  e f f e c t s
s h o u ld  he  in c lu d e d  i n  th e  a n a ly s i s  o f  a package  o f  su ch  b l a d e s .
The s in g le  b lade should be analysed  fo r  clam ped-free modes : 
f le x u r a l ly  and lo n g itu d in a lly ,  and fo r  clamped-pinned m o d e s .f le x u r a lly ,  
s in c e  the freq u en c ies  ob ta ined  fo r  th ese  modes g iv e  good i n i t i a l  
in d ic a tio n s  o f  th e probable lo c a tio n s  o f  the more s ig n i f ic a n t  
freq u en c ie s  o f  th e  package.
I t  i s  u n lik e ly  th a t  a p r a c t ic a l  d esign  would in corp ora te  bands 
s ig n i f ic a n t ly  th ic k e r  in  r e la t io n  to  th e  b lad es  than th o se  con sid ered  
in  th e  a n a ly s is ,  as the consequent in cr ea se  in  th e  s t r e s s e s  induced  
in  th e  b lades due to  r o ta t io n  would be g e n e r a lly  u n accep ta b le . In  
the a n a ly s is  the b an d /th ick n ess r a t io  i s  .25 fo r  model (1) and .37  
fo r  model ( 2 ) ,  and the consequent v a r ia t io n  in  band/blade s t i f f n e s s  
r a t io  i s  not s u f f i c i e n t  to  in v a lid a te  th e  co n c lu sio n  o f  the p rev iou s  
paragraph. However i f  packages are to  be designed  w ith  th e e f f e c t i v e  
band/blade th ic k n e ss  r a t io  s e n s ib ly  h igh er than .4 ,  i t  i s  a d v isa b le  
th a t the more com plicated  a n a ly s is  be in v e s t ig a te d , in  order not to  
be m isled  by p o ss ib le  e r r o r s , and with th e  ensuing added com p lex ity  
o f  th e  b lade-band ju n ctio n  s u ita b ly  con stru cted  models should  be 
t e s t e d  in  th e la b o ra to ry .
PAM? W -  EXPERIMENTAL EXAMINATION OF MODELS ^PRESENTING- BLADE PACKA&ES
A.1 In trod u ction
In Part 3 o f  the in v e s t ig a t io n  the in tro d u ctio n  o f  ro ta ry  
in e r t ia ,  shear and lo n g itu d in a l f l e x i b i l i t y  in to  th e  a n a ly s is  o f  b lade  
packages im p lies  th a t the e l a s t i c  e f f ic ie n c y  o f  the ju n ctio n  between  
blade t ip s  and th e  a s so c ia te d  bands may have an ap p reciab le e f f e c t  on 
th e n a tu ra l freq u en cie s  o f  th e  system . A lso  in  a h ig h ly  redundant 
stru ctu re  w ith  p h y sic a l coup ling  between nom inally  id e n t ic a l  b la d e s ,  
se r io u s  experim ental d e v ia tio n  from th e th e o r e t ic a l  p r e d ic tio n s  can 
r e s u lt  from v a r ia t io n s  in  the e l a s t i c  p r o p e r tie s  o f in d iv id u a l ju n c t io n s ,  
and o f  in d iv id u a l roo t f ix in g s ,  assumed in  th e a n a ly s is  to  be clamped.
Two m odels, each sim u la tin g  a package o f  f iv e  b lad es have been  
made and t e s t e d  w ith  the in te n t io n  o f  e s ta b lis h in g  support fo r  the  
assum ptions made in  the a n a ly t ic a l  study o f  Part 3« P art A d esc r ib e s  
the t e s t  p ie c e s ,  the a s so c ia te d  apparatus, the experim entation  arid 
p ro cessin g  o f  r e s u l t s ,  and concludes w ith  the f in d in g  t h a t ,  broad ly , 
th e assum ptions o f  Part 3 are v a l id  w ith  minor m o d if ic a tio n s , and th a t  
in  gen era l th e a n a ly t ic a l  study i s  confirm ed by th e  experim ental 
in v e s t ig a t io n s .
A«2 D escr ip tio n  o f experim ental r ig  
2f*2.1 Choice o f  T est Speoimens
In Part 3 the r e s u l t s  o f  the num erical a n a ly s is  o f  two 
models have been p resen ted . These models are s im ila r  in  th a t  
both c o n s is t  o f  5 b la d e s , 6 u n its  lo n g  and w ith  c e n tr e l in e s  a t  
1 .5  u n its  p it c h .  The th ick n ess  o f  the b lad es has been taken  in  
model 1 as 0*5 u n it  and in  model 2 as 0 .2 5  u n it .  The th ic k n e s s  
o f th e  in terco n n ec tin g  bands was taken as 0 .1 2 5  u n it  fo r  model 1 , 
but in s te a d  o f s c a lin g  the band th io k n ess  fo r  model 2 t o  o b ta in
bands o f  th ick n ess  0 .062  u n it ,  i t  was decided to  in troduce  
r e la t iv e ly  s t i f f e r  bands o f  th ic k n e ss  0.093* Thus i f  any s i g n i f i ­
cant trend  in  th e  v a r ia t io n  o f  frequency param eters, w ith  the  
assum ptions made in  re sp ec t o f  th ick n ess  and ju n ctio n  fa c to r , was 
to  be a ttr ib u ta b le  to  s t i f f n e s s  o f  th e  band then a r e la t iv e  
in cr ea se  o f  50/o in  th ic k n e ss  could  be expected  to  r e v e a l such a 
tren d . I n s u f f ic ie n t  v a r ia t io n  in  behaviour between model 1 and 
model 2 has been found in  the a n a ly s is  to  warrant development o f  
the e f f e c t  o f  the r a t io  o f  band to  b lade th ick n ess  beyond th e  
treatm ent o f  S ectio n  3*6.
The dim ensions o f  the models con sid ered  in  th e  a n a ly s is  
have been used to  form the working drawings F igures A*1 and A .2 .
In both assem blies th e  sp a cers , item  A, are made p r io r  to  w eld ing  
the bands, 2 and in  fa c t  form part o f  the w eld ing  j i g .  These 
spacers remain w ith  the f in is h e d  t e s t  p ie c e , but. p r io r  to  i n s t a l l a ­
t io n  in  th e  clamp shims o f  f u l l y  annealed copper o f  th ick n ess  .002  
■ inch  are in s e r te d  between each in te r fa c e  o f  bl^de and sp a cer .
Small sp a cers , Item 5> form part o f  the w e ld in g .j ig  but are not 
re ta in e d  in  the f in a l  t e s tp ie o e .  A h a lf - le n g th .b a n d , item  3 ,  
attach ed  to the t ip s  o f  the f i r s t  and f i f t h  b la d e s , which would be 
re ta in e d  in  a p r a c t ic a l  example in  order to  oom plete th e  gas s e a l  
w ith  regard to  th e next group o f  b la d es , was d e le te d  from model 1 
and i s  not shown in  model 2 . D i f f i c u l t i e s  arose w ith  regard  to  
the w eld ing w ithout producing e x c e ss iv e  d is to r t io n  o f  model 2 .
A fter  some attem pts a t  the w elding a d e c is io n  was tak en  to  rep la ce  
the 0 .2 5  inch  m a ter ia l by 0 .312  inoh  m a ter ia l and to  use nom in a lly  
SWr 10 sto ck  fo r  th e  bands, w h ils t  r e ta in in g  th e dim ensions o f  th e  
spacers which had a lread y  been made. In terms o f  th e  d im ensions  
which are r e le v a n t to  th e  a n a ly s is  o f  b lad e packages as d escr ib ed  
in  Part 3 the t e s t  p ie c e s  dim ensions are summarised as fo llo w s
continued  on page 212
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( n i l  dim ensions in  in c h e s ) :
T est p iece  Mo. 1 2
Length o f b lad es 6 .0 6 .0
P itch  o f  b lades 1*5 1.562
Thickness, o f  b lades 0 .5 0 .312
Thickness o f  bands 0 .125 0.101
4*2*2 Method o f  Clamping
The working draw ings, F ig . 4*3 to  F ig . 4*5, show th e  clamp 
used to  hold  the t e s t  p ie c e s .  In use the clamp stands on the b a se , 
2 , w ith  the clamping b lock , 4 , uppermost. The t e s t  p iec e  i s  
p o s it io n ed  so th a t the spacers are ju s t  lo c a te d  f lu s h  w ith  th e  
fa ces  o f 3 and 4 , again  p la c in g  f u l ly  annealed 0 .002  inch  copper 
shims between the fa c e s  o f the t e s t  p iece  and the' clamp. The 
fou r b o lts ,-  .10 , are torque loaded i n i t i a l l y  to  about 50 l b f . f t .  
(about 63 N m) and then in  sequence the torque i s  in crea sed  in  
2 l b f . f t  s te p s  to  60 l b f . f t .  The clamp assem bly has a mass o f  
over 550 lb  (say  250 kg) whereas the f i v e  b lad es o f  t e s t  p iec e  1 
have a t o t a l  mass o f  l e s s  than 9 lb  (about 4  k g ) .
4 .2 .3  Method o f e x c ita t io n
An attem pt was made i n i t i a l l y ,  to  use p ie z o - e le c t r ic  
e x c ita t io n  by f ix in g  le a d  z irco n a te  p la te s  lo n g itu d in a lly  on the 
upper surface o f  a t e s t  p iece  and th en  -passing a h igh  v o lta g e  
s ig n a l across th e p la te s ,  the s ig n a l being  ob tained  by u sin g  a 
20 : 1 step -up  transform er op eratin g  on the output from a Pye Ling  
5 Va o s c i l la t o r /a m p l i f ie r .  Some modes o f  v ib r a tio n  were e a s i l y  
e x c ite d  by th is  means, but the m ajority  u n obta inab le . A more 
c o n s is te n t  method o f  e x c ita t io n  has been to  use a 3 ohm Goodman 
V ibrator driven  d ir e c t ly  from the o s c i l la t o r /a m p l i f ie r ,  and
--213
L i
F ig u re  A. 5 A ssem bly o f  clarnp
~ 2114- -
ffigure L«l|. D e ta il  o f  clamp p i l la r s
215
«; •*
«+
os m c
Figure k - 5 D e ta il  of- clamp base and b lock
-  216 -
e x c it in g  the t e s t  p iece  v ia  a sh ort len g th  o f  4  BA. screwed brass  
rod . Such a means o f  e x c ita t io n  i s  norm ally to le r a b le  o n ly  i f  the  
p oin t o f a p p lic a tio n  o f  th e  v ib r a tin g  source i s  at anode. In 
f a c t  t e s t  p iece  1 has been e x c ite d  from a p o in t near th e  t i p ,  and 
a t two s ta t io n s  a t one th ir d  and one h a l f  o f  the d is ta n c e  from  
the t i p .  The groups o f  f le x u r a l modes fo r  which th e t ip  o f  a 
blade i s  s e n s ib ly  a node, and in  Sm ith’s a n a ly t ic a l  model i s  a 
tru e  node, were more e a s i ly  e x c ite d  from .the t i p  than from the  
other s t a t io n s ,  but th e detached f le x u r a l  modes, where th e t ip  
c o n s t itu te s  a th e o r e t ic a l  p o in t o f  maximum am plitude, were as 
e a s i ly  e x c ite d  from the t ip  as from th e  oth er two s t a t io n s .  For 
th e f i r s t  th ree  detached modes the v a r ia t io n .in  frequency w ith  
v a r ia t io n  in  p o in t o f  e x c ita t io n  was found to  be l e s s  than 0 .5 /c . ■ 
For th is  reason th e  r e s u lt s  which are p resen ted  h a v e .a l l  been  
obtained  u sing  the Goodman v ib ra to r  a c t in g  s e n s ib ly  a t the t i p  o f  
the lo w est b la d e .
4 .2 .4  Method o f  measurement ,
\7ith the need to  ob ta in  read ings a t a number o f  s ta t io n s  
along a l l  b lades in  th e  packet where th e  movements are g e n e r a lly  
l e s s  than 0.002" am plitude, a tran sdu cer p o ssess in g  both  d iscr im ­
in a t io n  and s e n s i t i v i t y  over th e requ ired  range o f  frequency i s  
. the p ie z o -e le c t r ic  s ty lu s  used in  com m ercially a v a ila b le  record  
p la y er  u n it s .  The le a d -s ir c o n a te  gauge attach ed  to  t e s t  p ie c e  1, 
o r ig in a l ly  to  act as a source o f  e x c i ta t io n ,  was used as a check  
on some o f  th e  resonant fr e q u e n c ie s . A ll  o ther measurements 
r e la t in g  to  phase and am plitude have been ob ta in ed  from a group 
of f iv e  record  p layer p ick-ups h eld  in  contact, w ith  the in d iv id u a l  
b la d es .
A s ix th  p ick -u p , m aintained in  con tact w ith  th e  output 
sp in d le  o f the Goodman v ib r a to r , was used to  m onitor th e ,' le v e l  o f  
e x c i ta t io n .  P relim inary t e s t s  showed th a t i f  th e  ga in  o f  th e  
o s c i l la t o r /a m p l if ie r  system  was changed th en , fo r  a g iven  
frequency and s ta t io n  along th e b la d e s , th e p ick-up  s ig n a ls  from  
the in d iv id u a l b lades were p ro p o rtio n a l, to  w ith in  about + 2% 
to  the p ick-up  s ig n a l from th e v ib r a to r  sp in d le . The v o lta g e  
across the v ib r a to r  was a lso  recorded during th e exam ination o f  
t e s t  p iec e  1 , but the r e la t io n s h ip  betw een .t h is  input v o lta g e  
and the transducer s ig n a ls  proved in s u f f i c i e n t ly  r e l ia b le  to  be 
re ta in e d  as a m onitoring s ig n a l.
For a l l  T ests th e  f iv e  p ick-ups fo r  record ing b lade am plitude 
were ca rr ied  on m ethyl m ethacrylate p la te s  which were in  turn  
mounted on a m i ld ,s t e e l  b lock  .2 in ch  square and 8 inch  lo n g .
This mounting in cluded  a threaded sh a ft  which cou ld  be r o ta te d  by 
means o f  a knurled wheel in  order to  withdraw th e  p ick -u p  s ty lu s  
from th e  fa ce  o f  the t e s t  p iec e  when changing th e  b lad e s t a t io n ,  
and con verse ly  cou ld  be ro ta ted  to  r e s to r e  con tact when th e nera- 
s ta t io n  had been lo c a te d . The change o f s ta t io n  was e f f e c t e d  by 
r e p o s it io n in g  the m ild s t e e l  b lock  in  r e la t io n  to  a s e c t io n  o f  
r o l le d  s t e e l  channel ( 8 inch  x 3 inch  x 8 inch ) f ir m ly  b o lted  
to  the main clamp. A s l id e  f ix e d  to  the p ick-up mounting b lock  
engaged w ith  th e machined upper edge o f the channel ensuring  th a t  
each pick-up  would have th e correct s ta t io n  on i t s  ap p rop ria te  
b la d e .
F ig , 4*6 shows the main clamp and p ick-up assem bly,, and 
Fig-. 4*7 shows th e  complete in s t a l la t io n  when ready for t e s t in g .
The output from a l l  p ick -u p s, in c lu d in g  th e  m onitor a t  
the v ib r a to r , was passed through a h igh pass f i l t e r  in  order to
suppress n o ise  a t 50 Hz which was p resen t as'airborne* in te r fe r e n c e  
in  trie t e s t  area . The f i l t e r ,  v/as a s in g le  T-network u sin g  two . 
s e r ie s  ca p a c ito rs  w ith  an in terv en in g  shunt r e s i s t o r .  Consequently 
apart, from in trod u cin g  a phase s h i f t ,  the f i l t e r  a tten u ated  th e  
s ig n a l at' th e  low er fr e q u e n c ie s , fo r  t h is  reason  a l l  s ig n a ls  
were read by sw itch ing  through the same c i r c u i t  c o n s is t in g  o f  
f i l t e r ,  p rea m p lifier  and d ig i t a l  v o ltm ete r . Thus, a t a g iven  
frequency a l l  s ix  p ick-up  s ig n a ls  were su b jec ted  to  the same phase 
s h i f t  and o v e r a ll  g a in . The t e s t  p iec e  and clamp e x h ib ite d  
damping, s ig n i f ic a n t ly  h igher a t  some freq u en c ie s  than a t  o th e r s , 
although no ser io u s  attem pt was made to  measure t h i s .  This in ­
heren t damping prevented  a c le a r  phase s h i f t  a t resonance from  
being used as a means o f  d e te c t in g  th e  n a tu ra l fr e q u e n c ie s .  
.N everth eless the s ig n a l  from any pick-up could be d ir e c te d  to  th e  
X -input o f an o s c i l lo s c o p e  and sim u ltan eou sly  to  th e  Y -input 
o f one channel w h i ls t  th e  second channel rec e iv ed  i t s  Y -input from , 
a second p ick -u p . The f i r s t  channel gave a tr a c e  which was 
always a s tr a ig h t  l in e  a t a f ix e d  in c l in a t io n .  The second tr a c e  
was nom inally an e l l ip s e  and the phase r e la t io n s h ip  o f  say  two 
gauges could  u su a lly  be determ ined by comparison o f  th e  two t r a c e s .  
At a g iven  frequency and s ta t io n  a long th e b lad es th e  procedure 
to  be fo llow ed  in  i t s  s im p lest form was: 
t v .
(1) 3et th e m onitor gauge to  a c t as X -input to  the  
o s c i l lo s c o p e .
(2) Adjust th e  gain  o f  the o s c i l la t o r /a m p l i f ie r  to  th e  
maximum value c o n s is te n t  w ith  ensuring  th a t  a l l  
f iv e  blade p ick-up s ig n a ls  produced s e n s ib ly  
u n d isto r ted  e l l ip s e s  on th e  second t r a c e .  Three 
fa c to r s  could  in troduce d is t o r t io n .  These are:
£ * ig ^ * 6  Clamp and pickup a s s e m b ly .
P ig . U . 7 T e s t p i e c e  and p ickups .
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(a) overload ing the G-oodman v ib ra to r  so th a t i t s  
fo r c in g  output con ta in s harmonics; (b) overload in g  
th e  p rea m p lifiers  so th a t the.SUM outputs become 
tru n cated  a t  maximum am plitude; and (c )  producing  
such a h igh am plitude th a t s lip p in g  occurs between  
the s ty lu s  and the b lad e su r fa c e .
(3 ) Switch th e m onitor s ig n a l to  th e  d ig i t a l  v o ltm eter  
and note th e read ing .
(i+.) Switch the m onitor back to  a c t  as the X -input to  the 
. o s c i l lo s c o p e .
(5 ) Switch each blade p ick-up  in  tu rn  to  read  on th e . 
d ig i t a l  vo ltm eter  and a t  th e  same tim e on th e  second  
tra ce  on the o s c i l lo s c o p e .  Note the v o lta g e  and 
deduce th e  s ig n , th a t i s  phase, from th e  o s c i l lo s c o p e  
t r a c e •
In c e r ta in  ca ses  the o s c il lo s c o p e  tra ces, c o n s is te d  o f  
e l l ip s e s  w ith  the axes ly in g  s e n s ib ly  p ia ra lle l to  th e X and Y 
axes o f the tu b e . U su a lly  a t l e a s t  one o f  th e  b lade p ick -u p s  
had dem onstrated c le a r ly  th a t  i t  v/as in -p h ase  or o u t-o f-p h a se  
w ith  th e  m onitor and i t  was t h e n p s s ib le  to  modify s te p s  (4 ) and 
(5) in  the above procedure by using th e  s ig n a l from th e  c le a r ly  
d efin ed  blade as an X-input and r e la t in g  th e o th er b lad e s ig n a ls  
to  t h is  in term ed ia te  datum. Even so about 10fo. of' read in gs were 
I n s u f f i c i e n t ly  we 11 d efin ed  in  re sp ec t o f  phase to  such  an e x te n t  
•that the s ig n  a scr ib ed  when carry in g  out the t e s t  should  be 
regarded as p o s s ib ly  in c o r r e c t . A d is c u s s io n  o f  the p o s s ib le  
causes o f  t h is  phase error  and o f  the ensuing im p lic a tio n s  i s  
presented  in  s e c t io n
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A m o d ifica tio n  o f  the procedure g iven  as s te p s  (1 ) to  
(5 ) above, but u sin g  s iz e  o f the e l l ip s e  ob tained  on the  
o s c il lo s c o p e  to  d e fin e  am plitude in s te a d  o f  the vo ltm eter  rea d in g , 
was used to  e s ta b lis h  th e resonant fr e q u e n c ie s . .
A ll  freq u en cies  examined la y  in  the range 300-10000 Hz 
and .the resonances were c le a r ly  aud ib le fo r  9 out o f  1A t e s t  f r e ­
quencies fo r  t e s t  p iec e  1 and fo r  15 out o f  19 fo r  t e s t  p ie c e  2 .  
T his a c c o u s tic  e f f e c t  used in  con ju n ction  w ith  th e  h e ig h t o f  the  
o s c il lo s c o p e  tr a c e ,  to e th e r  w ith  a pronounced phase s h i f t  in  th e  ; 
in c l in a t io n  o f  the e l l i p s e ,  made th e  m ajority  o f  the freq u en c ie s  
easy  to  lo c a t e .  However some o f  th e freq u en cies, were l e s s  w e ll  
d efin ed  and were more d i f f i c u l t  to  lo c a t e .
I t  was th e in te n t io n , fo r  each t e s t  p ie c e ,  to  lo c a te  and 
examine the f i r s t  three detached f le x u r a l modes and th e  f i r s t  
th ree grouped f le x u r a l modes, each group con ta in in g  fou r  
fr e q u e n c ie s . . Two approaches w e r e .p o ss ib le  fo r  exam ining 15 
freq u en cies  a t  10 s ta t io n s  along th e  b la d e s , ( i )  M aintain  a 
g iven  frequency w h ils t  o b ta in in g  read ing  a t te n  s ta t io n s  or  ( i i )  
m aintain a reading s ta t io n  and o b ta in  r e a d in g s . a t a l l  f r e q u e n c ie s .  
I t  was con sid ered  th a t ,  in  order to  m inim ise th e  r i s k  o f  damaging 
any o f the p ick -u p s, approach ( i i )  would be u sed . To rep ea t th e  
s e t s  o f t e s t  freq u en cie s  fo r  each reading s ta t io n  a tim er -co u n ter  
w ith  d ig i t a l  output was used to  r e s e t  th e  o s c i l la t o r /a m p l i f ie r  
to  th e requ ired  v a lu e s .
A*3 P rocessin g  o f  the r e s u lt s
w h ils t  the freq u en cie s  obtained  in  p r a c tic e  may be arranged  
in  ascending order o f  frequency and compared w ith  t h e o r e t ic a l  v a lu e s  
obtained  as d escrib ed  in  Part 3 , i t  i s  p re fera b le  th a t modal p a ttern s  
be examined in  order to  id e n t i f y  the mode and thus e s ta b lis h  which
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experim ental frequency should be compared w ith  a g iven  th e o r e t ic a l  
v a lu e . .
The f i r s t  sta g e  o f p ro cessin g  i s  to  tr a n s fe r  va lu es logged  
according to  reading s ta t io n  on to new sh ee ts  where th e  read ings a l l  
apply to  a g iven  frequency. For t e s t  p iec e  1 photocop ies o f  th ese  
tr a n s fe r  lo g  sh e e ts  are in clu d ed  .in  the appendix. Shown fo r  each  
s ta t io n  on the same sh ee t are the read ings fo r  each p ick-up  reduced to  
u n it reading from th e  m onitor app lied  to  th e  v ib r a to r . For t e s t  
p iec e  2 i t  was decided  to  lo g  the read ings d ir e c t ly  on to  paper tape  
fo r  p ro cessin g  by a d ig i t a l  computer. ' The read ings are thus r e a d i ly  
reduced to  s ig n a l per u n it  s ig n a l a t the m onitor, and th e  sh e e ts  in  th e  
appendix are photocop ies o f  th e  computer ou tp u t. Subsequent p ro cess in g  
has been the same fo r  both t e s t  p ie c e s .
The experim ental r e s u lt s  have been converted  to  graphs o f  modal 
d isp lacem ent, and th ese  graphs have been compared w ith  the curves 
computed by the method o f  a n a ly s is  p resen ted  in  Part 3* By preparing  
th ese  graphs on tran sparen t paper, and by a lt e r in g  the s c a le ,  where 
n ecessa ry , the th e o r e t ic a l  and experim ental modal p a ttern s m aybe  
matched w ith  more con fid en ce than by examining ta b le s  o f  f ig u r e s .
The graph G-.2f.1 and G-.A}-.2 show, fo r  t e s t  p ie c e s  1 and 2 r e s p e c t iv e ly ,  
th e o r e t ic a l  modes as f u l l  l in e s  and experim ental read ings as d o ts .
The sm all graphs are arranged s y s te m a tic a lly  w ith  th ree  columns o f  f i v e  
modal p a tte r n s . The columns, reading from l e f t  to  r ig h t ,  are f i r s t ,  
second and th ir d  f le x u r a l modes, th e lo w est diagram in  a column b ein g  
the detached m ode.■ The next two modes are the sym m etrical p a ir  from  
the corresponding group, and f i n a l l y  th ere  are the skew-sym m etric p a ir .  
The d es ig n a tio n  o f  Part 3 has been r e ta in e d  in  th a t the mode number 
(1 , 2 ,or 3) i s  fo llo w ed  by (D ), fo r  the detahoed modes or by (G-), f o r  
th e remainder o f  th e  grouped modes. The symmetric p a ir  are fu r th e r  
la b e l le d  31, S2 and the skew-symmetric p a ir  are la b e l le d  A1, A2, th e  
higher number in d ic a tin g  the h igher freq u en cy .
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D is c u s s io n  o f  th e  r e s u l t s
On the b a s is  o f  the g rap h ica l comparison o f  modal p a ttern s  
d escrib ed  above and p resen ted  in  graphs G .If.t and G .if.2 i t  is . e s s e n t ia l  
to  reco g n ise  th a t th e detached modes have been lo c a te d  w it h  con fid en ce  
in  5 out o f  s ix  c a se s , but the 3 (D) mode fo r  t e s t  p iec e  1 has on ly  
• r ec e iv ed  th a t  c l a s s i f i c a t io n  by v ir tu e  o f  th e  behaviour o f  one blade  
out o f  f i v e .  This r e s u lt  h ig h lig h ts  one major d if fe r e n c e  between  
t h e o r e t ic a l  and experim ental r e s u lt s  fo r  th ese  t e s t  p ie c e s ,  namely th a t  
the c le a r  d iv is io n  in to  symmetric and skew-symmetric p a ttern s  ob ta ined  
by a n a ly s is  i s  not always apparent in  p r a c t ic e .  This m ust.be a ttr ib u te d  
to  the v a r ia t io n  in  the l e v e l  o f cou p lin g  between b lad es due to  
in a ccu ra c ies  in  m anufacture. Of the grouped modes c o r r e la t io n  i s  good 
in  some c a s e s ,  l e s s  good in  o th e r s , and again  some C la s s i f ic a t io n s  have 
been made s o le ly  on the behaviour o f part o f  th e  b lade package.
However th e  comparison o f th e o r e t ic a l .c u r v e s  and experim ental 
graphs su g g ests  th a t the c l a s s i f i c a t io n  a rr iv ed  a t i s  th e b e s t  p o s s ib le  . 
w ith th e a v a ila b le  d ata , and in  the remainder o f  t h e .d is c u s s io n  th e  
d esig n a tio n s  o f  modal p a ttern s shown on graphs G.2f.1 and G.Zf*2 w i l l  be 
r e t a in e d . .
if .if . 1 C orrela tion  o f  t h e o r e t ic a l  and experim ental freq u en c ie s
■vVith the assum ption th a t th e  experim ental modes are in  
f a c t  th ose  corresponding to  the d es ig n a tio n s  o f  graphs G-4*1 and 
G.2f,2 the th e o r e t ic a l  and experim ental freq u en c ie s  may be compared, 
and th e r e s u lt s  fo r  both t o s t  p ieo e s  are g iven  in  the Table T.Af.1. 
The error quoted i s  th e  percentage by whioh the experim enta l 
valu e i s  low er than the t h e o r e t ic a l  value
No system a tic  v a r ia tio n s  in  error w ith  frequency i s  
apparent fo r  e ith e r  t e s t  p iece  from th e r e s u lt s  as grouped to  form  
Table T .2f,1, I f  no attem pt i s  made to  c l a s s i f y  accord in g  to  modal 
p a tte r n , and the freq u en c ies  are examined on the b a s is  o f  in c r e a s in g  
frequency Table T,4*2 may be prepared.
T a b le  T .4 .1
E r r o r s  i n  f re q u e n c y  b a se d  on m odal p a t t e r n s  com parison  ' : .
Mode T est p iece  number 1 T est p iece  number 2
Number Theory T est Error% Theory T est Error %
1 (D) 538- 471 1 2 .4 336 310 7 .7
1 (G-) 31 1935 1863 3 .8 1246 1209 3 .0
-  S2 2005 1901 5 .2 1298 1248 3 .9
A1 1935 1805 6 .7 1248 1268 -1 .6
-  A2 2033 1777 12 .6 1327 1192 10 .2
2(D) 2859 2572 1 0 .0 1814 1703 6.1
2(G) 31 5858 5371 8 .2 3836 3749 2 .3
-  32 .5901 5584 5 .3 3894 3647 6 .3
-  A1 5671 5100 10.0 3824 3799 0 .7
-,A 2 5895 4942 16.1 3895 3675 5 .7
3(D) 7142 6409 10.3 4629 4374 5 .5
3(&) S1 11341 - 7537 7366 2 .3
-  S2 11392 - 7551 7587 - 0 .5  .
-  A1 10284 8976 12.7 7452 6910 7 .3
-  A2 11421 7545 7178 4 .9
Frequencies in  Hz
- 2 2 6 ( b )
T a b le  T .4 .2
E r r o r s  i n  f re q u e n c y  b a s e d  on c l a s s i f i c a t i o n  by  m a g n i tu d e .
Mode T est p iece  number 1 T est p iece  number 2
Number Theory T est Erroifo Theory T est Error c/o
1 53 8 471 1 2 .4 336 310 7 .7
2 1935 1777 8 .2 1246 1192 4 .3
3 1935 1805 6 .7 1248 1209 3 .1
4 2C33 1863 8 .3 1298 1248 3 .9
5 ■ 2035 1901 7 .5 1327 1268 4 .4
6 2859 2572 10 .0  . 1814 . 1703 6.1
7 5671 4942 12.9 3824 3647 4 .6
8 5858 5100 12.9 3836 3675 4 .2
■ 9 5895 5371 8 .9 3894 3749 3 .7
10 5901 5584 5 .3 3895 3799 2 .5
11 71*2 6409 10.3 4629 4374 5 .5 .
■ 12 10284 8976 12.7 7452' 6910 7 .3
13 11341 - 7537 7178 4 .8
14 11392 - 7545 7366 2 .4
15 11421 -  ■ 7551 7587 - 0 .5
F requencies in  Hz
C la s s i f ic a t io n  according to  Table T .4 .2  must in h e r e n tly  
reduce the s c a t te r  on th e errors w ithout having any p e r c e p tib le  
e f f e c t  on the mean errors o f  the grouped fr e q u e n c ie s , but i t  i s  
s ig n if ic a n t  th a t in  t h is  in sta n ce  th e  improvement i s  m arginal.
The major sources, o f  error in  frequency would be (1 ) th e
e f f ic ie n c y  o f  the clamps a t the r o o ts  o f  the b lad es and (2) th e
e f f ic ie n c y  o f the ju n ctio n s between bands and b la d e s . Both o f
th ese  e f f e c t s  are su b jected  to  v a r ia t io n s  w ith in  a t e s t  p ie c e ,
th ere  being  f iv e  p o in ts  where clamping i s  provided and e ig h t  
p o in ts  where welded j o in t s  provide th e cou p lin g . The d etached  
freq u en cies  should th ere fo re  be exp ected  to  show, fo r  a g iv e n  t e s t  
p ie c e , some c o n s is te n c y  in  behaviour, as the in d iv id u a l b lad es  
undergo s im ila r  d istu rb ances and the v a r ia t io n s  in  th e  co u p lin g  
and clamping merge to  produce an o v e r a ll  e f f e c t .  The grouped, 
fr e q u e n c ie s , where in d iv id u a l b lad es, behave d i f f e r e n t ly ,  respond , 
to  th e  v a r ia tio n s  and th is  i s  ev id en t in  both the s c a t t e r  in  th e  
error and in  th e f a i lu r e  o f  the modal p a ttern s to  f i t  w ith  e i t h e r  
the symmetric or the skew-symmetric arrangements req u ired  by the  
th e o r e t ic a l  a n a ly s is .
In an attem pt to  determ ine th e proportions o f  error  
a ttr ib u ta b le  to  ( t )  clamping and ( 2 ) ju n c tio n  e f f ic ie n c y  th e  
r e s u lt s  p resen ted  in  Part 3 in  Tables T .3 .4  and T .3 .5  may "be 
con sid ered . In the a n a ly s is  o f the e f f e c t  o f the v a r ia t io n  o f  
th e band/blade ju n c tio n  e f f i c i e n c y 'the fo llo w in g  r e la t io n s h ip s '  
are re lev a n t to  t h e . experim ental r e s u lt s :
( i )  Detached modes are more s e n s i t iv e  to  ju n c tio n  f a c t o r  
than grouped modes.
( i i )  The s e n s i t i v i t y  d ecreases w ith in cr ea se  in  freq u en cy .
( i i i )  The s e n s i t i v i t y  i s  g e n e r a lly  l e s s  in  th e model with, 
the th in n er  b la d es .
In Table T .4 .3  r e v ise d  errors are p resen ted  w ith  th e  
fo llo w in g  m o d if ic a t io n s : ( i )  th e  th e o r e t ic a l  ju n c tio n  fa c to r  i s  
taken as 0 .7 5  fo r  t e s t  p iec e  1 and as 0 .5  fo r  t e s t  p ie c e  2 , both  
v a lu es  being determ ined by in sp e c tio n  o f  Table T .4 .2  and ( i i )  
the grouped freq u en c ie s  are ch a ra c te r ised  by the median v a lu es  in  
order to  reduce s c a t t e r .
The r e s u lt s  o f  the em p ir ica l adjustm ents are co n sid era b ly  
more reg u la r , and are based on assum ptions w ith  regard  to  ju n c tio n  
fa c to r s  which are f e a s ib le ,  but which are unsupported by o th er  
ev id en ce . However th e  errors in  frequency have average v a lu es  
o f 8% and 6$ fo r  t e s t  p ie c e s  1 and 2 r e s p e c t iv e ly .
In order to  a s se s s  the p r o b a b ility  th at the rem aining  
errors may be a ttr ib u te d  to  th e e f f e c t s  o f  the clamp, supplem entary  
frequency measurements were ca rr ied  out u sing  sim ple c a n t i le v e r s  
as t e s t  p ie c e s ..  The m a ter ia l used was b r ig h t m ild  s t e e l ,  the  
cross  s e c t io n  was 2 inch  wide by 0.71 in ch  th ic k  and th ree  le n g th s  
w e r e  examined 4*3 in ch , 8 .6  inoh and 12 in ch . A llow in g  fo r  
shear f l e x i b i l i t y  and ro ta ry  in e r t ia  and using th e r e s u l t s  g iv en  
in  Part 2 th e  th e o r e t ic a l  freq u en cies  fo r  th e  r e le v a n t  f le x u r a l  
modes are e a s i ly  c a lc u la te d . Table T .4 .4  p resen ts th e s e  v a lu e s ,  
the corresponding experim ental v a lu es  and the e r r o r s .
The errors a r is in g  from the clamp e f f e c t s  are o f  th e  order . 
o f  th e  errors in  Table T .4 .3  and in  p a r t ic u la r  the err o rs  are 
g e n e r a lly  g rea te r  for  beams w ith  low er le n g th /th io k n e ss  r a t i o s .
By comparing Tables T .4 .2  and T .4 .3  i t  i s  seen  th a t by  
assuming a ju n ctio n  fa c to r  fo r  t e s t  p ieo e  1 l e s s  than 0 .7 5 ,  and 
fo r  t e s t  p ieo e  2 g rea te r  than 0 . 5 , 'th e  r e s id u a l erro rs  to  be 
a ttr ib u te d  to  the dam ping e f f e c t s  cou ld  be made to  show a b e t t e r  
c o r r e la t io n  w ith  th e  errors due to  clamping sim ple c a n t i le v e r s  
g iven  in  Table T .4 .4 .  No importance oould be a tta ch ed  to  such
-  2 2 8 (a )
T ab le  T .4 .3
Errors in  frequency r e la te d  to  th e o r e t ic a l  models w ith  reduced
Mode
T est p iec e  number 1 T est p iec e  number 2
Theory T est Error fo Theory T est Error %
1 (D) 510 471 7 .7 319 310 2 .9
1 (G) 1974 1839 6 .8 1268 1230 3 .0
2 .(D) 2783 2372 7 .6 1751 1703 2 .8
2 (3 ) 5748 5263 8 .4 3829 3723 2 .8
3 (D) 7053 6409 9.1 4546 4374 3 .8
3 ( G )  . 10722 - . 7403 7248 . ' 2 .1  • .
Frequencies in  Hz
T a b le  T .A .A
E r r o r s  i n  f re q u e n c y  f o r  s im p le  t h i c k  c a n t i l e v e r s
Length Aspect R atio Value Mode No. .
• ■ -1. /
Mode No. 
2 '
Mode No. 
3
Theory 159 983 2715
12” 16 .7  : 1 T est 152 931 2554
Error b - .k 5 .3 5 .9
Theoiy 310 1890 5 1¥)
Cb•CO 12 : 1 T est 292 1786 2+j690 •
Error 5 .8 5 .5 8 .8
Theory 1220 6850 -
4.3" 6 : 1 T est 1021 5714
Error 16 . 2f 1 9 .8
Frequencies in  Hz and errors a s 4 percentages
c o r r e la t io n  beyond confirm ing th a t the d iscrep a n c ies  between  
c a lc u la te d  and experim ental freq u en cies may be broad ly  exp la in ed  
in  terms o f  e f f e c t s  a t  the clamp and a t  th e  band/blade ju n c t io n s .
Table T .3 .6 ,  Part 3 , con ta in s  frequency param eter v a lu es  
fo r  blade packages c a lc u la te d  by suppressing e f f e c t s  due to  th ic k ­
ness p resen ted  fo r  comparison w ith  va lu es  c a lc u la te d  a llo w in g  fo r  
ro ta ry  in e r t ia ,  shear and lo n g itu d in a l f l e x i b i l i t y .  I t  i s  seen  
th a t in  a l l  cases  th e  experim ental errors would have been g rea te r  
i f  r e la te d  to  the th in  th e o r e t ic a l  model than th o se  produced w ith  
referen ce  to  th ic k  th e o r e t ic a l  m odels.
With regard to  frequency ev a lu a tio n  th e  a n a ly t ic a l  method 
o f  Part 3 i s  confirm ed and j u s t i f i e d  w ith in  the l im it s  imposed by 
v a r ia t io n  in  clamping and ju n ctio n  e f f e c t s  which are dependent 
upon both  d esign  and m anufacturing c o n s id e r a tio n s . The 
recommendations o f  S ec tio n  3*6, Part 3 , th a t d esig n s o f  b lade  
packages must be supported by s u f f i c ie n t  la b o ra to ry  t e s t in g  to  
e s ta b lis h  the re lev a n t clamping and ju n ctio n  fa c to r s  are thus  
supported by the work ca rr ied  o u t.
4 .4*2  C orrelation  o f  modal p attern s
I f  in  support o f  a d esign  stud y , exp erim en tation  i s  under­
taken w ith  a view  to  e s ta b lis h in g  probable clamping and ju n c t io n  
fa c to r s ,  i t  i s  e s s e n t ia l  th a t th e freq u en c ies  ob tained  may be  
c o r r e c t ly  c l a s s i f i e d  in  terms o f  the modal p a tte r n s . In  many 
c a s e s , p a r t ic u la r ly  w ith  m a ter ia ls  o f s ig n if ic a n t  in te r n a l  
damping, not a l l  o f  th e  n atu ra l freq u en cies  may be rep ro d u cib le  
in  the la b o ra to ry . For t h i s  reason  i t  may be a d v isa b le  to  attem pt 
to  ob ta in  the modal shapes o f  the in d iv id u a l b la d e s , and th e  
phase r e la t io n s h ip s  between b lades w ith in  th e package, by means 
such as th ose  used in  t h is  in v e s t ig a t io n .  G enerally  i t  may be
sa id  th a t  th e detached f le x u r a l modes are e s ta b lis h e d  beyond 
doubt by th e  occurrence o f  a c le a r ly  d e fin ed  reson an ce, whereas 
th e group o f  freq u en cies  are l e s s  d i s t in c t .
In t h i s  in v e s t ig a t io n  th e  1 (D) and 2 (D) modes fo r  both  
t e s t  p ie c e s  and th e  3 0&) mode fo r  t e s t  p iec e  number 2 were 
c le a r ly  d efin ed  and a lso  th e  phase/am plitude r e s u l t s  p resen ted  in  
graphs G-.4.1 and &.4*2 confirm , by the good c o r r e la t io n  w ith  
th eo ry , the modal p a tte r n . For the 3 (D) mode f o r  t e s t  p ie c e  1 
th e  resonance was d i f f i c u l t  to  confirm . Only one b lad e o f  th e  
f iv e  showed any ap p reciab le  movement and the modal p a ttern  can  
hard ly  be sa id  to  have been confirm ed. A gain, f o r  t e s t  p ie c e  1 , 
th e 3 (&) group i s  rep resen ted  by a s in g le  frequency , th e  
rem aining th ree being u n d etectab le  as reson an ces. The modal 
p a ttern  fo r  th e  3 (&) A 1 mode i s  reason ab ly  w e ll r ep r e se n te d .
. Here i t  i s  im portant to  s t r e s s  th a t the skew-symmetry o f  the  
experim ental p a ttern  i s  alm ost e x a o tly  produced except fo r  th e  
v a lu es  obtained  a t  s ta t io n s^ 1 and 2 on blade 5 .
I f  th e  two va lu es a t s ta t io n s  1 and 2 on b lad es 5 are  
changed in  phase but not in  am plitude i t  i s  seen  th a t th e  skew- 
symmetry i s  then s a t is f a c t o r y .  B lades 1 , 3 and 5 s e n s ib ly  con­
form to  the t h e o r e t ic a l  p a ttern  and the t i p  m otions o f  b la d es  2 
and A are a lso  c lo s e ly  in  agreement w ith  th eo ry .
f  N ote: Throughout t h i s  d iso u ss io n  s ta t io n s  are numbered from
0 a t the roo t to  10 at th e  t i p ,  and b lad es are numbered 
from l e f t  to  r ig h t .  The ro o t i s  d esign ated  by an arrow­
head and th e  bands have been om itted  to  a vo id  ex tra  
con fu sio n .
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For the remainder o f th e  grouped modes fo r  t e s t  p ie c e  • 
number 1 th e  c o r r e la t io n  i s  g e n e r a lly  d isa p p o in tin g . The 
experim ental v a lu e s , as recorded in  re sp ec t o f  phase, are  
r e ta in e d  as shown on F ig . 4 .1  •
However i t  i s  seen th a t in  many o f the p a tte r n s  a change 
o f  phase, w ithout change of. am plitude o f  one or two is o la t e d  
read ings w i l l  s ig n i f ic a n t ly  improve th e c o r r e la t io n  fo r  in d iv id u a l  
b la d e s . Again, fo r  some p a tte r n s , com plete b lades are out o f  
phase. For in s ta n c e , mode 1 (&) S 1 p resen ts a skew-symmetric 
appearance, but would c o r r e la te  very  w e ll  w ith  th e th e o r e t ic a l  
p a ttern  i f  th e  s ig n  o f  a l l  motion fo r  b lad es 2 and 5 was r e v e r se d .  
D o in g .th is , however, in trod u ces a major d is p a r ity  between both  
th e a n a ly t ic a l  and experim ental r e s u lt s  o f  t h is  in v e s t ig a t io n ,  
and the p red ic tio n s  ob ta ined  by Smith (re feren ce  7 ) in  r e sp e c t  
o f  th e  1 (&) A 2 mode. The pattern' su ggested  by Smith i s  
e s s e n t ia l ly  th a t ob ta ined  fo r  t e s t  p ie c e .number 1 fo r  mode 1 (G)
S 1 , whereas th e  a n a ly t ic a l  p a ttern  ob tained  by in c lu d in g  e f f e c t s  
due to  th ick n ess  bears l i t t l e  r e la t io n s h ip  to  th e fundam ental clamped 
-p inned  mode. Other anom alies w ith  t e s t  p ieoe  1 in c lu d e  the  
apparent in terchan ge o f  b lades 2 and 3 in  mode 2 (G) S 2 and th e  
alm ost random e f f e c t  o f  mode 2 (G) S 1 where w h ils t  b la d es  4  and 3 
c o r r e la te  w ith  th eory , blade 1 appears to  be s e n s ib ly  s ta t io n a r y  and 
blades 2 and 3 have the wrong phase.
T est p ieoe 2 a lso  e x h ib its  ra th er  poor g en era l c o r r e la t io n  
u n less  the phase o f some experim ental read ings are changed. I f  
a l l  v a lu es  fo r  s ta t io n s  8 and 9 are changed in  phase fo r  the modes 
1 (&) S 1 and 1 (&) S 2 c o r r e la t io n  i s  remarkably good. Mode 1 
(&) A 1 con ta in s more s c a t te r  than the o th er  modes in  th e  group, 
but i f  the odd numbered b lades are changed in  phase the- p a tte r n  
i s ,b e t t e r .
For modes e x h ib it in g  h igh  s c a t t e r ,  the exp lan ation  i s  
sim ple in  th a t the o v e r a l l  g a in  o f  the system  was low , and errors  
in troduced  in  p rocessin g  the r e s u lt s  swamped th e  a c tu a l rea d in g s . 
Errors apparently  a r is in g  from phase are l e s s  e a s i l y  d ism issed . ■
In s e c t io n  4 * 2 .4  i t  was s ta te d  th a t in  c a se s  where the  
phase a t  a g iv en  s t a t io n  cou ld  not be c le a r ly  r e la te d  to  the  
v ib r a to r  sp in d le , a check was a p p lied  by r e la t in g  the s ig n a ls  
from d if f e r e n t  b la d e s . There i s  a h igh  p r o b a b ility  th a t fo r  
grouped freq u en cies  th e s e n s i t i v i t y  o f  fo rced  modes to  minor 
p ertu rb ation s in  frequency i s  very  g r e a t .  I f  th e  fo u r  freq u en c ie s  
o f  th e 1 (&) type are con sid ered , namely, 1777 , 1805 , 1863 and 
1901 Hz, th e  r a t io s  o f  adjacent freq u en c ie s  fo r  th e group are  
1 .0 1 6 , 1 .034  and 1 .0 2 1 . I f  th e  dynamic m a g n ific a tio n  o f  an 
input s ig n a l i s  considered  fo r  a s e n s ib ly  low damped system  a t  
an e x c it in g  frequency whose r a t io  t o  the n a tu r a l undamped 
frequency i s  taken as each o f  the above r a t io s  in  tu rn , v a lu es  
o f  31 , 14*5 and 2 3 «5 are ob ta in ed . These m agn ifiers must be 
acknowledged as being  o f  the order o f  the m agn ifier  fo r  th e  true  
nominal resonant frequency. In fa c t  the frequency corresponding - 
to  resonance a t  one s ta t io n  and on one b lade was n o t ic e a b ly  
d if fe r e n t  in  some in sta n ces  from th a t g iv in g  resonance a t  another  
s ta t io n .  To m aintain c o n s is te n c y  attem pts were made to  use  
th e  same frequency throughout, . U nfortun ately  apart from a lt e r in g  
the am plitude o f  a g iv e n  piok-up s ig n a l ,  the phase n o t ic e a b ly  0 
changed when a lt e r in g  the frequenoy by o n ly , sa y , whereas
the am plitude was u su a lly  u n a ffe o ted . , These e f f e c t s  are  
c h a r a c te r is t ic  o f  damped system s w ith  many degrees o f  freedom .
I t  i s  p o s s ib le  th a t in  some ca ses  the frequenoy chosen to  
rep resen t a resonant co n d itio n  was n o n -ty p ic a l o f  th e  b lad e  
package as a w hole, although as s ta te d  in  s e c t io n  4 . 2 .4  a c l e a r ly
aud ib le con firm ation  th a t th e m ajority  o f  the m a ter ia l was 
v ib r a tin g  w ith  s ig n if ic a n t  am plitude was u su a lly  o b ta in ed .
However the po in t remains th a t phase measurements are fa r  more 
su sp ect w ith  a system  o f  t h is  ty p e , than are am plitude measurements. 
A lso the o v e r a ll  modal p a ttern  i s  a f fe c te d  not m erely by th e la c k  
o f  symmetry in  th e e l a s t i c  system , which in  i t s e l f  i s  not n e g l ig ib le ,  
but i f  the a c tu a l dynamic m agn ifier  a t  a g iven  nominal resonance  
i s  not s ig n i f ic a n t ly  in  ex cess  o f  the m agn ifiers from neighbouring  
fr e q u e n c ie s , then th e  r e s u lt in g  modal p attern s w i l l  be o f  com posite' 
form con ta in in g  s ig n i f ic a n t  " im p u r ities" . In p a r t ic u la r  i t  i s  
c h a r a c te r is t ic  o f  th e th e o r e t ic a l  a n a ly s is  th a t in  any group o f  four  
fr e q u e n c ie s , a p a ir  o f  symmetric and skew-symmetric modes produces 
freq u en cies  which d i f f e r  on ly  s l i g h t l y .  I t  i s  th e r e fo r e  to  be 
expected  th a t w ith  damping p resen t, even w ith  e l a s t i c  symmetry, 
th e a c tu a l modal p a ttern s produced would be t o t a l l y  assym m etric 
in  such c a s e s .
In the l i g h t  o f  th ese  arguments i t  i s  subm itted  th a t  th e  
experim ental r e s u lt s  are probably ty p ic a l  o f  th o se  which would be . 
produced by a techn ique which in v o lv e s  r e s e t t in g  th e freq u en cy  
between rea d in g s. I t  i s  apparent th a t  a su perior method o f  
measurement should be attem pted u sin g  la s e r  holography, where th e  
sim ultaneous phase and am plitude o f  a com plete package should  be 
d iscern a b le  a t a g iven  frequency, and th e  v a r ia t io n  in  th e o v e r a l l  
p a ttern  w ith  minor v a r ia t io n s  in  frequenoy should  be r e a d i ly  
e s ta b lis h e d .
4 .4 .3  L ongitud inal Mode s
For t e s t  p ieoe 2 the 1 (L) s e t  o f f iv e  lo n g itu d in a l  
modes i s  expected  to  occur " in terleaved "  w ith  th e  3 (&) f le x u r a l  
s e t .  The a n a ly s is  su g g ests  th a t th e t o t a l  o f  n in e  n a tu ra l
freq u en cie s  should occur w ith in  th e range 7453~8645 Hz.
Although th e  p ie z o -e le c t r ic  p ick -ups were arranged so th a t o n ly  
f le x u r a l  m otion should be sen sed , th e  f le x u r a l  and lo n g itu d in a l  
e f f e c t s  are coupled by the bands, and even fo r  nom inally  
lo n g itu d in a l m otion, appreciable tra n sv erse  motion i s  induced .
. .As a r e s u lt  i t  i s  s ig n if ic a n t  to  record  th a t o f  th e n ine .
th e o r e t ic a l  modes, e ig h t o f  th e se  were d e tec ted  w ith  th e  range 
69IO-8664  Hz, and th e cou p lin g  between f le x u r a l and lo n g itu d in a l  
modes was o b v io u sly  ap p reciab le as th e e x c ita t io n  was nom inally  
such as to  induce f le x u r a l  modes o n ly . The r e s u lt s  fo r  the 
a d d it io n a l modes are g iven  in  the lo g  sh ee ts  in  th e  appendix.
C onclusions regarding the experim ental work
The method o f  e x c ita t io n  and o f frequency d e te c t io n  has proved  
r e l ia b le  and has provided confirm ation  o f  th e  t h e o r e t ic a l  work p resen ted  
in  Part 3 .  Of p a r tic u la r  in t e r e s t  i s  the r e la t iv e ly  la r g e  d i f f e r e n t i a l  
motion o f  the t ip s  o f  th e b lad es p red ic te d  fo r  many o f  the grouped : 
modes which r e g is te r e d  c le a r ly  the p ick -u p s.
• The e f f ic ie n c y  o f  the clam ping, and th e tru e  e f f e c t  o f  the  
welded j o in t s  in troduce d iscrep a n c ies  between th e - t h e o r e t ic a l  and 
experim ental freq u en cies  which can be r a t io n a l is e d  w ith  reason ab le  
assum ptions.
,The measurement o f  am plitude a t any s ta t io n  w ith in  th e b lad e  
package i s  seen  to  be g e n e r a lly  aoourate, but the p resen t method o f  
measuring phase i s  u n r e lia b le , being e x c e s s iv e ly  s e n s i t iv e  to  minor 
changes in  the frequenoy o f  e x o itu t io n . However in  attem p tin g  to  
lo c a te  and c l a s s i f y  f i f t e e n  modal p a ttern s  fo r  each o f  two t e s t  p ie c e s  
on ly  th ree p attern s have not been found.
The. detached modal p a ttern s and th e  corresponding freq u en c ie s  
are g e n e r a lly  e s ta b lis h e d  vd.th g rea te r  confidence than the grouped 
p a tte r n s . I t  I s ,  th u s , su g g ested  th a t ,  in  d esign  s tu d ie s ,  experim entation  
should be aimed a t e s ta b lis h in g  th e  s ig n if ic a n t  e l a s t i c  param eters fo r  
the detached modes so th a t the grouped modes may then be determ ined  
a n a ly t ic a l ly  w ith b e t te r  accuracy.-
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-  240 - Appendix A. 2
Order o f  error in troduced  by lumped models
In Part 1 o f  th e  th e s is  th e  num erical e v a lu a tio n  o f  th e  frequenoy
parameter V when u sin g  a lumped model w ith N equal s tep s  f o r  th e  th in
-2
uniform beam showed errors o f  the order N i f  e i th e r  end was f r e e  but
th ese  r e s u lt s  a re  to  be expected  i s  dem onstrated below .
I f  N i s  la r g e , a modal shape c a lc u la te d  fo r  th e lumped model w i l l  
d if f e r  on ly  s l i g h t ly  from th a t fo r  the corresponding^ n a tu ra l mode o f  
v ib r a tio n  fo r  the uniform  beam. Hence by u sin g  th e p r in c ip le  developed  
by Lord R ayleigh , g iven  in  re fe ren ce  6 , an e s t im a te .o f  the order o f  
d iffe r e n c e  in  frequency o f  th e  two system s may be made by assuming th e  
modal shapes t o  be id e n t ic a l ,  and hence the p o te n t ia l  en erg ies  a t  an 
extreme am plitude t o  be id e n t ic a l .  I t  would then fo llo w  th a t  the k in e t ic  
en erg ies  a t zero s tr a in ,  equal to  th e  s tr a in  o r 'p o te n t ia l  energy, can be 
expressed  fo r  th e two systems in  terms o f th e  modal shape x = f . ( z ) ,  the  
c ir c u la r  freq u en cies CO ^ (lumped) and CO (un iform ), and the assumed mass
d is tr ib u t io n  as
i f  both ends had zero am plitude th e  errors were o f  order li- ^ . That
k in e t ic  e n e r g y ^  ^  = (eq u ation  N .1 )
k in e t ic  energy.lumped ^  Am .(O .^x2 (eq u ation  N .2 )
2 *The fu n ctio n  x w i l l  in  gen era l be exp ressed  as a polynom ial in  z ,
a ty p ic a l  term being c (z /L )^  ahd i t  i s  in te g r a te d  in  equation  N.1 to
P
2
g iv e  m£A .o  /(p + 1 ) (eq u a tio n  N .3 )
P
Using M yklestad's model there w i l l  he masses o f  1/2N a t z = 0 and 
z = L,. and masses o f  1/N a t  z = Q.L/N, Q = 1 to  (N -1 ). The term in  c
w i l l  th u s be assumed as
2
(gg  .+ i p i
2N 1
+ —
NP+1
N-1. ^
«p 
Q=1 '
(eq u ation  N .4 )
The sum o f  the p -th  powers o f  t  he f i r s t  N-1 in te g e r s  whioh appears 
in  equation  N.4- niay be obtained  by tak in g  th e f i r s t  (p+1) term s o f  the  
fo llo w in g  expansion, which i s  e a s i l y  shown fo r  the ca ses  p = 1 and 2 and 
i s ,  th u s , assumed fo r  p . 2 . ( fo r  p=0 th e  summation i s  N-1)
N-1
Q=1 p+1
2  ^  = 1 Np+<^ -  (p+1) .Np + p(p+1) .Np  ^ + O.N? 2 + terms
in  Np~3
12
e t c .
The fo llo w in g  v a lu es  are obtained i f  the l a s t  expansion i s  s u b s t itu te d
in to  eq u ation  N .4 fo r  the c o e f f ic ie n t  o f  mO«*o
— P
p C o e ff ic ie n t  in  Equation N ,4 C o e ff ic ie n t  in  
Equation N.3
Error
0 1 .0 1 .0 0
1 . 0 .5 0 .5 0
2 0 . 3 3 3 . . .  + 1/^N2 0 .3 3 3 . . . 1/6N2 = pN-2 / l 2
P i / ( p +<0  + pN*2/ l 2  + terms 
in  N ^
i / ( p + o
—2pN / 1 2 + terms 
in  N”^
I t  seen  th a t the erro r , i f  any, in  summing zp u s in g  lumps as in
«1l m ,
M yklestad's model co n ta in s  terms in  N + terms in  N and sm a lle r . This 
pattern  w i l l  apply to  a l l  modes in  g e n e r a l.
I f  however th ere i s  zero am plitude a t both ends o f  the beam i t
2be p o ss ib le  to w rite  the gen era l term occu rr in g  in  x  in  th e form
c ( z/L ) 2 . ( 1 - zA ) 2 . ( zA ) P th a t i s  to say  as
P
(Op  ^ (z /L )P+2 -  z . i z / h ) ^ *  (z /L ) p+6
and hence the err o r  in troduced  by summation ra th er  th an  in te g r a t io n  
w i l l  be
AN 2/ l 2 .  ip+2 -  2 . (p+A) + p+6> + term s in  N ^ or sm a ller
terms in  or sm a lle r .
should
A ppendix  A,3
Experim ental lo g  sh ee ts
Sheets to  257 r e fe r  to  T est p iece  1 (0 .5 0  in ch  b la d e s ) .  The
layou t o f  th e  sh e e t was based on th e o r ig in a l in te n t io n  o f  r e la t in g  th e  
f in a l  output s ig n a l in  m i l l iv o l t s  from each p ie z o - e le c t r ic  p ick-up  to  the  
input v o lta g e  to  the Goodman v ib r a to r , and th e  headings fo r  th e  upper h a l f  
o f  th e lo g  sh ee t are s e l f  exp lan atory . The extrem e. r igh t-h an d  column was 
added when i t  was r e a l is e d  th a t  th e  v o lta g e  to  th e  v ib r a to r  was u n r e lia b le ,  
and a m onitoring p ick-up was added a t the output sp in d le  o f th e  v ib r a to r .  
The low er h a l f  o f  th e  sh eet c o n s is t s  o f a ta b le  g iv in g  the v o lta g e s  in  
m il l iv o l t s  per m il lv o lt  o f  m onitor s ig n a l .
Sheets 258 to  264  g iv e  the r e la t iv e  s ig n a ls  p rocessed  d ir e c t ly  from  
the punched tape used to  lo g  the o r ig in a l read ings from T est p ie c e  2 .  The 
format i s  d i f f e r e n t ,  p a r t ic u la r ly  in  th a t th e  su c c e ss iv e  rows r e la t e  to  
s ta t io n s  from roo t to  t i p ,  whereas fo r  the o th er  t e s t .p ie c e  th e  order was 
rev ersed . The r e la t iv e  s ig n a ls  a t the ro o t s ta t io n  has been shown in  a l l  
cases as zero . This i s  hot n e c e s s a r ily  th e  c a se , but i s  not r e le v a n t to  
the reproduction  o f  th e  read ings on grs,ph G.4*2 as the roo t s t a t io n  i s  not 
p lo t te d .
N ote: In th e  ta b le s  on the lo g  sh ee ts  th e sequence o f  b lad es i s
suoh th a t th e p resen ta tio n  on th e  graphs G,4«1 and G,4*2 
must he reversed  i f  a d ir e o t  comparison i s  req u ired .
LUG S H b b  i _V> ■
DATE A p r i l  12th*. 1972  
MODEL .500. * ; INCH
FREQUENCY 4?1 HERTZ
GAUGE
POSITION «•
INPUT
(MV)
SIGNAL IN 
G1 * G2
MILLIVOLTS AT 
* G3 * G4 * G5
*
*
M<mito
(mv)
10 ( t i p ) * 1 2 .9 * « 3 p . # 1 * * 112 * 128 . *. 18# ■»69
9 151*2 *MK * 557 * 1-28 # 130 * 136 * 8 5 .6
a 16*3 142 * 139 123 * 128 * 128 * 9 3 .it
7 25*2 # 111 * 108 * 99 * 9? * 100 8 7 .0
6 1+1+.2 «• 155 # .132 * 130 . * 139 # 1^2 * 1 6 3 .9
5 * 34.1+ 102 # 92 * 85 * 93 * 96 11+8.0
k * 3 2 .0 68 65 55 * 87 # 64 11+0.7
3 •» 33*8 80 * 102 77 * 69 # 61* * 1 5 2 .3
2 * 4 4 .2 # 1+1 * 52 # 40 * 37 * 36 * 1 7 3 .6
1 # 35-,? # 21 * 35 # 26 5 # 15 *■11+1
10( t i p ) a 0 .1 9 m~uYe> * 1 .7 5 * 1 .6 2 * 1 .8 6 * 1 .7 2 *
9 0*18 * x m # 1 .6 0 # 1 .5 0 •* 1 .5 2 * 1 .5 9 *
8 * 0.17 «■ 1 * 32 1 .4 9 1 .3 2 1 .3 7 * 1 .3 7 ’ «•
7 ■» 0*29 # 1 *28 * 1 .2 4 * 1.11* * 1 .11 * 1 .1 5 *
6 * 0*27 0 .9 5 # 0.81 # 0*79 * a. 85 # 0.87' *
3 «• 0*23 # 0*69 # 0*62 * 0*57 « 0*63 Q.65> *
k «• 0*23 a.48 * 0*46 0*39 * o:*48 * 0 .4 5 *
3 # 0*24 a 0*53 « 0*67 * 0*51 « c.45 * 0*1+2
? 0*25 «• 0* 24 # 0*30 * 0*23 0.21 * 0*21 *
1 # 0*25 a 0*15 # Ov25 0*18 # 0 . 04 0*11 #
L  U U  S H f c f c I
DATE A p r i l ,  12 t h .  197? 
MODEL .500 - INCH
FREQUENCY 1777 HERTZ
GAUGE
POSITION
*
*
INPUT * SIGNAL IN MILLIVOLTS 
(MV) Gl * G2 * G3 *
AT
G4 *
*
G5 *
M o n i to r
(mv)
1O ( t ip ) «• 505 * ~A 02 * -  25 * -  87 * 4- 33 * 67  * 8 6 .4
9 * 135*6  * -..-166 * -  34 '* -  8 * ' 12 * 101 * 3 3 .7
8 «• 9 4 .6  * ^ 1 7 1  * -  57 * -  5 * 22 * - 98 * 1 6 .3
7 ft 1 1 9 .4  * -M 88 * -  77  * -  9 . * "- 21 * . 95 * 1 6 .4
6 59 . 0 * -*143  * - 131* * -  a  * 1 0  * ■ 95 * 1 4 .6
5 6 4 .3  * -  131 * -  59 * -  10 * 1 3  * 74 * 1 2 .3
4 ft 66%2 * - 1 5 4  * -  47 * -  6 * 9 * 91 * 12-5
3 * 8 3 .0  * — 168 * -  57 * 0. * ■• 6 * 91 * 15ft6
2 * '268 * -2<$?: * ~1fc8>' * - 4 7 ’ * • 3 4  * 175- * .'50 ft©
1 «• 266 * -121* " * ~  39- * -  28 * - 18* * 53  * 39*6_
10 ( t i p ) ft 5 .8 4  * -  1 „18 * -  0*29 * *  1 .0 1  * 0*38  * 0 .7 8  *
9 ft 4 .0 2  * -  4 .9 3  * — 1*09 * -  0 ,2 4  * 0 .3 6  * 3ft 00  *
8 ft 5 .8 0  * - 1 0 .4 9  * -  3* 50 * -  0*31 * U3 5* 6 .0 1  *
7 ft 7*28 * - 1 1 .4 6  * -  4 . 7 0  * -  0 .  55 * 1 .2 8  * 5 .7 9  *
6 ft 4 . 0 4  * -  9*79 * -  2 .3 3  * -  0 .  55 * 0 .6 8  * 6 .5 1  *
5 5ft 23 * -1 Oft 65 * -  4 .8 0  * -  Qft81 * 1 .0 6  * 6 .0 2  *
4 ft 5 . 3O * - 1 2 ,3 2  * -  3 .7 6  * -  Q.4S * 0 .7 2  * 7 .2 8  *
3 ■» 5 .3 2  * - 1 0 .7 7  * -  3 .6 5  * 0 ,0 0  * G..38 * 5 .8 3  *
2 5 .3 6  * -  4 . 1 4 * -  2 . 9 6 * -  0 . 9 4 * 0 .6 8  * 3 . 50 *
1 ft 6 . 7 2  * -  3 .1 3  * -  0 .9 8  * -  "Q.71 * - 0 . 4 5 * 1 .3 4  *
LOG SHEET ,
DATE A p r i l  1 2th.  1972
MODEL .500/ INCH
FREQUENCY 1 8 0 5  HERTZ
GAUGE » INPUT A SIGNAL IN MILLIVOLTS AT « M o n i t o r 1
POSITION *  («V)  » G1 *  G2 * '  G3 » G4 G5 *  ( *▼)
10 ( t i p )  # 607  *" 44  ' , * - 1 3 7  .-  S t  * -*20. * — 77 * 8 2 . 3
9 « 1 6 0 .3  * 4 6  * - 1 5 7  » 2 * -  41 » - 4 4 0  . 2 ^ * 5 ,
8 .  7 8 .9  » 47  * - 1 6 0  * 11 * -  38 » -11+9 * 11*5
I _ t . _ 2 l _ _ h t . l l i — !  1 2- 6
__6______ !._ 5 9 ..0 _ °_ _ _ 5 7 _ _ * _ -1 _ 5 3 _ _ V _ _ 1 _ 2 _ _ * _ -_ 3 6 ..! .-1 .3 ^ . .!  8 . 9
 5 ______ 1 _ _6 1 . 3  __5Z * _-i_46 !  10 *5
 3 .........._ !  .104 .1 . _ !  .  .  .7 .3  .  .  !  _-1_6 2 .  .  !  .  .  .1 .6  „  I . 40 - I t 1J A  -  - 1 1 7 .5
2 .  202 « J6 .  -1 8 5  * 20 * -  47 * -1 6 2  * 31 .1+
1 .  329 » 68 » - 1 6 1  .  -’37  » -  26 » -161  .  4 3 .9
1 0 ( t i p )  * 7 . 3 8  * 0.-53 * -  1 .6 6  * 0.1+1 * -  0 . 2 4  * -  0 .9 4  *
9 * 5 . 8 3 *  1 .6 7  . -  5 .71 * 0 .0 7  * -  '1.1*9 * - 5 . 0 9  *
8 * 6 .8 6  * 4 .0 9  * - 1 3-.91 * 0 .9 6  * -  3*30 * - 1 2 . 9 6  *
7 * 7 .0 6  * 3. 2 5 . - 1 3 . 4 9 * 1 .4 3  * -  2 . 9 4 * - 1 3 * 7 3 *
6 * 6 . 6 3 * 6 . 4 0 . - 1 7 *1 9 * 1 .3 5  * - 4 . 0 4  * - 1 5 .6 2  «
5 .  5 ,8 4  * 5 .4 3  * -13*90  * 1 . 4 3 * - 3 . 0 5  * - 1 3 * 4 3  *
' *+ » .  4 . 3 6 * 3 . 8 8 . -  9 .4 7  * 1 .1 2  * -  2 .11  * -  8 . 9 5  *
3 * 5 . 9 5  * 4 , 1 7 . -  9 . 2 6 * 0 .91  * -  2 .2 9  * -  8 . 6 3  *
2 * 6 .4 3  * 2 .4 2  * -  5 . 8 9 *  0 .6 4  * -  1 .-50 * -  5 .1 6  *
1 * 7 .4 9  * 1 . 5 5 * -  3 .6 7  * 0 .8 4  * -  0 , 5 9  * -  3 . 6 7 *
LOG SHEET '
DATE A p r i l  12tfc. 1 972
MODEL .500 INCH
FREQUENCY 18^3 HERTZ
GAUGE * INPUT * SIGNAL IN MILLIVOLTS AT *  M o n i t o r
POSITION * (MV) * G1 * . .  G2 *  G3 *  G4 *  , G5 * (mv)
10 ( t i p ) * 961 *
1 
1 
1, 
• 
1 'o
-j 
1 
1 —
j 
1 
1 
1 
1 
1  
1 
* 
1
— 11 •* 47 * -  21+ * -  17 * 1 76.1
9 * 634 * 27 * 64 * -  32 * -  89 * -  58 * 129*6
8 * 93 V  * •'.'87 * 171 * -  93 * -1 7 3  * -1 3 2  * 1 7 2 .0
7 * 576 * 33 * 69  * -  41 * -1 3 2  * - 121+ * 112
6 * 565v ■*; 57 .* 124 * -  55 * - 171+ * -1 5 5  * 120*3
5 * 713 * 100  * 175 * - 1 0 0  * - 11+9 * - 1149. * 1 7 2 .6
4 * 809 * - 90 * 170  * - 1 0 0  * -1 7 4  * - 156 * 1 5 3 .0
3 * 904 * .; 55  * 150  * -  92 * - 1 3 0  * - 1 3 6  * 1 6 5 .0
2 * 960  * 1+0 * 1 04 * -  46  * —108 * -  90  * 175*0
1 * 967 * 1 3  - ' * 37 * —£‘88 * -  61 * -  45 * 1 7 6 .0
10 ( t i p ) * 5«46 * 0*21 * — 0 .0 6  * 0*27 * 0 . 1 4 # — 0*10  *
9 * 4 . 8 9  * 0*21 * 0 .4 9  * 0*25  * — 0*69 * — 0*45 *
8 * 5*43 * 0*31 * 0*99 * •— 0*54 * — 1.01 * — 0 *7 /  *
7 * 5*14* .0*29 * 0*6 2 * -  0 . 3 ?  * ■* 1*18 * — 1 .1 1  *
6. * 4 .7 0  * 0*47* 1 . 0 3 * -  0 .4 6  * -  1*4 5*  -  1 . ? 9 *
5 * 4 .1 3 * Q. 58 * 1 .01  * -  ©..SB* -  Q. 86 * -  0*86 *
it * 5 . 2 9 * 0 .5 9 * 1.11  * -  0 .6 5  * -  1 . 1 4 * -  1 «0 2 #
3 * 5*48 * 0* 3 3  * 0.91  * "* 0 . 5 6  * — 0 .7 9  * “ 0 . 82
2 * 5*49* 0 .2 3 * 0 .5 9 *  -  0*26* -  0 .6 2 *  -  0 .5 1  *
1 * 5 .4 9 * 0*07* 0 .2 1 *  -  0*16* ■- 0*35*  -  0*26*
LOG SHEET 1 '
DATE A p r i l  1 2 t h .  1972  
MODEL .500 . INCH
FREQUENCY 1 901 HERTZ
GAUGE
POSITION
*
, *
INPUT * 
( MV 5 *
SIGNAL IN 
G1 * G2
MILLIVOLTS 
* G3 *
AT
G4 *
*
G5 *
M o n i to r
(mv)
1 0 ( t i p ) * 96 I * -  23 * -  36 * -  1+7 * — 2k *' -  18 * 1 7 7 .8
9 41 k * 37 * 13 * -1 6 5 * 62 * 1+8 * 87.1
8 * 21+0 * 52 * 26 * -1 6 9 * 7k * 57 * 5 1 . 2
7 214  * 56 * 26 * -1 6 6 * 73 * 59 * 1+0,3
6 200 * 55 * 32 * -1 56 * 75 * 37 * 1+0.9
5 * 1 52 . 6  * > 9  * 27 * -1 5 2 * 69 * 57 * 1+1.1*
h a 277 * 51 * 25 * - 1 7 6 77 * 92 * 6 0 .0
3 ■* 261 * 58 * 32 * -172 # 80 * 6k * 5 3 .7
2 1*56 * 65 * • 32 * -1 62 # 81 ■ * 73 * 90*9
1 965 * 49  * 23 « -1 63 63 68 * 1 7 5 .0
10 ( t i p ) 5« l+O # - 0 * 1 3  * -  0*20 * -  0 .2 6 * — 0 . 1 3  * -  6 . 1 0  *
9 •» li .7 5  » 0*lj.2 * 0*15 * -  1 . 8 9 * 0.71  * 0*55 *
8 # U*69 * 1 .0 2  * 0,*51 * -  3*30 * 1.1+5 * 1 .11  *
7 * .5.31 * ■1.39* 0*63 * -  1+.1 2 « 1.81  » t . i i . 6 *
6 # 1+.89 * ■1.3** * 0*78 * -  3 .81 * . 1 . 8 3  * 0 . 9 0 *
5 *■ 3.69* 1 . 1 8 * 0*65 » -  3 .6 7 * '' 1 .6 7  * 1.3® *.
k H.62 * O...85 * 0.1+2 * - 2 . 9 7 * 1 ,2 8  » 1 . 5 3 *
3 «■ 14.86 * 1 * 08 * 0*60 * — 3* 2ffi * 1 ,h9 * 1 . 1 9  *
2 * 5 . 0 2 * 0 .7 2  * 0 .3 5 » — 2«00> 0 . 8 9  * 0*80 *
1 * 5 . 3 1 * 0*28 * 0*13 * -  0 .9 3 * Q..36 * 0 .3 9  *
LOG SHEET i '
DATE A p r i l  1?t 'h.  1972  
MODEL .500 INCH
FREQUENCY 2572 HERTZ 
• • • • • •
GAUGE * INPUT *  SIGNAL IN MILLIVOLTS AT « M o n i t o r
POSITION » (MV) ♦ G1 *  G2 *  G3 •  G4 » G5 *  (mv)
10 (t ip )  * 205 * ;ljS6 * 11)2 * 131). * 136 * 133. * 80*5
9 * 36k * 159 * 15-2 * 11)8 * 11)8 * 157 *11)1). 5
8 * 1)66 . * 6  * 1)8 * -  25 * 30 “ -  57 * 162 . 0 .
7 * 681) * -  86 * - 1 2 3  .* - 1 3 8  * - 11)0 * -1 0 6  * 172 . 0
6 * 391 * -11)1 * -171 * -168 * -171 * -11)8 * 11)3. 8
5 * 237 *-111) * —11)1 *-121) * - 1 3 8  * - 1  26 * 87.5
1) * 235 * - 1 2 3  * - 11)1) * - 11)6 * - 11)5 * - 1 2 8  * 110,.0
3 * 275 * -1 1 2  * —11)3 * -1 2 2  * -1 3 3  * -1 2 5  * 123-1
2 * 352 * -57  * - 1 2 0  * -  77 *-11)7 * -1 1 9  * 1 5 2 .2
1 * 388 * -  35 * -  67 * -  93 * - 7 7  * -  63 * 1 5 6 .0
m  ■  t »  m  m 't .  m m m m  m  ■ ' ■ ■ w w b  u  ■■ '■
f o ( t i p )  * 2 .5 5  * 1 .69  * 1 .7 6  * 1 .6 6  * 1*69 * 1 .6 5  *
9 * 2*52 * 1.10 * 1.05 * 1 .0 2  * 1 .02 * 1 .09  *
6 ■* 2.88 * O.O/4 * 0 .30  *- 0 .T5 * 0 .19  *- 0*35  *
7 * 3 .98  0 , 5 0  # - 0 .7 2  *- 0 . 8 0  *- 0.81  *- 0 . 6 2  #
6 * 2 .7 2  . 0 .. 98 1 . 19 *- 1 .1 7  * - 1 . 1 9  1 . 0 3  *
5 * 2.71 ^  1 .3 0  *- 1.61 1 #i+2 *-■ 1 .5 8  # -  1 . i&  *
k * 2.1i+ * - 1 . 1 2  *- 1.31  1 • 33 1 • 32 *• 1 .1 6  *
3 * 2 .23  *- 0.91 *- 1.16 *- 0 .99  *■ 1.08 *- 1 .02  *
2 * 2*31 *- 0*31 *- 0 .79 0*51 *■ 0 .97  0.78 *
1 2*/|9 «- 0 . 2 2  , 0-^,3 *- 0*60  Qvif9 ** 0 *M> '*
date A p r i l  1 2th.  1972
MODEL .500 ' INCH
FREQUENCY 1+91+2HERTZ
GAUGE * INPUT *  SIGNAL IN MILLIVOLTS AT ♦ M o n i t o r ,
POSITION a (MV) a Gl a G2 a G3 a G 4 a G5 a (mv)
10 ( t ip ) a 11+7 a -  7 a V a 1 a 1 a - 13 a 1U5.1+
9 a 181+ a -  16 a 1 0 a . 0 a - 10 a - 21+ a 171.5
8 a 179.7 a -  36 a -  18 a — 2 a 21+ a 21+ a 161+.0
7 a 260 a -  35 a -  21+ a . 7 a — 8 a - 22 a 198.8
6 a 179 a 16 a 12 a l+ a — 6 a - 11 a 167.0
5 ■ a 1 51i.? a 36 a 6 a 4 a 1+ a 8 a 11+1.8
1+ a 159 a 30 a . 9 a —.■ 8 a 7 a - 26 a 11+9.0
3 a 160.2 a 6 0 a 9 a 5 a _ 3 a - 22 a 11+11.6
'' 2 ' a 1 76.0 a 55 a 10' a l+ ' ♦ 2 a - 22 a 159.1
.1 a 193.0 a -  20 a 9 a S'. a V a - 11 a 161+.0
10 ( t ip ) a 1.01 a ~ 0.-05 a 0 .0 3 a Q..Q1 a — 0 .0 5 a - 0.09 a
9 a 1.07 a - 0 . 0 9 a 0.06 a 0 .00 a — 0.01 a - 0.11+ a
8 a 1.10 a -  0.22 a -  0.11 a " 0.01 a 0.15 a 0..15 a
7 a 1.31 a -  0*18 a -  0.1 2 a “ 0.01+ a —0.01+ a - 0.11 a
6 a 1 .0 7 a 0.10 a 0.07 a 0.02 a — 0.01+ a - 0 .07 a
5 a 1 .0 9 a 0.25 a 0*01+ a 0 .03 a 0 .0 3 a - 0.06 a
h a 1 .0 7V a 0*20 a 0.06 ♦ “ 0.05: a 0 .0 5 a - 0*17 a
3 a 1.11 a 0*1+1 a 0,06 a- 0 .0 3 a - 0 .02 a - 0 .1 5 a
2 a 1 .11 a .0.35 a 0.06 a s 0 . 0 3 a 0.01 a - 0.11+ a
1 a 1.18 a -  0.12 a 0.05 a 0.014 * . 0.02 a - 0*0? a
LOG SHEET , 0 -
DATE A p r i l  12tfe. 1972 
MODEL . 5 0 0 / : > ; INCH
FREQUENCY 51QC HERTZ
GAUGE *  INPUT *  SIGNAL IN MILLIVOLTS AT *  M o n i to r
POSITION # (MV) # G1 *  G2 *  G3 # G4 # G5 *  (mv)
10 ( t i p ) # 3 5 . 5 * -  32 * — 7 # 1 * 11 # 15 # 98..1+
9 68t.3 # -  79 . * — 21 # © # 21 # 31 * 17 0 .1
8 # 9 4 .3 # -  85 # — 31 # - 2 # 26 # 50 # 1 9 5 .8
7 # 5*+ # -  1*1 # — 15 # - 1* # 10 # 25 # 122.1+
6 # 53 # -  20 * — 8 # - ** # . : 3 •# 11 # 1 3 8 .0
5 # 6 7 .2 1*5 # 1* # 7 # - 1.0. # - 9 # 11+6..2
k # 62.1 * 88 # 13 # - 10 # - 11 # — 1*0 # il+8,l+
. 3 # 71.1 # 11*1* # 27 # - 11 # — 29 ..# - « I 7 3 . I
2 # 7 0 .7 # 119 # 20 # - 8 # " 2 . '# — 52 # I 7 2 .O
1 # 67.1+ # 51 # 13 # — 1 0 # — 1.2 * -  32 # 161+. 0
10 ( t i p ) # 0 .3 6 # -  0 . 3 3 # - 0 .0 7 # 0.01 # o . t t # cu.15 #
9 # 0.1+1+ # -  0.1+6 # — 0 .1 2 # 0 .0 0 ' #'■ ©♦16 # 0.30 #
8 # 0.1+8 # -  0.1+3 # — 0 .1 6 # - 0.01 # 0..13 # 0 .2 6 #
7 # 0.1+1+ # -  0 . 3,3 # — 0 .1 2 # - 0 .0 3 # 0 .0 8 # Q. 20 #
6 # 0 .3 8 # -  0.11+ # — 0 .0 6 # - 0 .0 3 # 0.01* '# 0 .0 8 #
5 # 0.1+6 # 0.31 # 0 .0 3 # 0 .0 5 # — ’0 .0 7 0 .0 6 #
1* # 0.1+2 # 0 .5 9 # 0 .0 9 # - 0*07 # - 0 .0 7 * “ 0 .2 7 #
3 # 0.1+1 # O .83 . # 0..16 #' - 0 .0 6 # 0*17 # ■*' 0 .3 9 #
2 # 0.1+1 # 0 .6 9 # 0 ,1 2 # - 0 .0 5 # 0.01 # — 0.3© #
1 # 0.1+1 # 0.31 # 0 .0 8 # - 0 .0 6 # - 0 .0 7 # ~ 0. 20 #
LOG SHEET '
DATE Api’i l  1 2 th .  1972  
MODEL .500, V. tlNCH
FREQUENCY 53^1 HERTZ 
• • * • * *
GAUGE * INPUT * SIGNAL IN MILLIVOLTS AT # M o n i to r
POSITION * (MV) * Gl * G2 * G3 * Q4 * G5 * (rnv)
1 0 (t ip )  * 261 * 27 * -  24 * — 23 # 21 * 12 « l69«i*
0  * 234 * 42 *■ — 21+ * — 19  • « 1 2  # 1 8  # 1 6 5 .  5
* 277 * 48 * -  77 * -  37 # 52 # 34 * 1 7 7 .4
* 259 * 75 » -  36 « -  24 * 7 * T? * 1 6 9 .3
* 256 * 36  I -  21 * -  23 * ^ 1 7 ’ %  " i t  # 1 6 9 .0
*■ 177  * 11 « 17 * 7 # -  2 # 11 # 107• 9
4  * 190*5 * -  45 * 51 * 30 # 15 « 18 # 140*2
3 * 246 V -  71 * 61 * 41 .# 28 * 2 1 *  1 6 8 .0
2 * 249 * -  69 * 63- * 44  * 46 # 29 * 172* 3
1 * 216 » -  86 * 33 * 34 » 22 # 25 * 151 . Q
10 ( t i p )  * 1*54 * 0 .1 6  * -  0 .1 4  * -  0 . 1 4  * 0 . 1 2  * 6 .0 7  *
9 * 1.41 * O. 2 5  * -  0 .1 5  * -  0 . 1 1 *  0 . 0 7 *  0 . 1 1 *
8
7
« 
■ #
1 .5 6  * 
1 .5 3 *
0 .  27 * -
0 .4 4  * -
0 .4 3  * -  
0.21 * -
0 .2 1  *
0 .1 4  *
0 .2 9  * 
0 .0 4  *
0 .1 9  * 
0 .1 0  *
6 # 1.51 * 0.21 * - 0 .1 2  # - 0 . 1 4 # > 0 . 1 0 * 0*07  *
5 « 1 .6 4  * 0 .1 0  * 0 .1 6  * 0 .  06 * - 0 .  02 * 0 .1 0  *
4 * 1 .3 6  * - Q. 32 * 0 .3 6  * 0 .21  * 0 .1 1  * 0 . 1 3 *
3 # 1 .4 6 *  - 0 . 4 2 * 0 . 36 * 0 . 2 4 # 0 . 1 7  * 0 . 1 3 *
2 # 1 , 4 5  * -  0 .4 0  * 0 .3 7  * 0 * 26 * 0 . 2 7  * 0 . 17 *
1 * t . 4 3 * -  0*57 * 0 .2 2  * 0 * 23 * 0 . 15 * 0.1  ?"#
LOG SHEET G
DATE A p r i l  1 2 th  1972.
MODEL .5 0 0 '  ^ INCH
FREQUENCY 55^  HERTZ 
• • • • • •
GAUGE * INPUT * SIGNAL IN MILLIVOLTS AT * M o n i to r
POSITION a (MV) ■> G1 , a G2 a G3 a ' G4 a G5 a (njv)
10 ( t i p ) a 56? a -106 a 32 a -  22 a -13 7 a - 1 6 0 a 1 7 4 .8
9 a 235 * -  11 a 1+8 a -  28 a -125 a W a 1 1 8 .0
8 * 252 * 11 a 81+ a - . 3 8 a -151 a 72 a 1 6 4 .3
7 a 489 a 27 a 172 a -  85 a -211+ a 1 30 a 1 8 6 .7
6 a 256 a 15- a 61+ a -  31 a -  81+ a 1+7 a 1 4 5 .0
F a . 212 .# 9 a -  6 a 6 a 26 a -  10 a 1 3 8 .0
k a 243 a -  9 a -  63 a . 1+7 a 133 a -  61+ a 1 5 0 .7
3 a 283 a ~ 15 a -11 6 a . 56 a 183 a ■ -  96 a 1 5 1 .0
2 a 249 a -  7 a -  81+ a 37 a 11+1+ a -  66 a 1 6 0 .6  :
1 a 430 a -  17 a 06 a 59’ a "135 a -  80 a 165
l O f t i p H 3 .2 4 a— 0.61 a 0 *1-8 a— 0*13 a— 0*78 a- 0 . 9 2 a
9 a 1.99 a- 0 .0 9 a 0.41 a 0*21+ a- 1 . 0 6 > 0 . 3 6 a
e a 1 .5 3 a 0.07 a 0.51 a— 0*23 a—O. 9 2 a. 0 .4 4 a
7 a 2.62 a o*u+ a 0.92 a— 0*1+6 a— 1. 15 a 0 . 7 0 a
6 a 1.77 a 0.10 a 0.44 a— 0.21 a—0.58 a 0*32 a
3 a 1.54 a 0 .0 7 a— O'. 04 a 0.01+ a 0 .1 9 a— 0 .0 7 a
k a 1.61 a. 0.06 a— 0 .4 2 a 0..31 a 0.88 a- 0 . 4 2 a
3 a 1.67 aM 0.10 a— 0 .7 7 a 0*37 a 1,2* a— 0.64 a
2 a 1 .5 5 a— 0.01+ a— O. 5 2 a 0 .2 3 a 0.90 a- 0.41 a
1 a 2.61 a-. 0 .1 0 a- 0 .64 a 0.36 a 0*82 a— 0.48' a
-  Z$i\. -
LOG SHEET -  \  .. i
DATE A p r i l  12 t h .  1 9^2 
MODEL .500 . ...T INCH
FREQUENCY 61+09 HERTZ
GAUGE *  INPUT * SIGNAL IN MILLIVOLTS AT aMoni tOir
POSITION * (MV) a G1 a G2 a G3 * G4 . a G5 a
1O (t ip ) a 6 6 . 1 a 26 a 1 1+ a 19 * -• 7b a 11 a *160.4
9 a 6 5 * 1 . a - 9 a 13 a k  * - 99 a - 11 a 159 .1
8 a 7 5 . 0 a - 21 a — 21+ a - 8 * - 96 a - 11 a 1 6 4 .4
7 a 5l+*li a - 8 a - 9 * - S. a - 38 a - 6 a 1 5 5 .8
6 a 66.-2 a * 15 a — 6 ■ a . 3 * - 76 a - 7 a 1 6 8 .5
9 a 5 0 .0 a 2 a 21 a - 7 * - 20 a - ,2 a 1 3 2 .0
1+ a 5 6 .9 a 3 a 6 a 13 * 38 a 9. a 1 3 2 .4
3 a 6 2 .0 a 8 a 11+ a 18 a 17 a 19 a I 52.O
2 a 70 a 10 a 21 a 20 a 56 a 18 a 1 7 1 .0
%■: a 5 8 .0 a 7 a 13 ' a 13 ' a • 18 a 11+ a 1 6 6 . 0  -
— — ■-  — i — ip» ~ w  _  — «■. —. .-* — mm mm mm mm mm' «•
1 0 ( t i p ) a 0.41 a 0*16 a 0 .0 9  * 0 . 1 2  * - c . 4 6 a 0 .0 9 a
9 a 0.41 a - D..Q6 a 0 .0 8  * 0 .0 3  a - 0 .6 2 a - 0*09 a
8 a 0 .4 6 a - 0 . 1 3 a 0 . 1 5 * - 0 , 0 5  a - 0 .5 8 a - a .  07 a
7 a 0.35 a - 0*05 a ~ 0.06 * - 0.05 * - 0.24 a 0.01+ a
6 a 0.39 a mm 0.09 a - Q..01+ * 0.02 a - 0.45 a - 0.01+ a
5 a 0.38 a 0.02 * 0..16 * — 0.05 a - 0.15 a - o * o a
V a 0.43 a 0.02 * 0.05 * 0.1 0. * 0 .29 a 0 .0 7 a
3 a 0.41 a 0.05 a 0 .0 9  * 0.12 * 0.11 a a
2 a . 0.41 a Q. 06 a 0 . 12* 0.12 * 0 .5 3 a 0.11 a
1 * 0 . 3 5  *  0 , 01+ *  0 , 0 6  # 0, .08 * 0 * 1 1  a 0 , 0 8  *
LOG SHEET
DATE A p r i l  12 th .  1972
MODEL .500 /  ■ , INCH
FREQUENCY 6520 HERTZ 
• • • • • •
GAUGE *  INPUT *  SIGNAL IN MILLIVOLTS AT * M o n i t p r
POSITION * (MV) ■ * ; G1 * G2 * G3 * G4 G5 * (mv)
10 ( t i p ) * 139.:5 # — 13 * 2 * ■ 8 *: 31 * 29 # 1 6 2 .8
0> 3 4 .5 3- * — IQ * 0 # — 42 4 # 1 7 6 . 8
8 * 5 2 . 2 * ■ 9 * Q * 7 # 41 * — 7 # 1 7 6 .8
7 3 3 .0 * - 7 # 13 10 ;■ # 46 «• — 7 # 172.-6
6 ■ * 3 1 .3 2 # 3 5 * 40 * — 6 # 1 0 9 . 2
3 «• 3 7 .5 3 # 10 3 #  - 14 #  — 2 * 1 4 7 . 5
4 * 40 .4 2 #  — 3 *  — 5 * 8 # 7 : # 1 4 8 .7
3 * 4 1 . 8 2 1 1 * 2 * 1
CVJ.
V
O
-cr
V 
'
I 
* 
I 
1 
1
2 # 4 0 .0 #  — 5 #  — 7 *  — 7 # 5 * 9 * 1 3 8 . 0
1 # ,5 9 .0 *  : 3 #  - 8 «  — 7 *  — 23 *  ■ 8 #1 8 1 .0
T e t t i p J  * 0 „ 8 6  * -  0 . 0 8  » 0 , 0 1  * O. 6 5  # 0 . 1 9  * 0 . 1:8- »
9 * 0 . 3 1 * 0 . 0 3  # - Q.  0 6  # 0 . 0 0 # — 0 . 2 4  * 0 . 0 2  *
8 * 0 . 3 0 * 0 . 0 5  # 0 .  0 0  # 0 . 0 4 * 0 . 2 3  * - 0 . 0 4  *
7 * 0 . 3 1 * — o .  0 4  # 0 . 0 8  * 0 . 0 6 * 0 . 2 7  * - 0 . 0 4  *
6 . 0 . 2 9 * 0 . 0 2  # 0 . 0 3  # 0 . 0 5 * 0 . 3 7  # - 0 . 0 5 - *
R✓ * 0 . 2 5 * 0 . 0 2  * 0 . 0 7  # 0 . 0 2 * —, 0 . 0 9  * - 0 . 0 1  #
4 * 0 . 2 7 * 0 . 0 1  # — 0 , 0 2  * - 0 . 0 3 * 0 . 0 5  * 0 . 0 5  *
3 * 0 . 2 9 * 0 . 0 1  * 0 . 0 1  * 0 . 0 1 # 0 . 0 1  * 0 . 0 1  ft
2 # 0 . 2 9 * - 0  . 04 . # - 0 . 0 5  # - 0 . 0 5 * — 0 .  0 4  # 0 . 0 7  *
1 # 0 . 3 3 * 0 . 0 2  # - 0 * 04  # •• 0 . 0 4 # - 0 . 1 6  # 0 . 0 4  *
LOG SHEET , v  • ? i O
DATE A p r i l  1 2 th .  1972 
MODEL .500 INCH
FREQUENCY 8076 HERTZ 
• • • • • •
GAUGE a. INPUT * SIGNAL IN MILLIVOLTS AT * M o n i t o r
POSITION * (MV) * G1 *  G2 a G3 * G4 *  G.5 *  (mv)
10 ( t i p ) a 1650 - a — a - a - a - a 1 2 8 .2
9 a 2320 * 65 a 52 a - 32 a — 23 a — 11+ a 1 7 0 .5
8 a 1753 a hi 'a 23 a 5 a ~ 6 a 9 a 13*4.2
7
£
a
a
31+30
3000
a
a
39
29
a —
a -
7
30
a -  
a —
7
12
a — 
a -
11
10
a
a —
16
20
a
a
203 
167 .
5 a 11+99 a 18 a a 10 a 17 a , 10 a 1 2 3 .3
b * 1611+ a 22 a - 28 a 7 a 19 a 25 a 1.25.1
3 a 1665 a 2 a 16 a — b a 13 a b3 a 1 2 7 .5
2 a 2030 a 7 a — 20 a - 7 a. 11 a b9 a 1 5 0 .0
1 a 2950 a 21 a 1U a 15 a - 7 a — bo a 180.C
— ~ > mm mm mm mm m  ^ mm mm mm mm 9.  _  _  _ m mm mm mm
1 0 ( t i p ) a 1 2 .8 7 a 0 .0 0 a 0 .00 ' a 0 .0 0 a 0 .0 0 a 0 . 0 0 a
9 a 13.61 a 0-. 38 a 0 .3© a — 0 .1 9 a— a .  13 a — er.08 a
8 a 13 . 0S a 0 .3 5 a 0 ,1 7 a 0.0b a - 0 . 01* a 0..07 a
7 a 1 6 .9 0 a 0 .1 9 a — 0 .0 3 a — O. 0 3 a — ■0 .0 5 a 0 .08 ' a
6 a 1 7 .9 6 a 0^17 a — 0 .1 8 a — 0 ,07 / a ~ 0 .0 6 a*“ 0 .1 2 a
5 a 1 2 .16 a 0 *15 a , 0,22 a 0 .0 8 a ’ 0 .1 4 a' 0 .0 8 a
b a 1 2 .9 0 a 0.18 a — 0.22 a 0 .0 6 a 0.1*5* a 0.20 a
3 a 1 3 .0 6 a 0.02 a 0 .1 3 a —• 0 . 0 3 a 0.10 a 0 .3 5 a
2 a 1 3 .5 3 & m 0 .0 5 a — 0 .1 3 a - 0 .0 5 a 0 .07 . ■a. . 0 .3 3 a
1 a 1 6 .3 9 0.1  2 a . 0 .0 8 a 0 .0 8 a 0 . 01+ a - ' 0.22 a
ro
LOG SHEET .
DATE A p r i l  12th.  1972
MODEL .500 ’ INCH
f r e q u e n c y  8976  h e r t z
GAUGE a INPUT * signal  in MILLIVOLTS AT A M o n i to r
POSITION a (MV) a G1 a G2 « G3 a G 4 A G5 A'- (mv)
1O ( t ip ) a 631 * 188 * 129 a - 33 a -118 A -1 9 7 A 4 6 .3
9 * 721 * 1 7 8  a 111 a - 8 a -  82 A -174 A 4 1 . 7
8 a 136? * 193 * 1 02 a ■1.9 * - 3 0 A - 1 8 3 A 8 4 .0
7 * 2810 # 66 * -  80 a 57 a 148 A 60 A 1 7 1 .0
6 ‘ a 1614 * -1 7 3  * -171 a 25 a 1 63 fl­ 184 A 1 0 1 .5  .
E a 1721 * —162  * -134 a - 1 9 « 86 it 161 A 9 8 .3  •
4 a 258O * -1 1 4 .  * -  88 a mm 48 a - 4 2 ■A 112 A 1 3 3 .3 -
3 a 1727 * -  70 a 95 a 37 a -  3 * -  4 A 8 8 .5
. 2 a 1398 * —148  a 165 a - 2 2 a -1 3 7 fl -1 4 4 A 8 0 .5
1 a 2040 ’ * -1 6 4  * 178 a - 2 3 a -1 1 8 A -141 A 5 7 .6  •
1 0 ( t i p ) a 13 . 6 3 * 4* 06 * 2 .7 9 a - 0 .71 * -  2 . 5 5 A -  i t . 25 *
9: a 17*43 * 4 . 2 7  * 2 .6 6 a - 0*19 * - 1 . 9 7 * - 1 1 . 1 7 A
8 a 16*27 * 2 . 3 0 :* 1 . 21 a 0* 23; * -  0 .3 6 A -  2 .1 8 A
7 a 1 6 .4 3  * O..3 9 * -  0 .4 7 a 0 .3 3 * 0 .8 7 A 0 .3 9 A
6 a 15*90* - 1 . 7 0  * -  1 .6 8 a 0 . 23 * 1.61 A 1 .8 1 A
5 a 1 7 .5 1 * -  1 . 6 5 * -  1 .3 6 a «• 0 .1 9 * 0..87 A 1 .6 4 A
4 a 19*35 * -  0*86 * -  0 .6 6 a - 0 .3 6 a O..32 A o.eu A
3 a 19*51 * •" 0 . 79 * 1 .0 7 a 0 .4 2 a , -  0 .0 3 A 0 -0 5 A
2 a i 7.-37 * -  1 .8 4 * 2 .0 5 a - 0*27 * - 1 . 7 0 A -  i .7 9 A
1 a 20*90  * -  1 .6 8 * 1 .8 2 a - 0 .2 6 a -  1 .2 1 A -  1 .lilt A
P r o c e s s e d  data
310 HERTZ
TESOT PIECE 2
0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0  0 0 * 0 0 0
0 . 1 2 0  . 0 .2 3 2 0 . 0 2 8 - 0 . 0 4 2 - 0 . 0 4 9
0 .250 0 .2 5 7 0 .2 16 0 . 2 0 9 0 . 20 9
0 .4 4 4 0 . 5 9 6 0 . 5 9 6 0 . 5 7 6 0 . 41 1
0 ,7 5 9 0 .8 0 4 0 . 71 4 0 . 7 41 0 . 66 1
1 . 0 2 3 1 . 1 0 9 1 . 0 4 7 1 . 1 0 9 1 . 0 2 3
1 . 1 7 9 1 . 2 1 4 1 . 1 7 1 1 . 1 4 3 1 . 1 2 9
1 .5 6 5 1 . 6 74 1 . 4 7 8 1 . 5 8 7 1 . 4 6 7
1 . 8 6 8 1 . 9 7 1 1 . 5 7 4 1 .7 2 1 1 . 5 5 9
2 . 3 6 7 2 . 4 0 0 2 . 0 1 7 2 . 2 5 0 2 . 1 6 7
2 . 8 8 8 2 . 6 4 1 2 . 0 1 0 2 . 6 7 7 2 . 2 2 5
1192 HERTZ
0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0
- 0 . 8 6 2 0 . 2 2 0 0 . 0 57 - 0 . 0 1 9 0 . 3 6 5
- 1 . 4 0 0 0 . 5 1 8 - 0 . 1 0 9 0 . 0 1 8 0 . 6 0 9
- 1 . 3 6 8 0 . 6 4 7 0 . 02 9 0 . 0 8 8 0 . 6 6 2
- 2 . 2 3 9 0 . 91 5 0 .070 0 .099 0 . 94 4
- 1 . 5 9 1 0 .7 4  8 0 . 07 8 0 . 07 0 0 . 82 6
- 2 . 7 3 3 1 . 1 6 7 0 .1 3 3 - 0 . 0 5 0 1 . 2 0 0
- 1 . 1 8 6 0 . 6 1 2 0 .070 - 0 . 0 5 4 0 . 62 0
- 1 . 5 0 9 0 . 72 6 - 0 . 0 9 4 0 . 0 5 7 0 . 6 1 3
- 0 . 7 0 3 - 0 . 3 8 3 - 0 . 0 6 3 - 0 . 0 4 0 — 0«303
- 0 . 0 7 3 0 . 3 13 0 . 1 23 0 . 14 0 0 . 1 17
r o o t
1248 HERTZ
0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0
0 . 1 1 1 0 . 07 4 - 0 . 3 0 9 0 . 0 5 6 0 . 1 1 1
0 .097 0 . 1 1 6 - 0 . 1 4 2 0 . 0 3 9 0 . 08 4
0 .330 0 . 2 5 2 - 1 . 2 6 1 0 .2 7 0 0 . 3 2 2
0 .4 03 0 . 29 0 - 1 . 2 4 2 0 . 2 7 4 0 . 3 6 3
0 .362 - 0 . 1 1 6 - 1 . 1 7 4 0 . 2 3 9 0 . 3 84
0 . 46 8 0 .270 - 1 . 4 2 1 0 . 3 1 7 0 . 4 1 3
- 0 . 1 3 1 0 . 29 1 0 . 5 6 8 - 0 . 0 4 4 - 0 . 1 8 0
- 0 . 3 8 9 0 . 1 6 8 1 . 0 0 0 - 0 . 1 5 6 - 0 . 2 4 6
- 0 . 1 9 6 0 .1 3 7 0 .5 7 7 - 0 . 0 6 5 - 0 . 0 7 1
- 0 . 0 7 1 0 .0 9 5 0 . 02 4 0 . 0 5 3 0 .0 6 5
1268 HERTZ F P © a « 8 S « &  d a t a
TEST PIECE 2
0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0
- 0 . 1 2 2 - 0 . 2 9 9 0 . 0 1 2 0 . 3 11 0 . 1 1 0
- 0 . 1 6 4 - 0 . 5 7 1 0 .0 79 0 . 62 1 0 . 25 7
0 .3 7 3 1 . 4 9 2 0 . 17 8 - 1 . 3 6 4 - 0 . 4 4 9
0 .254 0 . 93 5 0 . 15 4 - 0 . 9 2 9 . . - 0 . 3 4 9
0 .2 1 9 0 .752 0 .1 6 1 - 0 . 7 8 1 - 0 . 3 0 7
0 . 37 7 1 . 5 0  0 0 . 19 3 - 1 . 2 6 3 - 0 . 4 3 9
0 . 2 53 0 . 9 8 9 0 . 1 7 2 - 0 . 8 9 7 - 0 . 3 1 0
0 . 2 0 2 0 . 8 2 2 0 . 12 3 - 0 . 6 3 2 - 0 . 2 3 3
- 0 . 0 7 1 - 0 . 2 0 7 - 0 . 0 7 6 0 . 2 1 2 0 . 11 4
- 0 . 2 9 3 0 . 4 87 0 . 16 0 0 . 3 7 3 0 . 38 7
r##tt
1209 HERTZ
0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0
- 0 . 1 0 1 0 . 1 0  7 0 .030 0 .0 6 0 0 .1 0 7
- 0 . 2 7 7 0 .2 7 7 0 .050 0 . 1 8 2 0 .321
- 0 . 4 8 0 0 . 7 4 3 - 0 . 1 0 8 0 .5 6 1 - 0 . 3 3 1
- 0 . 5 9 6 0 .8 9 9 - 0 . 1 9 7 0 .8 5 4 - 0 . 7 8 7
- 0 . 7 2 6 1 .1 3 1 - 0 . 2 2 9 1 . 1 0 3 - 0 . 9 6 0
- 0 . 8 7 7 1 .3 8 4 - 0 . 3 1 2 1 .3 7 0 - 1 . 2 6 1
- 0 . 4 7 2 0 . 8 9 1 - 0 . 1 3 5 0 .8 5 0 - 0 . 6 0 6
0 .535 - 0 . 9 8 8 0 . 15 3 - 0 . 9 4 7 0 . 84 7
0 . 2 1 2 - 0 . 6 8 2 0 . 04 1 - 0 . 7 0 0  . 0 .4 7 1
0 . 09 6 0 . 1 9 3 0 .0 8 1 0 . 1 2 6 0 . 10 4
ro&fc
1703 HERTZ
0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0  0 0 . 0 0 0
- 0 . 2 4 7 - 0 . 2 4 7 - 0 . 1 7 1 - 0 . 1 9 4 - 0 . 1 6 5
- 0 . 3 8 2 - 0 . 3 0 9 - 0 . 3 1 6 - 0 . 4 0 8 - 0 . 3 8 2
- 0 . 6 1 4 - 0 . 5 6 1 - 0 . 6 9 0 - 0 . 7 5 4 - 0 . 6 3 7
- 0 . 7 9 0 - 0 . 9 1 5 - 0 . 9 2 0 - 0 . 9 4 3 - 0 . 8 0 7
- 0 . 8 7 9 - 1 . 0 7 0 - 1 . 0 0 6 - 1 . 0 3 8 - 0 • 8 6 0
- 0 . 7 9 3 -0 .949 - 0 .914 - 0 . 8 9 9 - 0 . 7 4 2
- 0 . 3 9 4 - 0 . 5 5 3 - 0 . 4 9 5 - - 0 . 5 0 0 - 0 . 3 6 2
0 .181 - 0 . 1 0 7 0 .051 0 . 04 0 0 . 0 9 6
0 . 704 0 . 5 56 0 . 58 6 0 . 55 0 0 . 6 4 5
0 .973 0 .8 7 8 0 . 7 66  . 0 . 90 4 0 . 8 35
P reea ssed  data
3647 HERTZ
TEST PIECE 2
0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0
0 . 82 3 0 . 3 8 7 0 . 09 9 - 0 . 4 9 7 - 0 . 6 1 9
0 .619 0 .933 0 .086 - 0 . 8 6 7 - 0 . 9 9 0
1 . 8 6 6 1 . 6 3 9 0*103 - 1 . 4 5 4 - 1 . 3 5 1
1 .340 1 . 7 5 5 - 0 . 2 3 6 - 1 . 6 6 0 - 1 . 0 0 9
1 . 3 9 3 1 . 6 9 0 - 0 . 4 0 5 - 2 . 1 6 7 - 1 . 5 1 2
2 . 3 9 2 1 . 5 0  6 - 0 . 7 0 9 - 2 . 1 3 9 - 1 . 8 3 5
3 . 32 2 1 . 424 - 0 . 9 4 9 - 2 . 1 5 3 - 2 . 3 2 2
3 . 4 53 1 . 0 0 0 - 0  .906 - 1 . 6 6 0 - 1 . 7 7 4
2 . 2 9 3 0 . 6 2 7 - 0 . 9 0 7 - 0 . 9 8 7 - 0 . 8 6 7
-0  .358 -0  .383 - 0 . 8 0 9 0 .2 3 5 1 . 0 6 8
roartr
3675 HERTZ
0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0 0 .0 0 0
- 2 . 1 4 6 - 0 . 2 0 7 0 .098 0 . 72 0 1 . 1 8 3
- 4 . 1 1 9 - 0 . 6 6 7 0 . 2 6 2 1 . 6 1 9 2 . 6 4 3
- 4 . 3 7 5 - 1 . 4 5 8 0 . 27 1 2 . 4 3 8 3 . 7 0 8
- 4 . 6 0 5 - 1 . 6 2 8 0 .3 2 6 2 . 4 8 8 3 . 3 4 9
- 2 . 0 1 1 - 0 . 9 8 9 0 .310 1 . 6 9 0 1 . 5 8 6
0 .4 62 - 0 . 7 0 3 0 .2 3 6 0 . 6 8 1 0 .1 8 7
1 . 7 6 8 - 0 . 9 3 7 0 .5 1 6 - 0 . 6 4 2 - 1 . 0 3 2
2 . 21 3 - 0 . 6 0 0 0 .3 2 5 - 0 . 4 6 2 - 1 . 5 5 0
1 .9 7 5 - 0 . 3 5 4 0 .6 0 8 - 0 . 4 8 1 - 1 . 8 6 1
0 .744 0 . 1 0  0 0 . 5 2 2 - 0 . 7 4 4 - 1 . 7 2 2
r49 HERTZ
0 .0 0 0 0 .0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0
0 . 6 58 - 0 . 7 1 7 0 . 07 5 - 0 . 3 5 8 1 .3 0 0
1 .776 - 1 . 4 7 4 - 0 . 2 8 9 - 0 . 8 8 2 2 . 3 8 2
1 .7 6 5 - 1 . 8 6 3 - 0 . 1 9 6 - 1 . 0 2 0 3 . 5 2 9
1 . 17 1 - 1 . 3 5 5 0 .1 0 5 - 0 . 6 3 2 2 . 3 2 9
0 .3 05 - 0 . 6 0 3 0 . 0 8 6 - 0 . 1 2 6 0 . 6 3 8
- 0 . 5 9 3 0 .6 44 0 . 22 9 0 . 6 0 2 - 1 • 3 0 5
- 1 . 3 2 1 1 .6 5 5 0 .333 1 . 1 9 0 - 2 . 3 8 1
- 1 . 4 4 4 1 . 92 1 0 . 28 6 1 . 0 9 5 - 2 . 6 8 3
- 0 . 9 4 6 1 . 5 4 3 0 . 2 7 2 0 . 8 3 7 - 1 . 8 1 5
- 0 . 1 3 3 - 0 . 2 9 7 - 0 . 1 4 5 - 0 . 1 1 5 - 0 • 1 1 5
3799 HERTZ
0 . 0 0 0 0 . 0 0  0 0 .
0 .1 03 - 0 . 393 - 0 .
- 0 . 1 7 6 - 0 . 7 4 5 0 .
- 0 . 2 4 4 0 . 482 0 .
- 0 . 2 4 2 0 .7 15 0 .
0 . 0 78 - 0 . 2 9 5 - 0 .
0 .0 5 6 0 . 4 61 0 .
- 0 . 1 4 7 0 . 92 0 0 .
- 0 . 1 4 6 1 . 0 1 3 0 .
- 0 . 0 6 2 0 . 75 3 0 .
- 0 . 0 3 7 - 0 . 0 4 3 - 0 .
4374 HERTZ
0 . 0 0 0 0 . 0 0  0 0
0 .481 0 . 69 0 0
0 .8 5 8 1 . 1 3 5 0
0 . 8 i  6 1 . 2 0 4 0
0 .701 0 .9 5 2 0
0 .037 0 . 1 8 7 - 0
- 0 . 5 5 4 - 0 . 7 5 8 - 0
- 0 . 7 0 4 - 1 . 0 8 2 - 1
- 0 . 4 2 5 - 0 . 8 5 5 - 0
0.252 0 . 1 6 8 0
0 .898 0 .7 7 7 0
6910 HERTZ
0 . 0 0 0 0 . 0 0 0 0 .
- 0 . 1 6 9 - 0 . 1 2 7 0 .
- 0 . 2 1 7 - 0 . 2 4 3 0 .
0 . 2 42 - 0 , 2 0 3 0 .
0 . 1 0 2 - 0 . 1 0 2 0 .
0 .349 0 . 2 0 7 - 0 .
0 .627 0 .2 8 1 - 0 .
- 0 . 5 4 8 0 .4 5 7 - 0 .
-0 .627 - 0 . 4 9 2 - 0 .
- 0 . 5 5 9 - 0 . 3 9 0 - 0 .
- 0 . 3 6 5 - 0 . 2 3 7 0 .
Pr®C‘€58«d data
TEST PIECE 2
0 * 0 0 0  0 * 0 0 0  r®©t
0 . 4 6 9  0 .1 7 2
0 . 8 7 6  0 .3 6 6
- 1 . 0 4 2  1 . 0 0 6
- 0 . 9 7 3  0 . 46 2
0 i 187 0 .052
- 0 . 5 0 6  - 0 . 1 6 3
r l .167 - 0 . 3 8 0
- 1 . 0 5 7  - 0 . 3 8 2
- 0 . 6 8 0  - 0 . 2 0 8
- 0 . 0 3 7  - 0 . 0 4 9
0 . 0 0  0 0 . 0 0 0
0 . 5 6 3 0 . 49 4
0 . 9 94 0 . 78 1
1 . 0 0 7 0 i 796
0 . 7 01 0 . 61 7
- 0 . 1 5 7 - 0  i 037
- 0 . 7 9 0 - 0 . 4 5 7
- 1 . 0 1 3 - 0 . 5 3 5
- 0 . 8 1 5 -0 i 435
- 0 . 0 5 2 0 .0 5 8
0 . 7 9 5 0 . 57 2
0 . 0 0 0 0 . 0 0 0
0 .0 ^ 9 0 .1 41
0 . 1 8 4 - 0 . 1 1 8
0 . 1 90 - 0 . 1 7 6
0 . 0 7 2 - 0 . 1 5 6
0 . 0 8 3 - 0 * 0 7 1
0 . 1 9 5 0 .470
0 . 3 2 5 0 .640
0 . 25 4 0 . 6 0 5
0 . 1 6 4  . 0 . 44 1
0 .0 9 0 0.  i 7 9
—
0 0 0
421
•882
851
710
124
421
733
669
449
024
0 0 0
500
806
829
407
187
737
019
740
045
633
0 0 0
049
066
039
0 0 0
036
162
178
136
113
077
P rocessed  data
7178 HERTZ
0 . 0 0 0 0 . 0 0 0 o.
- 1 . 8 2 4 - 0 . 6 2 2 - 0 .
- 2 . 3 2 5 - 1 . 0 6 0 - 0 .
- 1 . 3 2 6 -rO.593 0 .
0 .533 0 . 0 6 0 0 .
- 1 . 8 4 4 - 0 . 8 3 3 - 0 .
1 . 5 8 3 0 . 6 8 7 0 .
- 0 . 0 3 7 0 .3 6 1 0 .
1 .2 0 3 0 . 9 1 5 - 0 .
- 1 . 6 7 0 - 1 . 2 9 1 0 .
- 0 . 7 8 5 - 1 . 1 1 6 - 0 .
7209 HERTZ
0 . 0 0 0 : 0 . 0 0 0 0
0 .927 0 .170 - 0
1 .264 0 .3 1 9 0
0 . 81 9 0 . 2 1 5 - 0
0.413 0 . 1 5 3 0
- 1 . 2 2 1 - 0 . 4 9 3 0
- 0 . 9 8 8 - 0 . 3 4 1 - 0
0 .087 0 . 3 62 - 0
0 .947 0 . 6 49 - 0
1 . 17 4 0 . 7 79 - 0
- 0 . 4 1 9 0 .5 15 - 0
7366 HERTZ
0 . 0 0 0 0 . 0 0 0 0 .
0 .217 - 0 . 6 8 5 0 .
0 . 08 6 - 1 . 0 7 5 0 .
0 .013 - 0 . 8 1 9 0 .
- 0 . 3 5 5 - 0 . 1 8 7 0 .
- 0 . 5 3 2 - 1 . 0 1 3 " 0 .
-0 .333 1 . 0 9 8 - o .
0 .231 0 . 2 0  8 - 0 .
0 .285 - 0 . 8 0 1 - 0 .
- 0 . 1 1 4 - 1 . 0 3 0 - o .
- 1 . 1 1 0 - 0 . 4 4 9 - o .
TEST PIECE 2
0 . 0 0 0  0 . 0 0 0
- 0 . 4 8 6  1 . 1 3 5
0 . 6 0 2  1 . 2 1 7
0 . 2 9 6  0 . 64 4
- 0 . 5 2 7  - 0 . 3 8 9
0 . 9 5 8  1 . 4 0 6
- 0 . 6 0  0 - 1 . 3 3 0
0 . 5 8 6  - 0 . 4 3 5
- 1 . 1 1 1  - 0 . 7 1 2
1 . 3 1 1  1 . 0 2 9
- 1 . 0 5 0  - 0 . 5 7 9
0 . 0 0 0 0 . 0 0 0
- 0 . 2 1 8 - 0 . 5 1 5
- 0 . 3 3 3 - 0 . 5 4 2
- 0 . 1 6 1 - 0 . 3 6 9
0 . 2 87 0 . 2 13
0 . 6 2 1 0 . 8 0 7
0 . 2 7 4 0 .6 5 2
- 0 . 4 2 0 0 .0 9 7
- 0 . 8 3 0 - 0 . 5 5 9
- 0 . 7 7 2 - 0 . 6 8 5
- 0 . 5 0 7 - 0 . 3 2 4
0 . 0 0 0  0 . 0 0 0  a t
0 . 2 3 8  0 . 72 7
0 . 3 8 7  0 . 7 6 3
0 . 3 0 9  0 . 57 0
0 . 1 2 0  0 . 1 6 9
0 . 5 8 3  0 . 5 3 8
- 0 . 8 7 6  - 0 . 5 1 0
- 0 . 9 6 0  - 0 . 3 1 8
- 0 . 7 6 9  - 0 . 8 4 9
- 0 . 5 9 8  - 1 . 1 0 6
0 . 4 0 2  1 . 2 2 8
0 0 0
176
313
185
108
135
530
880
856
825
612
0 0 0
048
083
087
080
079
165
488
590
564
338
0 0 0
224
258
349
313
141
157
434
500
470
465
Pi* ®a# seed data
7414 HERTZ TEST PIECE -2
0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0  0 0 . 0 0 0
0 . 0 8 1 0 . 5 6 2 - 0 . 1 2 5 - 0 . 2 6 9 - 0 . 2 8 1
0 . 0 9 5 0 . 8 1 8 - 0 . 1 9 0 - 0  . 3 3 6  . - 0 . 4 1 6
- 0 . 0 8 6 0 . 5 3 0 - 0 . 2 1 2 - 0 . 2 7 8 . - 0 . 2 9 1
- 0 . 2 7 4 0 . 1 0 7 - 0 . 1 7 3 0 i 1 2 5 - 0 . 2 3 8
- 0 . 4 3 4 - 0 . 9 8 7 - 0 . 0 8 2 0 . 2 7 0 0 . 7 0 4
- 0 . 2 7 7 0 . 9 4 6 0 . 1 8 7 0 . 2 5 9 - 0 . 7 4 1
- 0 . 2 2 3 0 . 1 7 4 - 0 . 4 0 8 0 . 3 7 5 - 0 . 4 2 9
- 0 . 2 5 3 0 . 8 7 4 0 . 6 1 6 - 0 . 5 3 7 - 0 . 5 1 1
- 0 . 5 0 7 0 . 8 4 2 - 0 . 5 8 9 - 0 . 5 8 2 - 0 . 5 0 7
- 1 . 0 1 9 0 . 3 9 2 - 0 . 6 2 0 0 . 5 3 8 - 0 . 5 2 5
r e « t .
7 5 8 7  HERTZ
0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0
0 . 3 4 8 0 . 6 9 0 - 0 . 1 8 4 - 0 . 6 7 7 0 . 5 9 5
0 . 3 8 5 0 . 7 4 5 - 0 . 2 0 5 - 0 . 7 5 2 0 . 7 2 0
- 0 . 2 5 5 0 . 4 7 7 - 0 . 0 8 7 - 0 . 4 6 3 0 . 3 8 9
0 . 0 9 5 - 0 . 3 0 4 0 . 2 4 1 0 . 3 6 1 - 0 . 2 6 6
- 0 . 4 0 4 - 1 . 1 2 2 0 . 5 1 3 1 . 0 4 5 - 1 . 0 1 3
- 0 . 1 5 4 - 0 . 8 6 4 0 . 1 6 7 0 . 6 6 0 - 0 . 7 9 0
0 . 3 5 5 - 0 . 2 1 9 0 . 3 1 4 0 . 3 9 6 - 0 . 1 5 4
0 . 7 8 0 - 0 . 9 6 4 0 . 5 1 8 1 . 0 4 8 —0 . 8 3 3
0 . 6 3 3 - 0 . 8 7 6 0 . 2 4  9 - 0 . 8 9 9 - 0 . 7 2 8
0 . 3 9 0 - 0 . 2 0 6 - 0 . 1 0 6 - 0 . 2 2 7 - 0 . 2 2 7
r o o t
8 2 2 6  HERTZ
0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0
- 0 . 5 1 5 - 0 . 8 1 7 - 0 . 7 7 5 - 0 . 4 2 6 - 0 . 3 6 1
- 0 . 4 2 3 ■ - 1 . 1 4 8 - 0 . 7 8 2 - 0 . 5 1 4 - 0 . 6 2 7
- 0 . 1 3 3 - 0 . 6 4 0 - 0 . 2 3 3 - 0 . 1 5 3 - 0 . 2 0 0
0 . 4 0 4 0 , 5 5 9 0 . 7 4 5 0. 39, 8 0 . 3 3 5
- 0 . 4 3 8 - 1 . 2 3 5 0 . 7 7 8 0 . 6 2 1 0 . 5 4 2
0 . 1 5 1 0 . 8 6 7 0 . 2 5 3 0 . 1 5 7 0 . 3 7 3
- 0 . 2 0 1 - 0 . 5 7 9 - 0 . 8 3 6 - 0 . 5 9 7 - 0 . 5 9 7
- 0 . 1 6 4 - 1 . 1 9 1 - 1 . 0 2 0 - 0 . 7 3 0 - 0 . 5 8 6
- 0 . 3 2 7 0 . 7 8 9 0 . 4 5 6 0 . 2 7 5 - 0 . 1 3 5
0 . 9 1 7 0 . 5 1 7 0 . 6 0 8 0 . 8 5 0 0 . 8 2 5
r»®®t
Pr»ec«sa*d data
8664 HERTZ 2KST PIECa 2
0 . 0 0 0 0 . 0 0  0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0
0 .3 2 6 0 .410 0 . 2 15 0 . 2 0 1 o . i n
0 .4 0 2 0 .5 1 3 0 .3 33 0 .2 74 0 . 13 7
0 .0 3 6 0 . 0 8 5 - 0 . 0 0 6 - 0 . 0 4 2 - 0 . 1 0 3
0 . 2 0 8 - 0 . 2 6 6 - 0 . 214 - 0 . 1 8 2 - 0 . 1 3 6
0 .4 2 3 - 0 . 5 8 8 . - 0 . 3 7 4 - 0 . 3 1 3 - 0 . 2 0 9
0 . 13 3 - 0 . 2 3 7 - 0 . 0 9 6 - 0 . 0 9 6 - 0 . 0 5 2
0 . 28 9 0 .3 0 1 0 . 2 2 0 0 . 1 6 2 0 . 15 6
0 . 41 8 0 .5 2 5 0 . 29 9 0 .2 60 0 . 20 3
0 .134 0 . 1 6 8 0 .1 1 7 0 . 0 9 5 - 0 . 0 6 1
0 . 42 3 - 0 . 4 9 4 - 0 . 3 2 7 - 0 . 3 3 3 - 0 . 1 9 9
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